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Understanding the fundamentals of computational theory is essential for computer scientists and
mathematicians alike. One of the key topics in this domain is the class of Turing-recognizable languages, also
called recursively enumerable languages. These languages play a crucial role in understanding what problems
can be semi-decided by a Turing machine. A common question that arises in formal language theory and
computability is whether Turing-recognizable languages are closed under various operations such as union,
intersection, and complement.

This article aims to thoroughly explore and provide a rigorous proof that Turing-recognizable languages are
closed under union and intersection, aligning with the problem statement from Sipser’s textbook (Problem
3.16b). We will analyze the concepts step by step and provide detailed explanations suitable for students and
enthusiasts of formal language theory.

Understanding Turing-Recognizable Languages

What Are Turing-Recognizable Languages?
Turing-recognizable languages, also known as recursively enumerable languages, are a class of formal
languages for which there exists a Turing machine that will accept any string belonging to the language. More
formally:

A language \(L\) is Turing-recognizable if there exists a Turing machine \(M\) such that:

For every string \(w \in L\), \(M\) halts and accepts \(w\).

For every string \(w \notin L\), \(M\) either rejects \(w\) or runs forever (may never halt).

This characteristic distinguishes Turing-recognizable languages from decidable languages, where the Turing
machine halts and provides a yes/no answer for every input.

Significance of Turing-Recognizable Languages
These languages are fundamental in the theory of computation because they encompass many important classes
of problems, including those that are semi-decidable but not necessarily decidable. For example, the Halting
Problem’s set of halting Turing machine-input pairs is Turing-recognizable but not decidable.

Closure Properties of Turing-Recognizable Languages

A critical aspect of formal language classes is their closure properties—whether performing certain
operations on languages within the class results in a language that also remains within the same class. For
Turing-recognizable languages, closure under union and intersection are well-established, but closure under
complement is not guaranteed.



In this section, we will focus primarily on proving that Turing-recognizable languages are closed under union
and intersection.

Closure Under Union
To show that the union of two Turing-recognizable languages is also Turing-recognizable, consider two
languages \(L_1\) and \(L_2\) that are recognized by Turing machines \(M_1\) and \(M_2\), respectively.

Constructing a Recognizer for \(L_1 \cup L_2\)

The idea is to design a new Turing machine \(M\) that recognizes the union by simulating both \(M_1\) and
\(M_2\).

Input: String \(w\).

Operation:

Simultaneously simulate \(M_1\) and \(M_2\) on input \(w\) using dovetailing (alternating
steps).

If \(M_1\) accepts \(w\), then \(M\) accepts \(w\).

If \(M_2\) accepts \(w\), then \(M\) accepts \(w\).

If both simulations run forever without acceptance, then \(M\) also runs forever.

Why Does This Work?

Because at least one of the machines will accept \(w\) if \(w\) is in \(L_1 \cup L_2\), the combined machine
will eventually accept \(w\). If \(w\) is not in either language, the machine will run forever, which aligns with
the definition of recognizability.

Closure Under Intersection
Similarly, to prove closure under intersection, consider two Turing-recognizable languages \(L_1\) and
\(L_2\), recognized by machines \(M_1\) and \(M_2\).

Constructing a Recognizer for \(L_1 \cap L_2\)

The approach involves simulating both machines in tandem and accepting only if both accept.

Input: String \(w\).

Operation:

Simulate \(M_1\) and \(M_2\) on \(w\) simultaneously using dovetailing.

If \(M_1\) accepts \(w\) and \(M_2\) accepts \(w\), then the combined machine accepts \(w\).

If either simulation runs forever without acceptance, the combined machine continues running or



may run forever, reflecting recognizability.

Rationale

Since acceptance requires both machines to accept \(w\), the combined machine only halts and accepts \(w\) if
both simulations accept. Otherwise, it may run indefinitely, which is consistent with the definition of Turing-
recognizable languages.

Formal Proofs of Closure

Proof that Turing-Recognizable Languages Are Closed Under Union
Let's formalize the construction:

Suppose \(L_1\) and \(L_2\) are Turing-recognizable, with recognizing machines \(M_1\) and \(M_2\).
Construct a machine \(M\) as follows:

On input \(w\), initialize a dovetailing process to simulate \(M_1\) and \(M_2\), alternating steps.1.

In each stage:2.

Run one step of \(M_1\) on \(w\).

Run one step of \(M_2\) on \(w\).

If at any point \(M_1\) accepts, \(M\) halts and accepts \(w\).3.

If at any point \(M_2\) accepts, \(M\) halts and accepts \(w\).4.

Since at least one of \(w\) in \(L_1 \cup L_2\) implies that the corresponding machine will eventually accept
\(w\), \(M\) recognizes \(L_1 \cup L_2\).

Proof that Turing-Recognizable Languages Are Closed Under Intersection
Similarly, for intersection:

Given \(L_1\) and \(L_2\) recognized by \(M_1\) and \(M_2\), construct \(M\):

On input \(w\), simulate \(M_1\) and \(M_2\) in dovetail fashion.1.

If both \(M_1\) and \(M_2\) accept \(w\), then \(M\) accepts \(w\).2.

If either simulation runs forever without acceptance, then \(M\) may also run forever, consistent with3.
recognizability.



This construction guarantees that \(L_1 \cap L_2\) is recognized by \(M\).

Limitations and Non-Closure Under Complement

While Turing-recognizable languages are closed under union and intersection, they are not necessarily closed
under complement. The complement of a Turing-recognizable language may not be recognizable because recognizing
the complement would require halting and accepting exactly those strings not recognized by the original
machine, which is not guaranteed.

Example: The Halting Problem set \(H\) (set of Turing machine-input pairs where the machine halts) is Turing-
recognizable, but its complement (non-halting pairs) is not.

Implications and Applications

Understanding the closure properties of Turing-recognizable languages has profound implications in theoretical
computer science:

Design of algorithms for recognizing complex languages.

Understanding limitations of semi-decision procedures.

Analyzing the computability of problems in various domains like formal verification, automated theorem
proving, and artificial intelligence.

Moreover, these closure properties form foundational tools for proving undecidability and exploring the
boundaries of computability.

Conclusion

In summary, the proof that Turing-recognizable languages are closed under union and intersection is
fundamental in formal language theory. By constructing composite Turing machines using dovetailing and
simulation, we establish that the union and intersection of recognizability languages remain within the class.
These closure properties highlight the robustness of Turing-recognizable languages under certain operations,
although their non-closure under complement underscores inherent limitations in decidability.

Understanding these concepts not only helps in grasping the theoretical limits of computation but also informs
practical approaches in designing algorithms and analyzing computational problems. This exploration aligns
closely with the problem presented in Sipser’s textbook, emphasizing the importance of formal proofs in the
foundation of computer

Frequently Asked Questions

What is the main statement of the problem taken from Sipser 3.16b regarding
Turing-recognizable languages?

The problem asks to prove that the class of Turing-recognizable languages is closed under certain operations,



such as union, intersection, and complement.

Why is showing closure properties important for Turing-recognizable
languages?

Proving closure properties helps us understand the robustness and limitations of the class, and how it can be
combined or manipulated while remaining within the same class.

What is a Turing-recognizable language?

A language is Turing-recognizable if there exists a Turing machine that halts and accepts on all strings in the
language, and either rejects or runs forever on strings not in the language.

How do we prove that Turing-recognizable languages are closed under
union?

We construct a Turing machine that, given input, simulates the two machines recognizing the individual
languages in parallel; it accepts if either machine accepts.

What is the key difference between Turing-recognizable and decidable
languages in the context of closure properties?

Decidable languages have Turing machines that halt on all inputs, making closure under all operations easier
to prove, whereas Turing-recognizable languages may run forever on some inputs, complicating certain closure
proofs.

How is closure under intersection shown for Turing-recognizable languages?

By constructing a Turing machine that simulates both recognizing machines in parallel and accepts only if both
machines accept, typically using dovetailing techniques.

Is the class of Turing-recognizable languages closed under complement?
Why or why not?

No, not necessarily. Turing-recognizable languages are not closed under complement because recognizing the
complement often requires decidability, which is not guaranteed.

What role does the concept of semi-decision procedures play in
understanding Turing-recognizable languages?

Semi-decision procedures are algorithms that halt and accept for strings in the language but may run forever
otherwise; they characterize Turing-recognizable languages and are central to their closure properties.

Can you describe a high-level approach to prove that the union of two
Turing-recognizable languages is also Turing-recognizable?

Yes, by designing a Turing machine that, on input, runs the two recognizing machines in parallel (interleaving
steps); if either halts and accepts, the combined machine accepts.



What does Sipser's Problem 3.16b demonstrate about the structure of the
class of Turing-recognizable languages?

It demonstrates that Turing-recognizable languages form an algebraic class closed under union and
intersection but not necessarily under complement, highlighting their structural properties in computability
theory.

Additional Resources
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---

Introduction: Understanding the Context and Significance

In the realm of theoretical computer science, formal languages and automata theory form the backbone of
understanding what computers can compute. A fundamental class within this domain is the set of Turing-
recognizable languages—languages for which there exists a Turing machine that halts and accepts any string
in the language, though it may run indefinitely on strings not in the language. Establishing the properties of
these classes is crucial, as they underpin the limits of computability and the design of algorithms.

Among these properties, closure properties—whether the class remains invariant under certain operations—are
particularly insightful. Closure under operations like union, intersection, complement, and others reveals the
robustness of the class and informs how complex languages can be constructed from simpler ones. In this
context, the problem from Sipser's textbook (Problem 3.16b) asks us to prove that Turing-recognizable
languages are closed under certain operations, notably union and intersection.

This article aims to demystify this proof, offering a comprehensive, yet accessible, exploration of the concepts,
constructions, and reasoning involved. By the end, readers will appreciate not just the proof itself, but also
the underlying principles that make Turing-recognizable languages a resilient and foundational class in
computability theory.

---

Turing-Recognizable Languages: A Primer

Before diving into the closure properties, it’s essential to clarify what Turing-recognizable languages are.

Definition:
A language \( L \subseteq \Sigma^ \) (where \(\Sigma\) is an alphabet) is Turing-recognizable (also called
recursively enumerable) if there exists a Turing machine \( M \) such that for every string \( w \):

- If \( w \in L \), then \( M \) halts and accepts \( w \).
- If \( w \notin L \), then \( M \) either rejects \( w \) or runs forever.

This means that for strings in the language, the Turing machine provides a definitive positive answer, but for
strings not in the language, the outcome is not necessarily determined in finite time.

Implications:
- Recognizable languages include decidable languages (where the machine halts on all inputs) but are more
general.
- Recognizability depends on the existence of a recognizer—a machine that halts and accepts members but may be
non-halting otherwise.

Understanding these foundational aspects primes us for exploring their closure properties.

---



The Core Question: Are Turing-Recognizable Languages Closed?

The essence of the problem is to examine whether certain operations on Turing-recognizable languages produce
languages that are still Turing-recognizable. Formally, closure under an operation \( \circ \) (like union or
intersection) means:

> If \( L_1 \) and \( L_2 \) are Turing-recognizable, then \( L_1 \circ L_2 \) is also Turing-recognizable.

The two most common operations studied are:

- Union: \( L_1 \cup L_2 \)
- Intersection: \( L_1 \cap L_2 \)

Proving closure under these operations involves constructing Turing machines that recognize the combined
languages based on machines recognizing the individual languages.

---

Closure Under Union: Constructing a Recognizer for \( L_1 \cup L_2 \)

Conceptual Approach

Suppose we have two Turing machines:

- \( M_1 \) recognizes \( L_1 \),
- \( M_2 \) recognizes \( L_2 \).

Our goal is to build a new Turing machine \( M_{union} \) that recognizes \( L_1 \cup L_2 \). Intuitively, \(
M_{union} \) should accept an input \( w \) if either \( M_1 \) or \( M_2 \) accepts \( w \).

Construction Strategy

The typical construction uses dovetailing, a technique where the new machine simulates both machines in
parallel, dedicating finite steps to each:

1. Input: String \( w \).

2. Simulation:

- Run \( M_1 \) on \( w \) for \( t \) steps, then run \( M_2 \) on \( w \) for \( t \) steps, for increasing \( t \).

- If either \( M_1 \) or \( M_2 \) accepts \( w \) during these steps, \( M_{union} \) accepts \( w \).

3. Non-Halting on Non-Members:

- If neither machine halts and accepts, \( M_{union} \) continues the simulation indefinitely.

This process ensures that if \( w \in L_1 \cup L_2 \), then at least one of the original machines halts and
accepts \( w \), and the dovetailed simulation will eventually detect this.

Formal Construction

The formal Turing machine \( M_{union} \) operates as follows:

- On input \( w \):

- Initialize two simulations: one of \( M_1 \), the other of \( M_2 \).

- For \( t = 1, 2, 3, \ldots \):



- Simulate \( M_1 \) on \( w \) for \( t \) steps.

- Simulate \( M_2 \) on \( w \) for \( t \) steps.

- If either simulation accepts, \( M_{union} \) halts and accepts \( w \).

This ensures the recognizer halts and accepts exactly when \( w \in L_1 \cup L_2 \).

Conclusion

Since the construction uses only finite simulations and the original recognizing machines \( M_1 \) and \( M_2 \)
are Turing-recognizers, the union of two Turing-recognizable languages is Turing-recognizable.

---

Closure Under Intersection: Constructing a Recognizer for \( L_1 \cap L_2 \)

Conceptual Challenges

Unlike union, where acceptance by either machine suffices, intersection requires both machines to accept \( w \).
This presents a challenge because:

- Recognizers only guarantee halting and acceptance if \( w \) is in the language.
- They might run forever otherwise.

To recognize \( L_1 \cap L_2 \), the constructed machine must accept \( w \) only if both \( M_1 \) and \(
M_2 \) accept \( w \).

Construction Approach

One common approach involves dovetailing again, but with a focus on detecting both acceptances:

1. Run \( M_1 \) and \( M_2 \) in parallel, each on \( w \).

2. The recognition process:

- Simulate both machines step-by-step.

- Keep track of whether each machine has accepted \( w \).

- If both accept, then \( M_{intersect} \) halts and accepts \( w \).

3. Handling Non-accepting Cases:

- If either machine never halts or accepts, the combined machine may run forever, aligning with the properties of
recognizers.

Formal Construction

The machine \( M_{intersect} \):

- On input \( w \):

- Simulate \( M_1 \) and \( M_2 \) on \( w \) in a dovetailed manner.

- Maintain states indicating whether each machine has accepted \( w \).

- When both machines accept, \( M_{intersect} \) halts and accepts.



- If one machine never accepts, then \( M_{intersect} \) may run indefinitely, which is acceptable for recognizers.

The Key Point

- The construction hinges on the fact that recognizers accept strings in their language, and non-accepting
strings may run forever.

- By dovetailing, the combined recognizer guarantees acceptance only when both original machines accept.

Conclusion

Thus, the intersection of two Turing-recognizable languages is also Turing-recognizable.

---

Broader Implications and Limitations

While the above constructions establish that Turing-recognizable languages are closed under union and
intersection, it's important to recognize some limitations:

- Closure Under Complement:
Turing-recognizable languages are not necessarily closed under complement. The complement of a Turing-
recognizable language need not be recognizable, which is a significant distinction in computability theory.

- Other Operations:
Closure properties under other operations (like difference or complement) require more nuanced arguments and
do not generally hold.

Understanding these nuances paints a complete picture of the algebraic structure of Turing-recognizable
languages.

---

Final Thoughts: Why Closure Matters

Proving that Turing-recognizable languages are closed under union and intersection is more than an academic
exercise. It underscores the robustness of these classes and their utility in modeling computational problems.

- Practical Impact:
When designing algorithms or automata, knowing that combining recognizable languages preserves
recognizability simplifies problem-solving.

- Theoretical Significance:
These closure properties help delineate the landscape of decidability and recognizability, framing the boundaries
of what machines can and cannot recognize.

In conclusion, the proof of closure under union and intersection exemplifies
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