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Use The Integral Test To Determine The Convergence Or Divergence Of The Following Series, Or State
That the series cannot be conclusively analyzed using this method. The integral test is a powerful tool
in mathematical analysis, particularly when evaluating the convergence or divergence of infinite series
with positive, decreasing terms. Many series encountered in calculus, especially those involving
rational functions or exponential decay, lend themselves well to this approach. In this comprehensive
guide, we will explore the integral test in detail, illustrating how to apply it effectively through examples

and discussing related concepts to enhance understanding.

Understanding The Integral Test

What Is The Integral Test?

The integral test provides a criterion for the convergence of an infinite series by comparing it to an

improper integral. Specifically, for a series \(\sum_{n=1}*\infty} a_n\) where:

- The terms \(a_n\) are positive for all \(n\),

- The sequence \(\{a_n\}\) is decreasing, i.e., \(a_{n+1} \leq a_n\) for all sufficiently large \(n\),

the test states that:



\[
\sum_{n=1}\infty} a_n \quad \text{and} \quad \int_{1}*{\infty} f(x) \, dx
\]

either both converge or both diverge, where \(f(x)\) is a continuous, positive, decreasing function such

that \(f(n) = a_n\) for all sufficiently large \(n\).
In essence:

- If the improper integral converges, then the series converges.

- If the improper integral diverges, then the series diverges.

This test effectively transforms an infinite sum into an integral, which can often be evaluated more

straightforwardly.

Applying The Integral Test: Step-by-Step

To utilize the integral test efficiently, follow these steps:

1. Identify \(a_n\): Recognize the general term of the series.

2. Find the corresponding function \(f(x)\): Ensure \(f(x)\) is positive, continuous, and decreasing for \(x
\geq N\), where \(N\) is some positive integer.

3. Set up the improper integral: Write the integral \(\int_{N}*{\infty} f(x) \, dx\).

4. Evaluate the integral: Use appropriate techniques (substitution, partial fractions, etc.).

5. Determine convergence or divergence: Based on the integral's behavior as the upper limit

approaches infinity.



Examples of Series Analyzed Using The Integral Test

Example 1: p-Series

Consider the series:

\[
\sum_{n=1}\infty} \frac{1}{n"p}
\]

where \(p > 0\). This is a classic p-series, and the integral test provides a straightforward way to

determine its convergence.

Step 1: \(a_n = \frac{1}{n"p}\)

Step 2: Define \(f(x) = \frac{1{x*p}\), which is positive, continuous, and decreasing for \(x \geq 1\).
Step 3: Set up the integral:

\[

\int_{1}*{\infty} \frac{1}{x"p} \, dx

\]

Step 4: Evaluate:

\[

\int_{1}™\infty} xM-p} \, dx = \left[ \frac{x-p+1}}{-p+1} \right] _1*{\infty}
\]



- If \(p \neq 1\):

\[

= \lim_{t \to \infty} \frac{t"{-p+1}{-p+1} - \frac{1M-p+1}}{-p+1}

\

- Case 1: \(p > 1\):

\[

- p + 1 <0 \Rightarrow t*-p+1} \to 0 \text{ as } t \to \infty

\

Integral converges, so the series converges.

- Case 2: \(p \leq 1\):

\[

-p+1\geq 0

\

\[

tM-p+1} \to \infty \text{ or constant } \Rightarrow \text{Integral diverges}

\

Thus:

- The series \(\sum 1/n”p\) converges if and only if \(p > 1\),

- Diverges otherwise.



Example 2: Exponential Series

Analyze the series:

\[

\sum_{n=1}\infty} e*{-n}

\]

Step 1: \(a_n = eM-n}\)

Step 2: \(f(x) = eM-x}\), positive, continuous, decreasing for \(x \geq 1\).
Step 3: Set up the integral:

\[

\int_{1}*{\infty} e*-x} \, dx

\]

Step 4: Evaluate:

\[

\left[ -eM-x} \right]_1*{\infty} = 0 - (-eM-1}) = eMN-1}

\

Since the integral converges to a finite value, the series converges.



Common Series Analyzed with The Integral Test

| Series Type | General Term \(a_n\) | Convergence Criterion | Notes |

| p-series | \(1/n*p\) | converges if \(p > 1\) | Classic example |

| Exponential decay | \(e*{-n}\) | always convergent | Rapid decay |
| Rational functions | \(1/(n(n+1))\) | converges | Telescoping series |

| Series with logarithms | \(1/(n \In n)\) | diverges | Integral diverges |

Limitations of The Integral Test

While the integral test is highly useful, it has limitations:
- It requires the function \(f(x)\) to be positive, continuous, and decreasing.
- It may not be applicable if the terms \(a_n\) are not decreasing.

- Sometimes, evaluating the integral is complex or impractical.

- The test only confirms convergence or divergence; it does not provide the sum of the series.

Related Tests and When To Use Them

In cases where the integral test isn't applicable or inconclusive, other tests can be employed:

- Comparison Test: Compare with a known convergent or divergent series.



- Limit Comparison Test: Use when the terms resemble a known series asymptotically.
- Ratio Test: Suitable for series involving factorials or exponentials.

- Root Test: Useful when terms involve powers.

Conclusion

The integral test is a fundamental technique in the study of infinite series, bridging the discrete world of
sums with the continuous realm of integrals. Its strength lies in transforming series into integrals that
can often be evaluated with standard calculus techniques, providing clear criteria for convergence or
divergence. When applying the integral test, remember to verify the conditions on the function \(f(x)\),

carefully set up the integral, and interpret the results correctly.

By mastering the integral test and understanding when and how to apply it, students and
mathematicians can effectively analyze a wide range of series, deepening their comprehension of
convergence and divergence phenomena in calculus. Whether dealing with p-series, exponential
functions, or more complex rational expressions, the integral test is an essential tool in the

mathematician's toolkit.

Use The Integral Test To Determine The Convergence Or Divergence Of The Following Series, Or State
That the series cannot be conclusively analyzed using this method. Always consider the nature of the

series and the properties of the function involved to select the most appropriate convergence test.

Frequently Asked Questions



How do you apply the Integral Test to determine whether a series
converges or diverges?

To apply the Integral Test, first ensure the function corresponding to the series' terms is positive,
continuous, and decreasing for x D N. Then, evaluate the improper integral of the function from N to

infinity. If the integral converges, the series converges; if it diverges, the series diverges.

What types of series are suitable for the Integral Test?

Series with positive, decreasing terms that can be expressed as a continuous function are suitable for
the Integral Test. Typically, p-series and other series where the general term resembles a continuous,

decreasing function for large x are good candidates.

Can the Integral Test be used for series with non-positive or
oscillating terms?

No, the Integral Test requires the terms to be positive and decreasing. For series with oscillating or
negative terms, other convergence tests like the Alternating Series Test or Comparison Test are more

appropriate.

What is the significance of the function being decreasing when using
the Integral Test?

The decreasing nature of the function ensures that the integral provides a valid comparison to the

series. It guarantees that the integral's convergence or divergence accurately reflects that of the series.

How do you interpret the results after evaluating the integral in the
Integral Test?

If the improper integral from N to infinity converges to a finite value, the series converges. If the
integral diverges to infinity, then the series diverges. This direct relationship allows us to determine the

series' behavior based on the integral's outcome.



Additional Resources

Integral Test: The Mathematical Lens to Series Convergence and Divergence

Mathematics often resembles a grand detective story—complex, intriguing, and filled with subtle clues
leading to the truth. One of the most elegant tools in the analyst’s toolkit for investigating the nature of
infinite series is the Integral Test. If you’ve ever wrestled with the question, “Does this series converge
or diverge?” then understanding the Integral Test can dramatically simplify your journey towards
clarity. This article offers an in-depth exploration of the Integral Test, its theoretical foundation, practical
application, and nuances, presented with the clarity and thoroughness you’d expect from a seasoned

expert.

Understanding the Foundation: What Is the Integral Test?

At its core, the Integral Test provides a bridge between the discrete world of infinite series and the
continuous realm of integrals. It states that for a given series, under certain conditions, the behavior of
the series—whether it converges or diverges—is directly linked to the behavior of a corresponding

improper integral.
Formal Statement of the Integral Test:

Suppose you have a sequence of positive, decreasing functions \(f(n)\) defined for \(n \geq N\), where

\(N\) is some positive integer. Consider the infinite series:

\[
\sum_{n=N}\infty a_n

\



where \(a_n = f(n)\). The Integral Test states:

If \(f(x)\) is continuous, positive, decreasing for all \(x \geq N\), then the series \(\sum_{n=N}Minfty a_n\)

converges if and only if the improper integral
\[
\int_{N}*{\infty} f(x) \, dx

\

converges. Conversely, if the integral diverges, then the series diverges.

Why Is the Integral Test Such a Powerful Tool?

The elegance of the Integral Test lies in its simplicity and universality. Infinite series can sometimes be
tricky to analyze directly, especially when the terms are complex functions. The integral approach

leverages the well-understood properties of integrals to infer the behavior of the series.

Key Advantages:

- Intuitive Analysis: Integrals are often easier to evaluate or estimate compared to infinite sums.
- Broad Applicability: The test applies to a wide class of series with positive, decreasing terms.
- Clear Convergence Criteria: It provides a definitive "yes" or "no" answer based on integral
convergence.

Limitations to Keep in Mind:

- The function \(f(x)\) must be positive, continuous, and decreasing for \(x \geq N\). If these conditions

aren’t met, the test may not be valid.



- The test does not give the sum of the series; it only indicates convergence or divergence.

Applying the Integral Test: Step-by-Step Guide

To effectively utilize the Integral Test, follow a systematic approach:
Step 1: Verify Conditions

- Confirm that \(a_n = f(n)\) with \(f(x)\) positive, continuous, and decreasing for \(x \geq N\).

- Ensure that the series begins from some integer \(N\), typically \(N=1\).

Step 2: Set Up the Corresponding Integral

- Consider the improper integral:

\[

\int_{N}*{\infty} f(x) \, dx

\]

- This often involves integrating functions like \(1/x*p\), \(e*{-x}\), or other common forms.

Step 3: Evaluate or Estimate the Integral

- Use calculus techniques to evaluate the integral directly.

- If direct evaluation is difficult, estimate the integral’s behavior as the upper limit approaches infinity.

Step 4: Determine Convergence or Divergence



- If the integral converges to a finite value, the series converges.

- If the integral diverges (e.g., grows without bound), then the series diverges.

Practical Examples: Series Analysis Using the Integral Test

Let’s delve into some concrete examples to see the Integral Test in action.
Example 1: The p-Series \(\sum_{n=1}Minfty \frac{1}{n”p}\)

Series:

\[

\sum_{n=1\infty \frac{1}n"p}

\

where \(p > 0\).

Analysis:

- Define \(f(x) = \frac{1}{x*p}\), which is positive, continuous, and decreasing for \(x \geq 1\).

- Set up the integral:
\[
\int_1M\infty} \frac{1}{x"p} \, dx

\

- Evaluate the integral:



\[

\int_17{infty} x*{-p} \, dx = \left[ \frac{x{-p+1}{-p+1} \right]_1*{\infty}

\

- Case 1: \(p \neq 1\)

\[

= \lim_{t \to \infty} \frac{t"{-p+1}{-p+1} - \frac{1{-p+1}{-p+1}

\

- Convergence:

- If \(-p + 1 < 0 \Rightarrow p > 1\), then \(\lim_{t \to \infty} t*"{-p+1} = 0\), so the integral converges.

- If \(p \leq 1)), the integral diverges.

Conclusion:

- The series converges if and only if \(p > 1\).

- It diverges otherwise.

This classic p-series test is a direct application of the Integral Test, neatly confirming the well-known

convergence criteria.

Example 2: The Series \(\sum_{n=1}infty \frac{\In n}{n*2}\)

Series:

\[
\sum_{n=2}Minfty \frac{\In n}{n"2}



\

Note: Starting from \(n=2\) to avoid \(\In 1=0\).

Analysis:

- Define \(f(x) = \frac{\In x}{x*2}\) for \(x \geq 2\).

- \(f(x)\) is positive, continuous, and decreasing for \(x \geq 2\) because:
\[
f'(x) = \frac{1/x \cdot x*2 - \In x \cdot 2x}{x*4} = \frac{x - 2 \In x}{x*3}

\

- For \(x \geq 2\), the numerator \(x - 2 \In x\) is positive (since \(x\) grows faster than \(2 \In x\)),

indicating \(f(x)\) is decreasing.

Set up the integral:

\[

\int_2M\infty} \frac{\In x}{x"2} \, dx

\

Evaluate the integral:

Use substitution:

- Let \(u =\In x\), so \(du = \frac{1}{x} dx \Rightarrow dx = x du\).

- Since \(x = eMu}\), then:

\[
\int_{u=\In 2)A\infty} \frac{u}{e™{2u}} eMu} du = \int_{\In 2}*0infty} u e-u} du



\

- Simplify:

\[

\int_{\In 2}*\infty} u e”{-u} du

\

This is an integral involving the gamma function or can be integrated by parts:

- Integration by parts:

Let \(w = u \Rightarrow dw = du\)

Let \(dv = e*{-u} du \Rightarrow v = - e*{-u}\)

Then:

\[

\int u eM-u} du = - u eM-u} +\int eM-u} du = - u eM-u} - eMN-u} + C

\

Evaluate from \(u = \In 2\) to \(\infty\):

\[

\lim_{t \to \infty} \left( - t e*{-t} - eM-t} \right) - \left( - \In 2 \cdot e*{-\In 2} - e*{-\In 2} \right)

\

As \(t \to \infty\):

\[



t eMN-t} \to 0, \quad e™-t} \to O
\

Finally, the integral evaluates to:

\[

0 - \left( - \In 2 \cdot \frac{1}{2} - \frac{1}{2} \right) = \frac{\In 2}{2} + \frac{1}{2}
\

which is finite.

Conclusion:

- The integral converges to a finite value, so the series converges by the Integral Test.

Nuances and Caveats: When Does the Test Fail or Need

Adjustment?

While the Integral Test is robust, it’s essential to recognize its limitations and situations where it might

require careful handling.
Conditions for Validity:

- The function \(f(x)\) must be positive, continuous,
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