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Understanding the properties of random variables and their distributions is fundamental in probability
theory and statistics. When dealing with a uniform distribution, the calculations for variance,
correlation functions, and related measures become straightforward yet insightful. In this article, we
explore the problem where the random variable \( X'\) is uniformly distributed over the interval [0, 2],
aiming to find the variance \( V(t) \), the autocorrelation function \( R(t, s) \), and the mean \( \mu(t) \).
We will delve into the definitions, derive the necessary formulas, and interpret the results to provide a
comprehensive understanding of these statistical measures for the given uniform distribution.

Understanding the Uniform Distribution Over [0, 2]

Definition of the Uniform Distribution

A uniform distribution over an interval [a, b] is characterized by the property that all outcomes within
this interval are equally likely. Its probability density function (PDF) is constant across the interval and
zero outside.

Mathematically, for a uniform distribution over [a, b], the PDF is:

\[
f X(x) = \frac{1}{b - a}, \quad \text{for } a\leq x \leq b
\]

In our case, since \( X \sim U(0, 2) \):

\[

f X(x) =\frac{1}{2}, \quad 0 \leq x \leq 2
\]

and zero elsewhere.



Calculating the Mean \( \mu(t) \) of \( X\)

Definition of the Mean

The mean or expected value of a random variable \( X\) is given by:

\[
\mu = E[X] = \int_{-\infty} ™ {\infty} x f X(x) \, dx
\]

For continuous distributions, the integral simplifies over the support of \( X'\).

Mean of Uniform Distribution over [0, 2]

Applying the formula:

\[
\mu = \int_ 072 x \times \frac{1}{2} \, dx = \frac{1}{2} \int 072 x\, dx

\]

Calculating the integral:

\[
\int_ 072 x\, dx = \left. \frac{x"~2}{2} \right| 072 = \frac{(2)"2}{2} - 0 =\frac{4}{2} =2
\]

Thus, the mean:

\[
\mu = \frac{1}{2} \times 2 =1
\]

Since the distribution is uniform and constant over the interval, \( \mu(t) \) is constant over time, i.e.,
\[

\boxed{\mu(t) = 1}
\]

Calculating the Variance \( V(t) \) of \( X \)



Definition of Variance

Variance measures the spread of the distribution and is defined as:

\[
VIX] = E[(X -\mu)~2] = E[X"2] - (E[X])"2
\]

where \( E[X"2]\) is the second moment of \( X \).

Second Moment of \( X \) over [0, 2]

Calculate \( E[X"™2]\):

\[
E[X"2] =\int 072 x~2 \times \frac{1}{2} \, dx = \frac{1}{2} \int 072 x"2, dx
\]

Compute the integral:

\[
\int 072 x~2\, dx = \left. \frac{x~3}{3} \right| 072 = \frac{(2)"~3}{3} - 0 = \frac{8}{3}

\]

Therefore, the second moment:

\[
E[X"2] = \frac{1}{2} \times \frac{8}{3} = \frac{8}{6} = \frac{4}{3}
\]

Now, the variance:

\[

VIX] = E[X"2] - (E[X])"2 = \frac{4}{3} - (1)"2 = \frac{4}{3} - 1 = \frac{4}{3} - \frac{3}{3} =
\frac{1}{3}

\]

Thus, the variance of \( X\) is:

\[
\boxed{V(t) = \frac{1}{3}}
\]



Understanding Autocorrelation \( R(t, s) \) for \( X\)

Definition of Autocorrelation Function

The autocorrelation function measures the correlation of a signal with a delayed version of itself at
two different times \( t\) and \( s \). For a stationary process, it depends only on the time difference \(
\tau =t-s\):

\[
R(\tau) = E[(X(t) - \mu)(X(t + \tau) - \mu)]
\]

In the case of a random variable \( X \) with a stationary distribution, the autocorrelation simplifies to

the correlation between two instances of the same random variable, which, for independent
observations, is zero unless considering the same point in time.

Autocorrelation for a Uniform Distribution

Since \( X'\) is a static random variable (not a process evolving over time), the autocorrelation is not
directly applicable unless \( X'\) is modeled as part of a stochastic process. If we interpret \( X(t) \) as
a process where each \( X(t) \) is independent and identically distributed (iid), then:

-For\(t\neqgs\):

\[

R(t,s) =0

\]

-For\(t=s\):

\[

R(t, t) = E[(X - \mu)~2] = V[X] = \frac{1} {3}

\]

Alternatively, if \( X(t) \) is considered a process with some correlation structure, more advanced

models (e.g., Brownian motion or Ornstein-Uhlenbeck process) would be required. But with the given
information, the autocorrelation function reduces to the variance at the same time point.

Summary of Key Results

1. Mean (\( \mu(t) \)): The average value of the uniform distribution over [0, 2] is 1. This remains



constant over time since the distribution is stationary.

2. Variance (\( V(t) \)): The spread of the distribution is quantified by the variance, which is \(
\frac{1}{3}\). This measure indicates the degree of variability of \( X \).

3. Autocorrelation (\( R(t, s) \)): For iid uniform variables, the autocorrelation at different times
is zero unless \( t = s\), where it equals the variance \( \frac{1} {3} ).

Practical Applications and Implications

Understanding these statistical measures is vital in various fields, including engineering, finance, and
data science. For example:

- Simulation and Modeling: Knowing the mean and variance helps in generating synthetic data that
accurately reflects real-world random phenomena.

- Signal Processing: Autocorrelation functions are essential in analyzing signals, noise, and time series
data.

- Risk Assessment: Variance indicates the uncertainty or risk associated with a random variable's
outcomes.

Conclusion

In this comprehensive analysis, we examined the properties of a random variable \( X'\) uniformly
distributed over [0, 2]. We derived its mean (\( \mu = 1)), variance (\( \frac{1}{3}\)), and discussed
autocorrelation in the context of a stationary process. These fundamental statistical measures provide
insights into the behavior and characteristics of uniform distributions, serving as a foundation for
more complex probabilistic modeling and analysis.

Whether you're a student, researcher, or professional working with stochastic data, understanding
these concepts enables better interpretation of variability, dependence, and distributional properties,
thereby enhancing your analytical toolkit.

Keywords: uniform distribution, variance, autocorrelation, mean, probability density function,
statistical measures, stochastic processes, probability theory, data analysis



Frequently Asked Questions

What is the probability density function (pdf) of the random
variable X uniformly distributed over 0 to 2?

The pdf of X is f(x) = 1/2 for 0 = x < 2, and 0 otherwise.

How do you compute the variance V(X) of a uniform
distribution over [0, 2]?

For a uniform distribution over [a, b], V(X) = (b-a)"~2/12. Here, V(X)=(2-0)"2/12=4/12 =1/3.

What is the expected value E(X) for the uniform distribution
over [0, 2]?

EX)=(@+Db)/2=(0+2)/2=1.

How is the autocorrelation function R(t, T) defined for a
stationary process involving the random variable X?

For a stationary process, R(t, T) depends only on T and is defined as R(t) = E[X(t)X(t + T)].

Given the uniform distribution over [0, 2], what is the
autocorrelation function R(T)?

Assuming X(t) = X is a constant random variable, R(t) = E
uniform over [0, 2] is E[X"2] = [072 x~2 (1/2) dx = (1/2)
= 4/3.

[X~2] = the second moment, which for X
(x~3/3) evaluated from 0 to 2 = (1/2) (8/3)

How do you determine the variance function V(t) for the given
uniform distribution?

V(t) is the variance of X at time t; since the distribution is stationary, V(t) = V(X) = 1/3.

What does the notation (t, T) represent in the context of the
random variable's properties?

It represents a function of two variables: time t and lag T, often used in autocorrelation or cross-
correlation functions.

How is the autocorrelation function (t, T) expressed for the
uniform distribution over [0, 2]?

For a stationary process, (t, T) = R(t) = E[X(t)X(t + T)] = E[X"2] = 4/3, assuming independence or



stationarity, and that the process is constant over time.

Additional Resources

The Random Variable X Has A Uniform Distribution Over 0 and 2: An In-Depth Analysis of Variance,
Moment Generating Functions, and Related Properties

Introduction

In probability theory and statistics, understanding the properties of different probability distributions
is fundamental. Among these, the uniform distribution holds a special place due to its simplicity and
applicability across various domains. This article delves deeply into the characteristics of a specific
uniform distribution, where the random variable \(X\) is uniformly distributed over the interval \([O,
2]\). The focus will be on analyzing the variance \(V(t)\), the moment generating function \(R(t)\), and
the expectation \(E(t)\) associated with this distribution. These functions are vital for understanding
the behavior of \(X\) and for applications ranging from statistical inference to stochastic modeling.

Defining the Distribution
The Uniform Distribution over \([0, 2]\)

A random variable \(X\) is said to follow a uniform distribution over \([a, b]\) if its probability density
function (pdf) is constant over the interval \([a, b]\), and zero elsewhere. Formally, for \(X \sim U(a,
b)\):

\[

f X(x) = \frac{1}{b - a}, \quad \text{for } a \leq x \leq b,
\]

and \(f_X(x) = 0\) otherwise.

In our case, \(a = 0\), \(b = 2\), so:

\[
f X(x) =\frac{1}{2}, \quad \text{for } 0 \leq x \leq 2.
\]

Fundamental Properties
Expectation \(E[X]\)

\[
E[X] = \frac{a + b}{2} = \frac{0 + 2}{2} = 1.
\]



Variance \(\operatorname{Var}(X)\)

\[

\operatorname{Var}(X) = \frac{(b - a)~2}{12} = \frac{(2 - 0)"2}{12} = \frac{4}{12} =
\frac{1}{3}.

\]

These basic properties serve as the foundation for further analysis of related functions.

The Variance Function \(V(t)\)
Definition and Relevance

In statistical modeling, especially in the context of exponential family distributions, the variance
function \(V(t)\) characterizes how the variance of the distribution varies with its natural parameter
\(t\). For the uniform distribution, the variance is constant across the support, but when expressed in
terms of the natural parameter, it reveals more nuanced behavior.

Natural Parameterization of the Uniform Distribution
The uniform distribution can be expressed as part of the exponential family with the following form:

\[

f X(x; t) = h(x) \exp\left( t x - A(t) \right),
\]

where:

-\(h(x) = 1\) (since the density is constant over \([0, 2]\)),
- \(A(t)\) is the cumulant generating function (log-partition function),
-\(t\) is the natural parameter.

For the uniform distribution over \([0, 2]\), the moment-generating function (MGF) is:

\[

M(t) = E[e”{tX}] = \frac{1}{2} \int 072 e™{t x} dx = \frac{1}{2} \left[ \frac{e™ {2t} - 1}{t}
\right], \quad t \neq 0.

\]

The cumulant generating function \(A(t)\) is then:

\[

A(t) = \In M(t) = \In\left( \frac{e™ {2t} - 1} {2 t} \right).

\]

From \(A(t)\), the mean and variance as functions of \(t\) can be derived.

Deriving \(V(t)\)

The variance function \(V(t)\) in exponential family distributions relates to the second derivative of



\(A(E)\):

\[
V(t) = A"(t) = \frac{d"2}{dt™2} A(t).
\]

Calculating the derivatives:

\[

A'(t) = \frac{d}{dt} \In \left( \frac{e™ {2t} - 1}{2 t} \right) = \frac{d} {dt} \left(\In (e~ {2t} - 1) -\In
(2 t) \right).

\]

\[
A'(t) = \frac{2 e~ {2t} }{e™ {2t} - 1} - \frac{1}{t}.
\]

Similarly,

\[
A"(t) = \frac{d} {dt} A'(t) = \frac{d} {dt} \left( \frac{2 e~ {2t} }{e~ {2t} - 1} - \frac{1}{t} \right).
\]

Calculating these derivatives yields:

\[

A'(t) = \frac{4 e~ {2t} (e~ {2t} - 1) -4 e~ {4t} }{(e™ {2t} - 1)"2} + \frac{1}{t"2} = \frac{4
e™{2t}}{(e™{2t} - 1)"2} + \frac{1}{t"2}.

\]

Thus, the variance function:

\[

\boxed{

V(t) = \frac{4 e™~ {2t} }{(e™{2t} - 1)"2} + \frac{1}{t"2}.
}

\]

This function encapsulates how the variance of the distribution's natural parameter varies,
highlighting the distribution's behavior in the exponential family framework.

The Moment Generating Function \(R(t)\)
Definition
The moment-generating function (MGF) \(R(t)\) is given by:

\[
R(t) = E[e™{tX}].



\]

For the uniform distribution over \([0, 2]\):

\[
R(t) = \frac{1}{2} \int 07~2 e™{t x} dx = \frac{e™ {2t} - 1}{2 t}, \quad t \neq O.
\]

At \(t = 0\), by continuity:

\[

R(0) =1,

\]

since \(E[e”~{0 \cdot X}] = E[1] = 1\).

Significance and Applications
The MGF is a crucial tool for deriving moments of the distribution:

- The mean \(E[X]\) is \(R'(0)\),
- The variance \(\operatorname{Var}(X)\) can be obtained from \(R"(0) - [R'(0)]"2\).

Calculating derivatives:

\[
R'(t) = \frac{d} {dt} \left( \frac{e~ {2t} - 1} {2 t} \right).
\]

Applying quotient rule:

\[

R'(t) = \frac{2 e~ {2t} \cdot 2 t - (e~ {2t} - 1) \cdot 2}{(2 t)"2} = \frac{4 t e™ {2t} - 2 (e~ {2t} -
1)}{4t"2}.

\]

At \(t=0\), using L'Hbpital's rule or series expansion:

\[

R(0) =1,

\]

\[

R'(0) = E[X] =1,

\]

which aligns with the earlier expectation.

Similarly, the second derivative \(R"(t)\) can be employed to find the variance.

The Expectation Function \(E(t)\)



In the context of the exponential family, the expectation of \(X\) as a function of the natural
parameter \(t\) is:

\[
E_t[X] = A'(t) = \frac{2 e~ {2t} }{e" {2t} - 1} -\frac{1}{t}.
\]

This expression reveals how the mean shifts with changes in \(t\). It is noteworthy that:

- For other values of \(t\), \(E_t[X]\) varies smoothly within the support.

Practical Implications and Applications
The detailed derivation of these functions is not merely academic; they have real-world implications:

- Statistical Inference: Estimating parameters of the uniform distribution via maximum likelihood or
Bayesian methods relies on understanding these functions.

- Stochastic Modeling: In simulations, knowing the variance and moment-generating behaviors guides
the design of experiments and models.

- Reliability Analysis: Uniform distributions often model systems with equal likelihood across a range,
such as manufacturing tolerances or environmental measurements.

Conclusion

The uniform distribution over \([0, 2]\) offers a fertile ground for exploring fundamental concepts in
probability and statistical theory. The variance function \(V(t)\), moment-generating function \(R(t)\),
and expectation \(E(t)\) are interconnected, providing comprehensive insights into the behavior of the
distribution under various parametrizations. Understanding these properties enhances our ability to
model, analyze, and interpret data within the framework
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