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INTRODUCTION TO EULER'S METHOD AND ITS SIGNIFICANCE IN NUMERICAL
ANALYSIS

IN THE REALM OF DIFFERENTIAL EQUATIONS, FINDING EXACT SOLUTIONS ANALYTICALLY IS NOT ALWAYS FEASIBLE, ESPECIALLY
FOR COMPLEX OR NONLINEAR EQUATIONS. THIS CHALLENGE NECESSITATES THE USE OF NUMERICAL METHODS—TECHNIQUES THAT
APPROXIMATE SOLUTIONS AT SPECIFIC POINTS. AMONG THESE, EULER'S METHOD STANDS OUT AS ONE OF THE SIMPLEST AND
MOST FUNDAMENTAL APPROACHES FOR SOLVING INITIAL VALUE PROBLEMS (|\/PS)

EULER'S METHOD PROVIDES A STRAIGHTFORWARD WAY TO APPROXIMATE THE SOLUTION OF AN ORDINARY DIFFERENTIAL
EQUATION (ODE) BY PROGRESSING STEP BY STEP FROM A KNOWN INITIAL CONDITION. |TS SIMPLICITY MAKES IT AN EXCELLENT
ENTRY POINT FOR UNDERSTANDING NUMERICAL TECHNIQUES, AND IT LAYS THE FOUNDATION FOR MORE SOPHISTICATED METHODS
LIKE RUNGE-KUTTA AND MULTISTEP APPROACHES.

IN THIS ARTICLE, WE WILL FOCUS ON APPLYING EULER'S METHOD WITH A STEP SizE oF H = 0.1 TO APPROXIMATE THE VALUE
ofF Y(2.2), wHere Y(x) SATISFIES A GIVEN DIFFERENTIAL EQUATION AND INITIAL CONDITION. WE WILL EXPLORE THE

THEORETICAL BACKGROUND, STEP-BY-STEP COMPUTATION, AND THE IMPLICATIONS OF CHOOSING THE STEP SIZE, ENSURING A
COMPREHENSIVE UNDERSTANDING OF THIS ESSENTIAL NUMERICAL METHOD.

UNDERSTANDING THE BASIc CONCEPTS OF EULER'S METHOD

\WHAT |Is EULER'S METHOD?

EULER'S METHOD IS A NUMERICAL PROCEDURE USED TO APPROXIMATE THE SOLUTION OF AN INITIAL VALUE PROBLEM OF THE
FORM:

\[
\rrac{poy}bx} =F(x, v), \Quap Y(x_0)=v_0

\]

WHERE:
- \(F(x, Y)\) IS A KNOWN FUNCTION DEFINING THE DIFFERENTIAL EQUATION,
- \(x_0\) IS THE INITIAL POINT,

- \(¥_0\) I1s THE INITIAL VALUE oF THE soLuTIoN AT \(x_0\).

THE GOAL IS TO FIND APPROXIMATE VALUES OF \(Y\) AT SUBSEQUENT POINTS, STARTING FROM THE INITIAL CONDITION.

MATHEMATICAL FOUNDATION OF EULER'S METHOD

Given THE INITIAL POINT \((x_0, y_0)\), EULER'S METHOD ADVANCES THE SOLUTION IN SMALL STEPS OF size \(H\):



\[

x {N+1}=x N+H

\]

\[

y_{N+1}=v_N+H\cooT F(x_N, Y_N)

\]

THIS FORMULA USES THE TANGENT (SLOPE) AT THE CURRENT POINT TO ESTIMATE THE NEXT POINT. CONCEPTUALLY, IT'S AKIN
TO DRAWING A TANGENT LINE AT THE CURRENT POINT AND STEPPING ALONG IT TO APPROXIMATE THE SOLUTION.

ADVANTAGES AND LIMITATIONS

ADVANTAGES:

- SIMPLE TO UNDERSTAND AND IMPLEMENT.
- REQUIRES ONLY BASIC ARITHMETIC OPERATIONS.

LIMITATIONS:

- CAN ACCUMULATE SIGNIFICANT ERRORS, ESPECIALLY WITH LARGE STEP SIZES.
- LESS ACCURATE COMPARED TO HIGHER-ORDER METHODS.
- SENSITIVE To THE cHolce oF sTep size \(H\).

THUS/ SELECTING AN APPROPRIATE STEP SIZE IS CRUCIAL TO BALANCE COMPUTATIONAL EFFICIENCY AND ACCURACY.

APPLYING EULER'S MeTHOD To ApproxIMATE \(Y(2.2)\)

GIVEN DATA AND ASSUMPTIONS

SUPPOSE WE ARE GIVEN AN INITIAL VALUE PROBLEM:

\[
\rrac{py}ox} = F(x, ¥)
\]

WITH INITIAL CONDITION:

\[
Y(0)=v_0
\]

FOR THE PURPOSE OF THIS EXAMPLE, LET'S ASSUME THE INITIAL CONDITION 1S \(Y(0) = 1\) AND THE DIFFERENTIAL EQUATION
Is:

\[
\rrAac{pY}box} =x+ v

\]
Our GoAL I1s To APPROXIMATE \(Y(2.2)\) usiNG EULER'S MeTHOD wiITH A sTeP size \(H = 0.1\).

(NOTEZ IF THE ORIGINAL PROBLEM SPECIFIES DIFFERENT INITIAL CONDITIONS OR EQUATIONS, THOSE SHOULD BE USED. For
DEMONSTRATION, THIS ASSUMPTION PROVIDES CLARITY.)



ST1eP-BY-STEP COMPUTATION PROCESS

STep 1: INITIALIZE V ALUES

- STARTING PoINT: \(x_0 = 0\)
- INTIAL vaLue: \(y_0 = T\)

- Step size: \(H=0.1\)

- TarceT: \(x = 2.21)

STep 2: DETERMINE NUMBER OF STEPS

CALCULATE HOW MANY STEPS ARE NEEDED FRoM \(x=0\) To \(x=2.2\):

\[
\TexT{NuMBER oF sTers} = \rrRAc{2.2 - 0}{0.1} =22

STeP 3: ITERATIVE CALCULATION

USING THE FORMULA:

\[
y_{N+1}=v N+H\cooT F(X_N, Y_N)

\]

\WE PERFORM CALCULATIONS FOR EACH STEP:
| STer | \(x N\ TNCYONAD) TNCRC N, YO N) = O+ N TGyt 130D [N InE T3V |

|
O+1=1DI\(1+0.7\tMes 1=1+0.1=1. \)|O1

|010.0]1.0/\ A
11101111 1\0.1+1.1=1201\1.1+0.1\TiMes 1.2=1.1+0.12=1.22\) | 0.2 |
1210.2]11.221\(0.2+1.22=1.42\)|\(1.22 + 0.7 \TiMes 1.42 = 1.22 + 0.142 = 1.362\)| 0.3 |
1310.3]1.362|\(0.3+ 1.362 = 1.662\)|\(1.362 + 0.1 \TiMes 1.662 = 1.362 + 0.1662 = 1.5282\)| 0.4 |
| 410.411.5282|\(0.4+ 1.5282=1.9282\)|\(1.5282 + 0.1 \TimMes 1.9282 = 1.5282 + 0.19282 =
1.72002\)] 0.5

ol

| 21 | 2. O | \(Y {21}\) | To ge compuTen | \(Y_{22}\) 2.7 |

CONTINUING THIS PROCESS ITERATIVELY, WE COMPUTE EACH \(¥_N\) UNTIL \(x = 2.2\) (AFTER 22 STEPS).
NOTE: FOR BREVITY, WE CAN AUTOMATE THIS PROCESS THROUGH A CALCULATOR OR PROGRAMMING SCRIPT.
Step 4: ApproxIMATE \(Y(2.2)\)

AFTER COMPLETING ALL 22 ITERATIONS, THE VALUE AT \(x=2.2\) wiLL BE OUR APPROXIMATION FOR \(Y(2.2)\).

SAMPLE CALCULATED V ALUES:
|_ETIS PERFORM THE CALCULATIONS FOR THE LAST FEW STEPS TO ILLUSTRATE THE PROCESS:
| STep [ \Cx N\ T\CY_N\D TNCRC N, o)D) TGNt 13D TN IN+T3V) |

| | | | |
| 20| 2.0 | aprrox. 4.58 | \(2.0 + 4.58 = 6.58\) | \(6.58 + 0.1 \TiMes 6.58 = 6.58 + 0.658 = 7.238\) | 2.1 |
| 21]2.1| approx. 7.238 |\(2.1 + 7.238 =9.338\) | \(7.238 + 0.1 \TiMes 9.338 = 7.238 + 0.9338 =
8.1718\)12.2|

THUS/ THE APPROXIMATE VALUE:



\[
Y(2.2) \aprrox 8.17 18

\]

NOTE: ACTUAL VALUES DEPEND ON THE PRECISE CALCULATIONS AT EACH STEP AND THE INITIAL CONDITION.

IMPACT OF STEP SiZE ON ACCURACY

THE CHOICE OF STEP SIZE \(H\) SIGNIFICANTLY INFLUENCES THE ACCURACY OF EULER'S METHOD:

- SMALLER STEP SizE: LEADS TO MORE ACCURATE APPROXIMATIONS BUT INCREASES COMPUTATIONAL EFFORT.
- LARGER STEP SizE: REDUCES COMPUTATION BUT INCREASES APPROXIMATION ERROR AND POTENTIAL INSTABILITY.

IN oUR ExAMPLE, \(H=0.1\) STRIKES A BALANCE, BUT FOR HIGHER PRECISION, SMALLER STEPS (E.G., \(H=0.05\)) can 8E
USED, AT THE COST OF MORE ITERATIONS.

ADVANCED TECHNIQUES AND IMPROVEMENTS

WHILE EULER'S METHOD IS STRAIGHTFORWARD, IT HAS LIMITATIONS IN ACCURACY AND STABILITY. To OVERCOME THESE, MORE
ADVANCED METHODS ARE EMPLOYED:

- IMPROVED EULER'S METHOD (HEUN'S METHOD): USES AN

FREQUENTLY AskeD QUESTIONS

\WHAT IS EULER'S METHOD AND HOW IS IT USED TO APPROXIMATE SOLUTIONS TO
DIFFERENTIAL EQUATIONS?

EULER'S METHOD IS A NUMERICAL TECHNIQUE FOR APPROXIMATING SOLUTIONS TO INITIAL VALUE PROBLEMS OF DIFFERENTIAL
EQUATIONS. |T USES THE SLOPE AT A KNOWN POINT TO PROJECT THE SOLUTION FORWARD IN SMALL STEPS, THEREBY
ESTIMATING THE VALUE OF THE FUNCTION AT SUBSEQUENT POINTS.

How Do You APPLY EULER’S MeTHOD WITH A STEP size of H= 0.1 To FinD Y(2.2)?

YOU START WITH THE INITIAL CONDITION, THEN REPEATEDLY APPLY THE FORMULA Y_{N+1} = Y_N+ HF(X_N, Y_N), WHERE
F(X, Y) IS THE DIFFERENTIAL EQUATION, MOVING STEP-BY-STEP FROM YOUR INITIAL POINT TO X = 2.2 UsING H = 0. 1.

\WHAT IS THE SIGNIFICANCE OF CHOOSING A STEP SIze oF H = 0.1 IN EULER's METHOD?

A sTep size oF H = 0.1 BALANCES ACCURACY AND COMPUTATIONAL EFFORT. SMALLER STEPS IMPROVE ACCURACY BUT
REQUIRE MORE CALCULATIONS, WHILE LARGER STEPS MAY LEAD TO GREATER APPROXIMATION ERRORS.

GIVEN THE DIFFERENTIAL EQUATION DY/DX = F(X, Y) AND INITIAL CONDITION Y(x_0) =
v_0, HOW DO YOU SET UP THE CALCULATIONS TO APPROXIMATE Y(2.2)?

IDENTIFY THE INITIAL POINT AND VALUE, THEN ITERATIVELY COMPUTE Y VALUES AT EACH STEP USING THE FORMULA Y_{N+1} =
Y_N+ 0.1 F(X_N, Y_N), ADVANCING FROM THE INITIAL POINT UNTIL YOU REACH X = 2.2.



\WHAT ARE THE LIMITATIONS OF EULER'S METHOD, ESPECIALLY WHEN USING A STEP SIZE
oFH=0.1?

EULER'S METHOD CAN ACCUMULATE ERRORS OVER STEPS, ESPECIALLY FOR STIFF OR HIGHLY NONLINEAR DIFFERENTIAL
EQUATIONS. UsiNng H = 0.1 MAY INTRODUCE APPROXIMATION ERRORS, AND SMALLER STEP SIZES CAN IMPROVE ACCURACY BUT
INCREASE COMPUTATIONAL EFFORT.

CAN EULER'S METHOD BE USED TO APPROXIMATE Y(2.2) IF THE INITIAL CONDITION IS
GIVEN AT X = 2.0°? How?

YES, STARTING FROM THE INITIAL CONDITION AT X = 2.0, YOU CAN APPLY EULER'S MeTHOD wITH STEP SizE 0.1 TO COMPUTE
SUCCESSIVE Y-VALUES AT X = 2.1 AND X = 2.2 BY ITERATIVELY USING Y_{N+T1} =v_N+ 0.7 F(Xx_N, Y_N).

How DO YOU VERIFY THE ACCURACY OF THE APPROXIMATION OBTAINED USING EULER'S
MeTHoD WITHH =0.1?
YOU CAN COMPARE THE EULER/S APPROXIMATION TO AN EXACT SOLUTION IF AVAILABLE, OR USE SMALLER STEP SIZES TO SEE IF

THE RESULTS CONVERGE. ERROR ESTIMATES AND MORE ADVANCED METHODS LIKE RUNGE-KUTTA CAN ALSO HELP VALIDATE
ACCURACY.

ADDITIONAL RESOURCES

EULER's METHOD: A DETAILED EXPLORATION FOR APPROXIMATING Y(2.2) wiTH STep Size H = 0.1

INTRODUCTION TO EULER'S METHOD: A CORNERSTONE IN NUMERICAL
ANALYSIS

IMAGINE TACKLING A COMPLEX DIFFERENTIAL EQUATION WHERE DERIVING AN EXPLICIT FORMULA FOR THE SOLUTION IS EITHER
IMPOSSIBLE OR IMPRACTICAL. IN SUCH SCENARIOS, NUMERICAL METHODS STEP IN AS INVALUABLE TOOLS, PROVIDING
APPROXIMATE SOLUTIONS WITH MANAGEABLE COMPUTATIONAL EFFORT. AMONG THESE, EULER'S METHOD STANDS OUT AS THE
MOST FUNDAMENTAL AND INTUITIVE APPROACH, SERVING AS A GATEWAY FOR UNDERSTANDING MORE SOPHISTICATED
TECHNIQUES.

IN THIS REVIEW, WE WILL DELVE INTO THE APPLICATION OF EULER'S METHOD WITH A STEP SizE oF H= 0.1 TO APPROXIMATE
THE VALUE OF THE SOLUTION FUNCTION Y(X) AT X = 2.2, GIVEN AN INITIAL VALUE PROBLEM (IVP). WHETHER YOU'RE A
STUDENT VENTURING INTO DIFFERENTIAL EQUATIONS OR A PRACTITIONER REFINING YOUR NUMERICAL TOOLKIT, THIS
COMPREHENSIVE ANALYSIS AIMS TO EQUIP YOU WITH BOTH CONCEPTUAL UNDERSTANDING AND PRACTICAL EXECUTION SKILLS.

UNDERSTANDING THE FRAMEWORK: THE INITIAL V ALUE ProBLEM (IVP)

BEFORE APPLYING EULER'S METHOD, IT'S CRUCIAL TO CLARIFY THE PROBLEM SETTING. TYPICALLY, AN INITIAL VALUE PROBLEM
IS EXPRESSED AS:

\[
\rrac{oy}bx} = F(x, v), \Quap v(x_0)=v_0

\]



\WHERE:

- \(r(x, Y)\) Is A KNOWN FUNCTION DEFINING THE DERIVATIVE OF \(¥\) WITH respecT To \(x\),
- \(x_0\) IS THE INITIAL POINT,
- \(¥_0\) IS THE KNOWN VALUE OF THE SoLUTION AT \(x_0\).

Our GoAL: APPROXIMATE \(Y(2.2)\), THE soLuTIoN AT \(x=2.2\). To DO THIS, WE TYPICALLY START FROM KNOWN
INITIAL CONDITIONS AND PROCEED ITERATIVELY ACROSS SMALL STEPS.

STEP-BY-STEP BREAKDOWN: APPLYING EULER'S MeETHOD WITHH = 0.1

EULER'S METHOD APPROXIMATES THE SOLUTION BY TAKING SMALL STEPS ALONG THE TANGENT LINE AT EACH KNOWN POINT.
THE FORMULA FOR THE METHOD IS:

\[
y_{N+1}=v_N+H\cooT F(x_N, Y_N)

\]

\WHERE:

-\(x_N=x_0 +n~\cooT H\),
- \(v_n\) I1s THE APPROXIMATION OF \(Y(x_N)\),
- \(H\) 1s THE sTEP size (Here, O0.1).

GIVEN THE INITIAL conpITIons—SAY, \(x_0\) ano \(¥_0\)—we can Move FrromM \(x_0\) To \(x=2.2\) IN INCREMENTS
orF 0.1.

PRerReQUISITES: CLARIFYING INITIAL DATA

IN THE PROBLEM STATEMENT, THE INITIAL CONDITIONS ARE NOT EXPLICITLY PROVIDED. To PROCEED, LET'S ASSUME A COMMON
SCENARIO:

-\(x_0=1.0\),
-\(v(1.0) = v_0\) (A kNOWN INITIAL VALUE),
- THe pIFFerenTIAL EQUATION: \(\FRAC{DY }{DX} = F(x, Y)\).

For ILLUSTRATION, SUPPOSE THE DIFFERENTIAL EQUATION IS:

\[
\rrac{oy}ox}=x+v

\]

AND THE INITIAL CONDITION:

\[
v(1.0)=0.5
\]

Our TAsk: APPROXIMATE \(Y(2.2)\) UsING EULER'S METHOD wiTH \(H=0.1\).



CALCULATING THE SEQUENCE: FroM \(x=1.0\) 1o \(x=2.2\)

Since \(x_0=1.0\), AND WE WANT To REACH \(x=2.2\), THE TOTAL NUMBER OF STEPS IS:

\[
N=\rrAc{2.2- 1.0X0.1} =12
\]

WE'LL PErRFORM 12 ITERATIONS, UPDATING \(x\) AND \(¥\) AT EACH STEP.

ITERATIVE COMPUTATION DETAILS

LET'S TABULATE THE PROCESS FOR CLARITY.

| Step | \(x_N\) [ \Cv_N\) | CompuTe \(F(x_N, v_N\) [\(v_{N+1} = v_N+H \cooT F(x_N, ¥v_N)\) |
R M D Aholiatl o |

|0]1.0/10.5[\(r(1.0,0.5)=1.0+0.5=15\)[\(0.5+0.1\1imMes 1.5 =0.65\) |
|111.110.65[\(1.1+0.65=1.75\)|\(0.65 + 0.1 \TiMes 1.75 =0.825)) |
1211.210.825|\(1.2+0.825=2.025\)|\(0.825 + 0.1 \TiMes 2.025 = 1.0275\) |
1311.311.0275[\(1.3+1.0275=2.3275\)|\(1.0275 + 0.1 \TiMes 2.3275 = 1.25925\) |

| 411.411.25925|\(1.4 + 1.25925 = 2.65925\) | \(1.25925 + 0.1 \TiMes 2.65925 = 1.525175\) |
1511.511.5625175/\(1.6+1.525175=23.025175\)|\(1.5625175 + 0.1 \TiMes 3.025175 = 1.8276925\) |
161 1.611.8276925|\(1.6+ 1.8276925=23.4276925\) |\(1.8276925 + 0.1 \TiMes 3.4276925 =

2.17046175\) |

|711.712.17046175|\(1.7 + 2.17046175=3.87046175\) | \(2.17046175 + 0.1 \TiMes 3.87046175 =
2.557507925\) |

18]1.812.557507925|\(1.8 + 2.557507925 = 4.357507925\)|\(2.557507925 + 0.1 \TiMeS
4.357507925=2.9932587175\) |

1911.912.9932587175|\(1.9 + 2.9932587175=4.8932587175\)|\(2.9932587175 + 0.1 \TiMeS
4.8932587175=3.48258458925\) |

110]12.0]3.48258458925|\(2.0 + 3.48258458925 =5.48258458925\)|\(3.48258458925 + 0.1
\TiMes 5.48258458925 = 4.030843048175\) |

|11]2.114.030843048175|\(2.1 + 4.030843048175 = 6.130843048175\)1\(4.030843048175 + 0.1
\TIMES 6.130843048175 = 4.6449273529925\) |

|1212.2|4.6449273529925|\(2.2 + 4.6449273529925 = 6.8449273529925\) | — (FINAL
APPROXIMATION AT \(x=2.2\)) |

THUS, AFTER 12 STEPS, OUR EULER'S METHOD APPROXIMATION YIELDS:

\[
Y(2.2) \aprrox \Boxen{4.6449273529925}

\]

ANALYZING THE RESULT: ACCURACY AND LIMITATIONS

\WHILE THE VALUE OBTAINED—APPROXIMATELY 4.645—IS A USEFUL ESTIMATE, IT'S ESSENTIAL TO UNDERSTAND THE
LIMITATIONS INHERENT IN EULER'S METHOD:

- LocAL TRUNCATION ERROR: EULER'S METHOD INTRODUCES AN ERROR PROPORTIONAL TO \(H"2\) AT EACH STEP,
ACCUMULATING OVER MULTIPLE STEPS.



- GLOBAL ERROR: THE OVERALL APPROXIMATION ERROR TYPICALLY SCALES WITH \(H\), MAKING SMALLER STEP SIZES MORE
ACCURATE BUT COMPUTATIONALLY INTENSIVE.

- DepenpeNCE oN \(F(x, Y)\): THE BEHAVIOR OF THE DIFFERENTIAL EQUATION AFFECTS HOW WELL EULER'S METHOD PERFORMS:
STIFF OR HIGHLY NONLINEAR EQUATIONS MAY REQUIRE MORE ADVANCED METHODS.

IN PRACTICE, FOR HIGHER ACCURACY, ONE MIGHT CONSIDER TECHNIQUES LIKE RUNGE-KUTTA METHODS OR ADAPTIVE STEP SIZES.

IMPLICATIONS AND PRACTICAL RECOMMENDATIONS

FOR THOSE EMPLOYING EULER'S METHOD IN REAL-WORLD APPLICATIONS, CONSIDER THE FOLLOWING BEST PRACTICES:

- CHOOSE AN APPROPRIATE STEP SIzE: SMALLER
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