Uppose We Roll A Fair Die Twice. What
Is The Probability That The First Roll Is A
1 And The Second Roll

Uppose We Roll A Fair Die Twice. What Is The Probability That The First Roll Is A
1 And The Second Roll is a classic problem in probability theory that helps us understand
how outcomes behave when performing multiple independent events. When rolling a fair
six-sided die twice, each roll is independent, meaning the outcome of the first roll does not
influence the second. Calculating the probability of specific sequences, such as the first roll
being a 1 and the second roll being any number, allows us to grasp fundamental concepts
in probability, such as independence, multiplication rule, and sample space.

In this article, we will explore this problem step by step, explain key probability principles
involved, and expand to related scenarios to deepen your understanding of rolling dice and
calculating probabilities.

Understanding the Basics of Fair Dice and
Probability

What Is a Fair Die?

A fair die is a cube with six faces, each numbered from 1 to 6, with equal probability of
landing on any face. The symmetry ensures that each outcome has an equal chance of
occurring. The probability of rolling any specific number, such as a 1, on a single roll is:

e P(rollingal) =1/6
Similarly, the probability of rolling any other specific number, like a 4 or a 6, is also 1/6.

Sample Space for a Single Roll

The sample space, which is the set of all possible outcomes for a single roll, is:

«{1,2,3,4,5,6}

Since the die is fair, each outcome has an equal probability of 1/6.



Rolling the Die Twice: The Experiment

Independence of Rolls

When rolling a die twice, each roll is independent. This means that the outcome of the first
roll does not affect the second, and vice versa. The probability of combined outcomes can
be calculated by multiplying the probabilities of individual outcomes, a principle called the
multiplication rule.

Sample Space for Two Rolls

The total number of possible outcomes when rolling a die twice is:

1. 6 options for the first roll

2. 6 options for the second roll

Therefore, total possible outcomes are:

6 xX6=36
Each of these 36 outcomes is equally likely if the die is fair.

Calculating the Probability that the First Roll Is a
1 and the Second Roll Is Any Number

Defining the Event

The specific event we're interested in is:

e The firstrollisa 1

e The second roll can be any number from 1 to 6

This event encompasses multiple outcomes within the sample space.



Calculating the Probability

Since the rolls are independent, the probability that the first roll is a 1 is:

e P(Firstroll =1) =1/6

The probability that the second roll can be any number from 1 to 6 is 1, since all outcomes
are possible:

* P(Second roll = any number) =1

But if we're interested in the probability that the first roll is a 1 and the second roll is any
specific number, say 4, then:

e P(First roll = 1 and Second roll = 4) = P(First roll = 1) x P(Second roll = 4) = (1/6) X
(1/6) = 1/36

However, since the second roll can be any number, and all are equally likely, the probability
that the first roll is a 1 and the second roll is any number is:

e P(First roll = 1) x P(Second roll = any number) = (1/6) x 1 = 1/6

This makes sense because, for the event where only the first roll is specified as a 1, the
probability is simply 1/6.

Generalizing the Problem: Other Probabilities and
Variations

Probability that the First Roll Is a 1 and the Second Roll
Isal

If we want to find the probability that both rolls are 1, the calculation is:

e P(First roll = 1 and Second roll = 1) = (1/6) x (1/6) = 1/36



This illustrates the multiplication rule for independent events.

Probability that the First Roll Is a 1 and the Second Roll
IsNotal

To find the probability that the first roll is 1 and the second roll is anything but 1, we
compute:

e P(Firstroll = 1) = 1/6

e P(Second roll # 1) = 5/6

Since the events are independent:

e P(First roll = 1 and Second roll # 1) = (1/6) X (5/6) = 5/36

Note: The sum of all mutually exclusive probabilities covering all outcomes in the sample
space adds up to 1, which confirms the completeness of the calculations.

Using Probability to Make Predictions and
Decisions

Practical Applications

Understanding dice probabilities is essential in various fields:

e Board games: Calculating chances of rolling specific numbers to plan moves
e Statistics: Designing experiments involving randomness
e Game theory: Analyzing strategies involving chance

e Risk assessment: Evaluating probabilities of certain outcomes

Chance vs. Certainty

While the probability of rolling a 1 on the first die is 1/6, it doesn't guarantee the outcome



but indicates the likelihood over many trials. Repeated experiments will approximate these
probabilities, exemplifying the law of large numbers.

Conclusion: Summing Up the Probability
Calculation

The probability that the first roll of a fair die is a 1, regardless of the outcome of the second
roll, is straightforward to compute:

* P(Firstroll = 1) = 1/6

If you want the probability that both the first and second rolls are 1, then:

* P(both rolls = 1) = 1/36

This problem exemplifies core principles of probability, including independence and the
multiplication rule, and provides a foundation for understanding more complex stochastic
processes involving dice and other random experiments.

By mastering these concepts, you can analyze a wide range of probability scenarios with
confidence, whether in academic settings, gaming, or real-world decision-making.

Meta description: Discover how to calculate the probability that the first roll of a fair die is a
1 and the second roll, exploring fundamental concepts in probability, independence, and
practical applications.

Frequently Asked Questions

What is the probability that the first roll of a fair die is
a 1 and the second roll is any number?

The probability is 1/6 for the first roll to be a 1, and since the second roll can be any
number, the combined probability is (1/6) 1 = 1/6.

How do you calculate the probability of rolling a 1 on



the first die and any number on the second die?

Assuming independence, multiply the probability of the first die being 1 (1/6) by the
probability of any outcome on the second die (1), resulting in 1/6.

Is the probability that the first roll is a 1 and the second
is a 1 different from the probability that the firstis 1
and the second is any number?

Yes, it is different. The probability that both are 1 is (1/6)(1/6) = 1/36, whereas the
probability that the first is 1 and the second is any number is 1/6.

What is the probability that the firstrollisa 1
regardless of the second roll?

The probability is 1/6, since the first roll being a 1 is independent of the second roll.

Does the probability change if the die is biased instead
of fair?

Yes, if the die is biased, the probability of rolling a 1 on the first roll would be different from
1/6, affecting the overall probability.

How does independence of rolls affect the calculation of
the probability in this problem?

Since each roll is independent, the probability of the first being 1 and the second being any
number is the product of their individual probabilities, simplifying the calculation.

Additional Resources

Uppose We Roll A Fair Die Twice. What Is The Probability That The First Roll Is A 1 And The
Second Roll?

Introduction

Probability theory forms the bedrock of understanding randomness and uncertainty in
various fields—from gaming and gambling to statistics and decision-making processes.
Among the foundational problems in probability, analyzing simple die rolls offers a window
into the principles governing chance events.

One classic question that often appears in introductory probability courses is: "If we roll a
fair six-sided die twice, what is the probability that the first roll is a 1 and the second roll
is...?" This problem, seemingly straightforward, allows us to explore core concepts such as



independence, the sample space, and the calculation of joint probabilities.
In this article, we delve into this question with a comprehensive, rigorous approach,
examining the underlying assumptions, calculating the probabilities step-by-step, and

discussing broader implications. We analyze what it means for the first roll to be a 1, the
probability of the second roll, and how these relate to the principles of probability theory.

Understanding the Basic Framework

The Nature of the Fair Die

A fair six-sided die (singular of dice) is a cube with faces numbered 1 through 6. Each face
has an equal chance of landing face-up when rolled, meaning the die's probability

distribution over its faces is uniform.

- Sample Space for a Single Roll:
\(S=\{1,2,3,4,5, 6\}\)

- Probability for Each Face:
\( P(\text{any specific face}) = \frac{1}{6} )

Extending to Two Rolls

When rolling the die twice, the combined experiment involves two independent random
events:

- First Roll: Outcomes in \( S \)
- Second Roll: Outcomes in\( S'\)

- Sample Space for Two Rolls:

\(S\times S =\{(a, b) | a, b\in S\})

There are \( 6 \times 6 = 36 \) equally likely ordered pairs.
- Probability of Each Pair:

Since the rolls are independent and fair,

\( P((a, b)) = P(\text{first roll} = a) \times P(\text{second roll} = b) = \frac{1}{6} \times
\frac{1}{6} = \frac{1}{36} )

The Core Question

"Suppose we roll a fair die twice. What is the probability that the first roll is a 1 and the
second roll is...?"

Depending on the specific second roll, the probability varies.

For clarity, we consider two core scenarios:



1. Probability that the first roll is a 1 AND the second roll is a specific number \( b \), where
\( b\in\{1, 2, 3, 4,5, 6\}\).
2. Probability that the first roll is a 1 AND the second roll is also a 1.

Scenario 1: Probability that the First Roll Is a 1 AND the Second Roll Is a Specific Number \(
b\)

Given the independence of the rolls:

-\( P(\text{first roll} = 1) = \frac{1}{6}\)
-\( P(\text{second roll} = b) = \frac{1}{6}\)

Thus,

\[

P(\text{first roll} = 1 \text{ AND second roll} = b) = P(\text{first roll} = 1) \times
P(\text{second roll} = b) = \frac{1}{6} \times \frac{1}{6} = \frac{1}{36}

\]

This calculation holds for any \( b\in\{1, 2, 3, 4, 5, 6\} ).

Scenario 2: Probability that Both Rolls Are 1
Specifically, the probability that the first roll is a 1 and the second roll is a 1:

\[
P(\text{first roll} = 1 \text{ AND second roll} = 1) = \frac{1}{36}
\]

This is a special case of Scenario 1 where\( b =1)).

Broader Perspectives: Independence and Conditional Probability

The calculations above rest heavily on the assumption that each die roll is independent and
identical in distribution. This independence implies:

\[

P(A \text{ and } B) = P(A) \times P(B)

\]

for any events \( A\) and \( B\) related to separate rolls.

Conditional probability can also be considered:

\[



P(\text{second roll} = b \mid \text{first roll} = 1) = P(\text{second roll} = b) =
\frac{1}{6}
\]

because the outcome of the second roll does not depend on the first, given independence.

Extending the Analysis: Generalizations and Real-World Applications
Multiple Sequential Events

The problem scales naturally: for a sequence of \( n ) fair die rolls, the joint probability of a
specific sequence \( (a_1, a_2, \dots, a_n) \) where each \( a_i\in\{1, 2, 3, 4, 5, 6\} ), is:

\[
P(a_1, a 2,\dots, a_n) = \prod _{i=1}"{n} P(a_i) = \left(\frac{1}{6}\right)™n
\]

This multiplicative property is foundational in probability theory and underpins models such
as Markov chains, stochastic processes, and information theory.

Practical Implications
Understanding these simple probabilities has tangible applications:

- Gaming and Gambling: Calculating odds in dice-based games.

- Statistical Modeling: Designing simulations that involve random sampling.

- Quality Control: Modeling failure rates or defect occurrences as probabilistic events.
- Cryptography and Random Number Generation: Ensuring randomness and fairness.

Common Misconceptions and Pitfalls
While the calculations seem straightforward, some misconceptions can lead to errors:

- Assuming dependence: Some might mistakenly think outcomes influence each other, but
with a fair die, each roll is independent.

- Confusing conditional and joint probabilities: Remember that \( P(A \text{ and } B) = P(A)
\times P(B \mid A) \), and independence simplifies this to \( P(A) \times P(B) \).

- Misinterpreting sample space: The total sample space for two rolls is 36 equally likely
outcomes, not 12 or 6.

Final Remarks: The Elegance of Simplicity

The problem of "Suppose We Roll A Fair Die Twice. What Is The Probability That The First
Roll Is A1 And The Second Roll?" exemplifies the simplicity and elegance of probability
theory when dealing with independent discrete events.



The key takeaways are:

- Each roll of a fair die is independent.

- The probability of any specific outcome on a single roll is \( \frac{1}{6}\).

- The joint probability of specific outcomes across multiple rolls is the product of individual
probabilities.

Thus, the probability that the first roll is a 1 and the second roll is any specific number \( b
\) is:

\[
\boxed{\frac{1}{36}}
\]

This result underscores the fundamental principles governing randomness and serves as a
foundation for more complex probabilistic models.
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