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Understanding the stability of a control system is fundamental in
engineering, especially in fields like automation, aerospace, and
electronics. One of the essential tools for analyzing the stability of a
system described by its transfer function T(s) is the Routh-Hurwitz
criterion, which involves constructing the Routh array. This method allows
engineers to determine the number of poles that lie in the left half-plane
(LHP) and right half-plane (RHP) without explicitly calculating the roots of
the characteristic equation.

In this article, we will explore how to utilize the Routh array method to
identify the location of poles of T(s) relative to the imaginary axis. We
will discuss the theoretical foundations, step-by-step procedures, and

practical applications, providing a comprehensive guide for students,
engineers, and researchers aiming to analyze system stability efficiently.

Understanding System Poles and Stability

What Are System Poles?

In control systems, the transfer function T(s) typically has the form:
\[ T(s) = \frac{N(s)}{D(s)} \I
where \( N(s) \) and \( D(s) \) are polynomials in complex frequency variable

\( s \). The roots of the denominator polynomial \( D(s) \), known as the
characteristic equation:

\[ D(s) =0 \]
are called the system poles.

The location of these poles in the complex s-plane determines the behavior
and stability of the system:



- Poles in the Left Half-Plane (LHP): Indicate stable system behavior, as
responses decay over time.

- Poles on the Imaginary Axis: Indicate marginal stability, possibly leading
to sustained oscillations.

- Poles in the Right Half-Plane (RHP): Indicate instability, as responses
grow unbounded over time.

Importance of Pole Location

Knowing the number and location of poles relative to the imaginary axis helps
engineers:

- Predict the stability of the system.

- Design controllers to shift poles to desired locations.
- Ensure robustness against disturbances and parameter variations.

The Routh-Hurwitz Criterion: A Powerful
Stability Test

Overview of the Routh-Hurwitz Criterion

The Routh-Hurwitz criterion provides a systematic way to determine the number
of roots of a polynomial that lie in the RHP without explicitly calculating
the roots. It involves constructing the Routh array from the characteristic
polynomial and analyzing the sign changes in the first column.

Key concept:

- The number of poles in the RHP equals the number of sign changes in the
first column of the Routh array.

Advantages:
- Efficient and straightforward for high-degree polynomials.

- Does not require root calculation.
- Offers insight into system stability and marginal stability.

Constructing the Routh Array

The process involves:



1. Writing the coefficients of \( D(s) \) in a tabular form.
2. Filling subsequent rows using a specific recursive formula.
3. Analyzing the first column for sign changes.

Step-by-Step Guide to Using the Routh Array

Step 1: Write the Characteristic Polynomial

Express the characteristic polynomial in descending powers of \( s \):
\[ D(s) =an s™ + a {n-1} s™{n-1} + \dots + a 1 s + a 0 \]

Ensure all coefficients are real numbers and arranged correctly.

Step 2: Set Up the Routh Array

Create the first two rows:

- First row: coefficients of \( s™n, s™{n-2}, s™{n-4}, \dots \)
- Second row: coefficients of \( s™{n-1}, s™{n-3}, s™{n-5}, \dots \)

If a coefficient is zero, replace it with a small epsilon to avoid division
errors.

Step 3: Calculate Remaining Rows

Use the Routh-Hurwitz recursive formulas:

\[ R {i,j} = - \frac{ \begin{vmatrix} R {i-2,1} & R {i-2,j+1} \\ R {i-1,1} &
R {i-1,j+1} \end{vmatrix} }{ R {i-1,1} } \]

where \( R {i,j} \) is the element in row \( i \), column \( j \).

Repeat this process until the entire array is filled.

Step 4: Interpret the First Column

Count the number of sign changes in the first column:



- Each sign change indicates a pole in the RHP.
- Zero sign changes imply all poles are in the LHP (system is stable).

The total number of sign changes gives the number of RHP poles.

Step 5: Determine the Number of Poles in the Left
and Right Half-Planes

- Number of poles in RHP: equal to the number of sign changes.
- Number of poles in LHP: total degree of the polynomial minus RHP poles.

Practical Examples

Example 1: Stable System

Given the characteristic polynomial:
\[ D(s) = s"3 + 25”2 + 3s + 4 \]

Construct the Routh array:

| $°3 1103 |
| -oe e EEER R

|52 12| 4|

| S?1 | \( \frac{(2)(3) - (1)(4)H2} \) | 0 |
| S0 | 4] |

Calculate the third row:
\[ R {3,1} = \frac{(2)(3) - (1)(4)}{2} = \frac{6 - 4}{2} = 1 \]

The array becomes:

| 73 | 1] 3|
|------- |----- |-----
| 572 | 2| 4|

| 71 | 1] 0|

| 570 | 4| |

Sign analysis:

- First column: 1, 2, 1, 4 — all positive, no sign changes.



Conclusion: All poles are in the LHP; the system is stable.

Example 2: Unstable System

Characteristic polynomial:

\[ D(s) = s"3 - 25s"2 + s - 4 \]

Construct the array:

| 73 | 1| 1|

R FEREEIEEEER

| 72 | -2 | -4 |

| S?1 | \( \frac{(-2)(1) - (1)(-4)}{-2} \) | 0 |
| 570 | -4 | |

Calculate the third row:

\[ R_{3,1} = \frac{(-2)(1) - (1)(-4)}{-2} = \frac{-2 + 4}{-2} = \frac{2}{-2}
= -1 \]

Array:

| 572 | -2 | -4 |

| 71 | -1 ] @ |

| $70 | -4 | |

Sign analysis:

- First column: 1, -2, -1, -4

Number of sign changes:

- 1 to -2: change (positive to negative)
- -2 to -1: no change

- -1 to -4: no change

Total sign changes: 1

Conclusion: System has one RHP pole; it is unstable.



Advanced Topics and Considerations

Handling Zero or Repeated Roots

- If a zero appears as the first element in a row, special techniques are
needed.
- Repeated roots on the imaginary axis require more detailed analysis.

Using the Routh Array for Controller Design

- Adjusting system parameters to eliminate sign changes can stabilize the
system.
- The Routh array helps in pole placement strategies.

Limitations of the Routh-Hurwitz Criterion

- It only indicates the number of RHP poles, not their exact locations.
- For precise pole locations, root locus or computational methods like MATLAB
are used.

Conclusion

The Routh array is an indispensable tool in control system analysis,
providing a straightforward method to determine the stability of a system by
counting the number of poles in the right half-plane. By constructing the
Routh array from the characteristic polynomial, engineers can quickly assess
whether a system is stable, marginally stable, or unstable without complex
root calculations.

Key takeaways:

- The sign changes in the first column of the Routh array directly indicate
the number of RHP poles.

- The method is applicable to polynomials of any degree and can handle
complex systems efficiently.

- Understanding the location of poles helps in designing controllers that
ensure desired stability and performance.

By mastering the use of the Routh array, control engineers can develop more
robust, reliable systems capable of maintaining stability under various



operating conditions

Frequently Asked Questions

What is the purpose of using a Routh array in
control system analysis?

A Routh array is used to determine the number of poles of a transfer function
that lie in the left half-plane, right half-plane, or on the imaginary axis,
which helps assess system stability.

How do you construct a Routh array for a given
transfer function T(s)?

To construct a Routh array, list the coefficients of T(s) in the first two
rows in a specific pattern, then use the Routh-Hurwitz criterion formulas to
fill in subsequent rows until all coefficients are accounted for.

How does the Routh array indicate the stability of a
system?

The stability is determined by the number of sign changes in the first column
of the Routh array: zero sign changes indicate all poles are in the left
half-plane (stable), while sign changes indicate poles in the right half-
plane or on the imaginary axis.

What does a sign change in the first column of the
Routh array imply about the pole locations?

A sign change indicates that there are poles in the right half-plane, which
means the system is unstable.

Can the Routh array be used to find the exact pole
locations?

No, the Routh array only provides information about the number and
approximate location (left or right half-plane) of the poles, not their exact
positions.

What are common challenges or errors when using the
Routh array method?

Common issues include incorrect coefficient arrangement, handling zero or
repeated first-column elements, and misinterpretation of sign changes, which
can lead to incorrect stability conclusions.



Additional Resources

Use A Routh Array To Find Out How Many Poles Of T(s) Are In The Left Half-
Plane, Right Half-Plane, Or On The Imaginary Axis

In the realm of control systems engineering, stability analysis remains a
cornerstone for designing and analyzing dynamic systems. Among various
methods, the Routh-Hurwitz criterion stands out as a systematic, algebraic
approach to determine the stability of a system without explicitly
calculating the roots of its characteristic polynomial. The crux of this
method involves constructing the Routh array from the characteristic
polynomial \( T(s) \) and analyzing the sign variations within it.

This article provides an in-depth exploration of how to use a Routh array to
determine the number of poles of \( T(s) \) in the left half-plane (LHP),
right half-plane (RHP), or on the imaginary axis. Understanding the
distribution of poles is essential because it directly correlates with the
stability or instability of the system. We will delve into the mathematical
foundations, step-by-step procedures, and practical considerations to equip
control engineers and researchers with a comprehensive understanding of this
vital technique.

Fundamentals of System Stability and the Routh-
Hurwitz Criterion

Poles and Their Significance in System Dynamics

In control theory, the characteristic equation \( T(s) \) of a system
determines its response characteristics. The roots or poles of \( T(s) \) in
the complex plane dictate whether the system is stable, marginally stable, or
unstable:

- Left Half-Plane (LHP) Poles (\(\text{Re}(s) < O\)): Indicate a stable
system, with responses that decay over time.

- Right Half-Plane (RHP) Poles (\(\text{Re}(s) > 0O\)): Indicate an unstable
system, with responses that grow exponentially.

- Poles on the Imaginary Axis (\(\text{Re}(s) = 0\)): Indicate marginal
stability, often associated with sustained oscillations.

Accurately determining the number and location of these poles is critical for
system design and robustness analysis.



The Routh-Hurwitz Criterion: An Overview

The Routh-Hurwitz criterion provides a straightforward algebraic procedure to
ascertain the number of roots of \( T(s) \) with positive real parts, without
explicitly solving for roots. The core idea is:

- Construct the Routh array from the coefficients of \( T(s) \).

- Count the number of sign changes in the first column.

- The number of sign changes corresponds to the number of poles in the RHP.
- If there are no sign changes, all poles are in the LHP or on the imaginary
axis.

This method offers a quick and reliable way to assess stability, especially
for high-order polynomials where root-finding is computationally intensive.

Constructing the Routh Array: Step-by-Step
Procedure

To analyze the pole distribution, the first step is to construct the Routh
array from the characteristic polynomial:

\ [
T(s) =a 0 s™n +als™{n-1} + a 2 s™{n-2} + \dots + a {n-1} s + a n
\1

where \( a 0 \neq 0 \).

1. Arrange the Coefficients

- The first row contains coefficients of the polynomial in decreasing order
of even powers:

\[
\text{Row 1: } a 0, a 2, a 4, \dots
\]

- The second row contains coefficients of the polynomial in decreasing order
of odd powers:

\[
\text{Row 2: } a 1, a 3, a 5, \dots
\1]



- Subsequent rows are computed based on the entries above, using a
determinant formula.

2. Populate the Routh Array

The array is constructed as follows:
| s n | a0 | a2 | ad ]| ... |
s™{n-1} | a1l | a3

I
s™{n-2} S T Ce
R e I e

Each element (except the first two rows) is calculated using the formula:

\ [
b {ij} = - \frac{
\begin{vmatrix}

\text{element above left} & \text{element above right} \\
\text{element below left} & \text{element below right}
\end{vmatrix}

H

\text{element above left}

}

\1

- Continue this process until the entire array is filled.

3. Handling Special Cases

- If an entire row becomes zero, it indicates the presence of imaginary roots
on the axis, requiring special analysis (see section on imaginary axis
roots) .

- If a zero appears in the first column, it needs to be replaced with a small
epsilon or handled via a limiting process.

Determining the Number of Poles in the Left and
Right Half-Planes



Sign Variations and Root Counting

The fundamental principle connecting the Routh array to pole locations is
based on counting the number of sign changes in the first column:

- Number of sign changes = Number of RHP poles
Thus, the procedure is:

1. Construct the Routh array from \( T(s) \).
2. Examine the first column entries.
3. Count the number of sign changes across these entries.

The total number of poles in \( T(s) \) is equal to the degree of the
polynomial, \( n \). The distribution is:

\ [
\text{Number of RHP poles}
\1

\text{Number of sign changes}

\ [

\text{Number of LHP poles}
on the imaginary axis)}

\1

n - (\text{Number of RHP poles}) - \text{(poles

Handling Poles on the Imaginary Axis

Poles lying exactly on the imaginary axis (i.e., purely imaginary roots)
complicate the stability analysis since the Routh-Hurwitz criterion is
inconclusive in this case. To identify these roots:

- Observe if a zero appears in the first column without sign change.
- If a row of zeros appears, it indicates symmetric pairs of roots on the
imaginary axis.

Additional steps to analyze imaginary-axis roots:

- Form the auxiliary polynomial from the row above the zero row.

- Derive the roots of this auxiliary polynomial to locate purely imaginary
roots.

- Use the Routh array and the auxiliary polynomial to determine the exact
number of roots on the imaginary axis.



Practical Example: Applying Routh Array
Analysis

Suppose we have a characteristic polynomial:

\ [
T(s) = s™4 + 35s™3 + 3s™2 + s + 2
\]

Step 1: Arrange the coefficients:

| s74 [ 1] 3]2]

|------- | == e
| s?3 [ 31 1] |

| s*2 | ... | | |

| s*1 | ... | | |

| s70 [ 2] | |

Step 2: Fill in the array:
- Compute the element in row \( s™2 \), first column:

\ [

b {11} = - \frac{
\begin{vmatrix}

1 & 3 \\

3&1
\end{vmatrix}

H
3

I -

- \frac{(1 \times 1 - 3 \times 3)}{3}
- \frac{(1 - 9)}{3}
- \frac{-8}{3} = \frac{8}{3}

\1]

- Continue filling in the array similarly.

Step 3: Analyze the first column:

- Entries: 1, 3, 8/3, etc.

- Sign changes count: For example, from 1 to 3 (no change), 3 to 8/3 (change
in sign? No, both positive). If no sign changes, all poles are in the LHP or
on the imaginary axis.

Step 4: Final assessment:

- If no sign changes, the system is stable or marginally stable.
- If sign changes are present, count their number to determine the number of



RHP poles.

Advanced Considerations and Limitations

Poles on the Imaginary Axis and Marginal Stability

The Routh array can indicate the presence of poles on the imaginary axis, but
may not specify their exact location. To confirm marginal stability:

- Examine the auxiliary polynomial when a zero row appears.
- Use methods like the Nyquist plot or root locus for detailed root location.

High-Order Systems and Numerical Stability

Constructing the Routh array for high-degree polynomials can lead to
numerical instability, especially if coefficients vary widely. Techniques to
mitigate this include:

- Polynomial scaling.
- Using computational tools with symbolic or high-precision capabilities.

Limitations of the Routh-Hurwitz Criterion

While powerful, the Routh-Hurwitz criterion:

- Does not provide the exact locations of roots.
- Cannot directly determine the
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