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Introduction to Solving Triangles with The Law of Sines

Solving triangles is a fundamental aspect of trigonometry that involves finding the
unknown sides and angles within a triangle. The Law of Sines is a powerful tool used
especially when dealing with non-right triangles, where traditional methods like
Pythagoras' theorem are not applicable. This law relates the ratios of the lengths of sides
to the sines of their opposite angles, enabling us to solve for missing components when
certain information is available.

In this article, we will explore the process of using the Law of Sines to solve triangles,
including scenarios where there may be zero, one, or two solutions. We will also provide

step-by-step guidance, example problems, and tips for accurate calculations, emphasizing
the importance of rounding to the correct decimal places.

Understanding The Law of Sines

What Is The Law of Sines?

The Law of Sines states that for any triangle (not necessarily right-angled):
\[

\frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C}

\]

where:

-\(a, b, c\) are the lengths of the sides opposite angles \(A, B, C\) respectively.
-\(A, B, C\) are the angles of the triangle.

This relationship allows us to find unknown sides or angles when certain combinations of
measurements are known.

When to Use The Law of Sines

Use the Law of Sines in the following cases:



- When given two angles and one side (AAS or ASA).

- When given two sides and a non-included angle (SSA), which may result in zero, one, or
two solutions.

- When solving for missing parts of a triangle where right triangles are not involved.

Step-by-Step Procedure for Solving Triangles Using The Law of Sines
1. Identify the Known Elements

Determine which parts of the triangle are known:

- Two angles and one side (AAS or ASA).

- Two sides and a non-included angle (SSA).

- One side and two angles (AAS or ASA).

2. Find the Unknown Angle(s)

- Use the fact that the sum of angles in a triangle is 180°:
\[

A+ B + C =180"\circ

\]

- Calculate the unknown angles if two are known.

3. Set Up The Law of Sines Equation

- Write the ratio for the known side and its opposite angle.
- Use the Law of Sines to find the unknown side or angle.

4. Solve for the Unknown

- Rearrange the Law of Sines formula to isolate the unknown.
- Use inverse sine (\(\sin”™{-1}\)) to find angles when necessary.

5. Check for Multiple Solutions (SSA Cases)

- When dealing with SSA, analyze whether the given data produces:

- No solution (impossible configuration).

- One solution.

- Two solutions (ambiguous case).

- Use the "Ambiguous Case" criteria to determine the number of solutions.

6. Round Off the Results

- Round your answers to the appropriate decimal places as specified (commonly two
decimal places).



- Verify your solutions by checking if they satisfy the original problem conditions.

Solving Specific Triangle Scenarios Using The Law of Sines
Scenario 1: Given Two Angles and One Side (AAS or ASA)
Example Problem:

Given:

-\(A = 40"\circ\)

-\(B = 60" \circ\)

-\(a = 10\) units

Find:

- Side \(b\)

- Side \(c\)

- Remaining angles \(C\)

Solution Steps:

1. Find \(C\):

\[
C = 180"\circ - A - B = 180" \circ - 40" \circ - 60" \circ = 80" \circ
\]

2. Set up the Law of Sines:

\[
\frac{a}{\sin A} = \frac{b}{\sin B}
\]

\[
\frac{10} {\sin 40" \circ} = \frac{b}{\sin 60" \circ}
\]

3. Solve for \(b\):

\[

b = \frac{\sin 60" \circ \times 10} {\sin 40" \circ}
\]

Calculate:

\[

b = \frac{0.8660 \times 10} {0.6428} \approx \frac{8.660} {0.6428} \approx 13.46
\]



4. Find \(c\):

\[

\frac{a}{\sin A} = \frac{c}{\sin C}

\]

\[

¢ = \frac{\sin 80" \circ \times 10} {\sin 40™\circ}
\]

Calculations:

\[
¢ = \frac{0.9848 \times 10}{0.6428} \approx \frac{9.848}{0.6428} \approx 15.31
\]

5. Final Answers:
-\(C = 80"™\circ\)

- \(b \approx 13.46\) units
- \(c \approx 15.31\) units

Scenario 2: Given Two Sides and a Non-Included Angle (SSA)

This case is more complex because it can result in zero, one, or two solutions.
Example Problem:

Given:

-\(A = 30™\circ\)

-\(a = 7\) units

-\(b = 10\) units

Find all possible solutions.

Solution Steps:

1. Use Law of Sines to find \(\sin B\):

\[

\frac{a}{\sin A} = \frac{b}{\sin B}

\]

\[

\sin B = \frac{b \times \sin A}{a} = \frac{10 \times \sin 30™\circ}{7}
\]

Calculate:



\[
\sin B = \frac{10 \times 0.5}{7} = \frac{5}{7} \approx 0.7143
\]

2. Determine possible \(B)\):

\[
B = \sin"{-1}(0.7143) \approx 45.57~\circ
\]

But since \(\sin B\) could also correspond to an angle \(180"\circ - 45.57 "~ \circ =
134.43"\circ\), check if both solutions are valid:

- For \(B \approx 45.57~\circ)\):

- Find \(C\):

\[

C = 180" \circ - A - B \approx 180" \circ - 30" \circ - 45.57 ™ \circ = 104.43"\circ
\]

- Valid, since \(C > 0\).

- For \(B \approx 134.43"\circ\):

- Find \(C\):

\[

C = 180"\circ - 30™\circ - 134.43™\circ = 15.57"\circ
\]

- Also valid, since \(C > 0\).
3. Calculate side \(c\) for both solutions using Law of Sines:
- For \(B \approx 45.57™\circ\):

\[
¢ = \frac{\sin C \times a} {\sin A} = \frac{\sin 104.43"\circ \times 7} {\sin 30" \circ}
\]

\[
¢ \approx \frac{0.9704 \times 7}{0.5} \approx \frac{6.793}{0.5} \approx 13.59
\]

- For \(B \approx 134.43"\circ\):

\[

¢ = \frac{\sin 15.57"\circ \times 7}{0.5} \approx \frac{0.268 \times 7} {0.5} \approx
\frac{1.876}{0.5} \approx 3.75

\]



4. Summary of solutions:

| Solution | \(B™\circ\) | \(C™\circ\) | Side \(c\) | Notes |
I | | | | |

| 1]45.57|104.43 | 13.59 | Larger \(B\) and \(C\) |

| 2| 134.43 | 15.57 | 3.75 | Smaller \(c\) |

Handling the Ambiguous Case (SSA)

The SSA configuration is notorious for its ambiguity. To determine the number of
solutions:

1. Calculate \(\sin B\):

\[

\sin B = \frac{b \times \sin A} {a}
\]

2. Analyze:

- If \(\sin B > 1\) or \(\sin B < -1\): No solution.

- If \(\sin B = 1\): One solution (right angle).

- If \(0 < \sin B < 1\): Two solutions possible.

- If \(\sin B = 0\): One solution (degenerate case).

Remember to verify the validity of

Frequently Asked Questions

How do you determine whether to use the Law of Sines
or Law of Cosines when solving a triangle?

Use the Law of Sines when you have either two angles and a side (AAS or ASA) or two
sides and a non-included angle (SSA). Use the Law of Cosines when you have two sides
and the included angle (SAS) or all three sides (SSS).

What is the process for applying the Law of Sines to
solve a triangle with given angles and sides?

First, identify the known parts and set up the Law of Sines ratio: (side/sine of opposite
angle). Then, solve for the unknown side or angle. If the SSA configuration exists, check
for the possibility of two solutions due to the ambiguous case.



How do you handle the ambiguous case (SSA) when
using the Law of Sines?

Calculate the possible height using the given side and angle. If the sine value leads to two
different angles (since sine is positive in both the first and second quadrants), there may
be two solutions. Verify if these solutions are valid within the triangle's constraints.

When two solutions exist for a triangle using the Law of
Sines, how do you find both?

Calculate the first possible angle using the Law of Sines, then find the second angle as
180° minus the first. Check if the second angle, along with the known angles, satisfies the
triangle angle sum. If valid, find the remaining side(s) for both solutions.

How do you round your final answers when solving a
triangle with the Law of Sines?

Round all side lengths and angles to a specified decimal place, typically two decimal
places, after performing all calculations. Ensure your answers are consistent with the
problem's instructions and check for reasonableness.

What are common mistakes to avoid when using the Law
of Sines to solve triangles?

Avoid confusing the ambiguous SSA case, neglecting to check for two solutions, forgetting
to verify if the found solutions satisfy the triangle's conditions, and misapplying the Law of
Sines when the given data isn't suitable (e.g., when dealing with right triangles or
SSS/SAS cases).

Can the Law of Sines be used to solve every triangle?
Why or why not?

No, the Law of Sines cannot be used for triangles where only two sides are known without
an angle, or when the data is insufficient to set up the ratios. It's most effective when the
given data matches the cases suited for its application, such as ASA, AAS, or SSA (with
caution).

What is the significance of rounding in solving
triangles, and how does it affect the accuracy of your
solutions?

Rounding ensures your answers are clear and manageable but can introduce slight
inaccuracies. To maintain accuracy, perform calculations with full precision and round
only the final answers, especially when reporting side lengths and angles.



Additional Resources

Use The Law Of Sines To Solve (if Possible) The Triangle. If Two Solutions Exist, Find
Both. Round Your Results Appropriately.

When it comes to solving triangles—determining unknown sides and angles—various
methods are at our disposal. Among these, the Law of Sines stands out as a versatile and
powerful tool, especially for non-right triangles. This method leverages the ratios between
sides and their opposite angles, enabling us to find missing elements when certain
information is known. In this comprehensive review, we will explore the application of the
Law of Sines, its advantages and limitations, step-by-step procedures, and strategies for
identifying multiple solutions, ensuring a thorough understanding for students, educators,
and enthusiasts alike.

Understanding the Law of Sines

The Law of Sines relates the ratios of the lengths of sides of a triangle to the sines of their
opposite angles. Formally, for any triangle ABC, with sides a, b, and c opposite angles A,
B, and C respectively, the law states:

(a/sinA) =(b/sin B) = (c/sin C)

This equality provides a foundation for solving triangles when certain elements are known,
especially in cases where the Law of Cosines is less straightforward or not applicable.

When to Use the Law of Sines

The Law of Sines is particularly useful in the following scenarios:

- Given two angles and one side (AAS or ASA cases): When two angles and a side are
known, the third side and remaining angles can be found using the Law of Sines.

- Given two sides and a non-included angle (SSA case): This is a classic "ambiguous case"
where the Law of Sines can lead to zero, one, or two solutions.

- Known two sides and a non-included angle (SSA): Situations where side-side-angle data
require careful analysis to determine if a solution exists, and if so, whether one or two
solutions are possible.



Step-by-Step Application of the Law of Sines

Applying the Law of Sines involves a systematic approach:

1. Identify Known Elements

- Determine which sides and angles are known.
- Confirm if the given data fits the criteria for Law of Sines application.

2. Set Up the Law of Sines Equation

- Choose the appropriate ratio based on the known angles or sides.

3. Solve for Unknowns

- Cross-multiplied equations allow for solving for unknown sides or angles.
- Use inverse sine functions to find angles from sine ratios.

4. Check for Multiple Solutions

- Particularly in SSA cases, verify if a second solution exists by analyzing the sine's
properties.

5. Verify the Triangle

- Ensure that the sum of angles equals 180°, and side lengths are consistent.

Dealing with the Ambiguous Case (SSA)

One of the most intriguing aspects of using the Law of Sines is the potential for multiple
solutions when given Side-Side-Angle data, known as the SSA configuration.

Understanding the Ambiguous Case

- When two sides and a non-included angle are known, the Law of Sines might produce:
- No solution (if the given data is inconsistent).

- One solution (if the data corresponds to a unique triangle).

- Two solutions (if the data allows for an alternative triangle configuration).



Criteria for Multiple Solutions

- Let’s denote:

- Known angle: A

- Known side opposite A: a

- Known side: b

- Known angle: A, with side a, and side b.

- The key is to compare "a’ with "b sin A":

-If "a <bsin A", two triangles are possible.

-If "a = b sin A", exactly one triangle (right triangle).

-If "a > b’, only one triangle (since side a is too long for a second possibility).

Procedure for Finding Both Solutions

- Calculate the possible angles:

- Use the Law of Sines to find an initial angle (say, angle B).

- Check if the supplementary angle (180° - B) also forms a valid triangle (sum of angles <
180°).

- Verify both configurations satisfy the triangle inequality.

Example Problem and Solution

Let’s illustrate these concepts with a detailed example:

Given:

- Angle A = 40°

- Side a = 7 units
- Side b = 10 units

Objective: Find all possible solutions for the triangle, including multiple solutions if they
exist, and round results to two decimal places.

Step 1: Check for the ambiguous case

- Compute b sin A =10sin 40° = 10 0.6428 = 6.43"
- Since "a = 77, which is greater than 6.43 but less than "b = 10", this suggests a potential
for two solutions.

Step 2: Find angle B

- Use Law of Sines:

\[

\sin B = \frac{b \sin A}{a} = \frac{10 \times 0.6428}{7} = \frac{6.428}{7} = 0.9183
\]



- Find B:

\[

B =\sin™{-1}(0.9183) = 66.6"\circ

\]

- The supplementary angle:

\[

B' = 180" \circ - 66.6"\circ = 113.4"\circ
\]

Step 3: Check the sum of angles for each solution

- First scenario:

\[

A + B = 40" \circ + 66.6™\circ = 106.6"\circ
\]

- Remaining angle C:

\[

C = 180" \circ - 106.6"\circ = 73.4"\circ

\l

- Second scenario:

\[

A+ B'=40"\circ + 113.4"\circ = 153.4"\circ
\]

- Remaining angle C:

\[

C' = 180"\circ - 153.4"\circ = 26.6"\circ

\]

Step 4: Find side c in both cases

- Use Law of Sines:

\[

¢ = \frac{\sin C \times a}{\sin A}

\]

- First solution:

\[

¢ = \frac{\sin 73.4"\circ \times 7} {\sin 40™\circ} = \frac{0.9563 \times 7} {0.6428} =
\frac{6.694}{0.6428%} = 10.41

\]

- Second solution:

\[

c' = \frac{\sin 26.6"\circ \times 7} {0.6428} = \frac{0.4481 \times 7}{0.6428} =
\frac{3.136}{0.6428} = 4.88

\]

Final solutions:

| Solution | Angles (°) | Sides (units) |
I I |




| 1| A=40°, B=66.6°, C=73.4° | a=7, b=10, c=10.41 |
| 2 | A=40°, B=113.4°, C=26.6° | a=7, b=10, c=~4.88 |

Features and Considerations of Using the Law of
Sines

Pros:

- Simplifies calculations in non-right triangles: Especially when angles and sides are
mixed.

- Effective for ASA, AAS, and SSA cases: Offers solutions where other methods may not be
directly applicable.

- Provides insight into multiple solutions: Helps analyze the ambiguous case thoroughly.

Cons:

- Limited to specific scenarios: Not applicable for all triangle configurations, such as SSS
without additional steps.

- Potential for multiple solutions: Requires careful analysis to avoid missing alternate
triangles.

- Sine ambiguity: Since sine is positive in both first and second quadrants, extra checks
are necessary to determine the true solution.

Conclusion and Final Thoughts

The Law of Sines remains a cornerstone technique in trigonometry for solving triangles,
especially in cases where traditional methods like the Law of Cosines might be less
straightforward. Its ability to handle various data configurations makes it invaluable, but
users must be vigilant about the potential for multiple solutions, particularly in SSA
scenarios. Understanding the criteria for the existence of solutions, along with methodical
procedures to find both possible triangles, enhances problem-solving skills and deepens
comprehension of geometric principles.

Whether you’re tackling homework problems, designing structures, or exploring the
depths of triangle properties, mastering the Law of S
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