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Understanding the convergence properties of power series is fundamental in
mathematical analysis, especially in complex analysis and calculus. One of the most
effective tools for determining the radius of convergence of a power series is the Ratio
Test. This article provides a comprehensive guide on how to apply the Ratio Test to find
the radius of convergence of a power series, with detailed explanations, symbolic notation,
and practical examples.

Overview of Power Series and Convergence

A power series is an infinite sum of the form:

\[
\sum_{n=0}^{\infty} a_n (z - z_0)^n
\]

where:
- \(a_n\) are the coefficients,
- \(z\) is a complex variable,
- \(z_0\) is the center of the series.

The radius of convergence, \(R\), is the non-negative real number such that the series
converges absolutely for all \(z\) satisfying \(|z - z_0| < R\), and diverges for \(|z - z_0| >
R\).

Understanding the radius of convergence is crucial because it delineates the domain
where the power series representation is valid and useful.

The Ratio Test: An Essential Tool

The Ratio Test is a method used to determine the absolute convergence of an infinite
series. For a series \(\sum a_n\), the Ratio Test states:

\[
\text{If} \quad L = \lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right|



\]

then:
- The series converges absolutely if \(L < 1\),
- Diverges if \(L > 1\),
- The test is inconclusive if \(L = 1\).

Applying the Ratio Test to power series involves analyzing the behavior of the coefficients
\(a_n\) as \(n \to \infty\).

Applying the Ratio Test to Find the Radius of
Convergence

The key steps involve:

1. Identify the general term \(a_n (z - z_0)^n\):
For the power series \(\sum a_n (z - z_0)^n\), focus on the coefficients \(a_n\).

2. Compute the ratio \(\left| \frac{a_{n+1}}{a_n} \right|\):
This ratio provides insight into the growth rate of the coefficients.

3. Formulate the limit \(L\):
\[
L = \lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right|
\]

4. Incorporate the variable \(|z - z_0|\):
Since the terms involve \((z - z_0)^n\), include this in the analysis:

\[
\left| \frac{a_{n+1}}{a_n} \right| \cdot |z - z_0|
\]

5. Determine the radius \(R\):
The series converges when:

\[
\lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right| \cdot |z - z_0| < 1
\]

Therefore, the radius of convergence is:

\[
R = \frac{1}{\lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right| }
\]

provided the limit exists.



Step-by-Step Example: Calculating the Radius of
Convergence

Let's consider a concrete example to illustrate the process.

Suppose the power series:

\[
\sum_{n=0}^{\infty} a_n (z - z_0)^n
\]

where:

\[
a_n = \frac{1}{n!}
\]

Step 1: Compute the ratio \(\left| \frac{a_{n+1}}{a_n} \right|\):

\[
\left| \frac{a_{n+1}}{a_n} \right| = \left| \frac{\frac{1}{(n+1)!}}{\frac{1}{n!}} \right| =
\frac{n!}{(n+1)!} = \frac{1}{n+1}
\]

Step 2: Calculate the limit as \(n \to \infty\):

\[
L = \lim_{n \to \infty} \frac{1}{n+1} = 0
\]

Step 3: Find the radius of convergence \(R\):

\[
R = \frac{1}{L} = \infty
\]

This means the power series converges for all complex \(z\), i.e., its radius of convergence
is infinite.

---

General formula for the radius of convergence:

\[
\boxed{
R = \frac{1}{\displaystyle \lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right| }
}
\]



provided the limit exists and is finite.

Handling Cases Where The Limit Does Not Exist
or Is Zero

- Limit \(L = 0\):
The radius of convergence is infinite, meaning the series converges everywhere in the
complex plane.

- Limit \(L = \infty\):
The radius of convergence is zero; the series converges only at the center point \(z_0\).

- Limit \(L\) finite and non-zero:
The radius is \(R = 1 / L\).

---

Special Considerations and Additional Techniques

While the Ratio Test is powerful, some series require supplementary analysis.

1. Comparison with the Root Test:
Sometimes, the Root Test provides a more straightforward approach:

\[
\lim_{n \to \infty} \sqrt[n]{|a_n|} = L
\]

and the radius of convergence is:

\[
R = \frac{1}{L}
\]

2. Combining Tests for Inconclusive Results:
In cases where the Ratio Test yields an inconclusive result (e.g., limit equals 1), the Root
Test or other convergence tests may be employed.

3. Dealing with Non-Standard Series:
For series with complex coefficients or factorials, Stirling's approximation or other
asymptotic methods can assist in evaluating limits.

---



Practical Applications of the Ratio Test in
Determining Radius of Convergence

- Solving Differential Equations:
Power series solutions often require knowing the convergence domain.

- Analyzing Function Representations:
Many functions are expressed as power series; understanding their convergence is
essential for approximation and numerical analysis.

- Complex Analysis and Residue Calculus:
The radius of convergence determines the domain where Laurent series expansions are
valid.

---

Summary and Key Takeaways

- The Ratio Test is an essential technique for evaluating the convergence of power series.
- The key formula for the radius of convergence is:

\[
R = \frac{1}{\lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right| }
\]

- To apply the Ratio Test effectively:
- Compute the ratio \(\left| \frac{a_{n+1}}{a_n} \right|\).
- Find its limit as \(n \to \infty\).
- Use the reciprocal of this limit to find \(R\).

- The test's success depends on evaluating the limit accurately, which may involve
asymptotic analysis for complex sequences.

- When the limit is zero, the radius of convergence is infinite; if infinite, the series
converges everywhere.

---

Conclusion

Applying the Ratio Test to determine the radius of convergence is a fundamental skill in
mathematical analysis, providing clear criteria for the domain of convergence of power
series. Mastery of this test involves understanding the behavior of series coefficients,
performing limit calculations, and interpreting the results within the context of
convergence criteria. Whether dealing with simple exponential series or complex



functions, the Ratio Test offers a straightforward and powerful method for analysis.

---
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Frequently Asked Questions

What is the Ratio Test and how is it used to determine
the radius of convergence of a power series?
The Ratio Test evaluates the limit of the absolute value of the ratio of successive terms in
a series. If this limit is less than 1, the series converges absolutely. To find the radius of
convergence, we apply the Ratio Test to the general term of the power series and solve for
the values of x where the limit is less than 1.

How do you set up the Ratio Test for a power series of
the form ∑ aₙ xⁿ?
For the series ∑ aₙ xⁿ, the Ratio Test involves computing L = limₙ→∞ |aₙ₊₁ / aₙ|. The series
converges when |x| < 1 / L, which helps determine the radius of convergence R = 1 / L.

Can you provide an example of applying the Ratio Test
to find the radius of convergence of the series ∑ (n! xⁿ)?
Yes. For aₙ = n!, compute limₙ→∞ |aₙ₊₁ / aₙ| = limₙ→∞ |(n+1)! / n!| = limₙ→∞ (n+1) = ∞.
Since the limit is infinite, the series converges only at x=0, so the radius of convergence R
= 0.

What role does the limit of the ratio of successive terms
play in determining the radius of convergence?
The limit L = limₙ→∞ |aₙ₊₁ / aₙ| determines the radius R = 1 / L. If L is finite and positive,
this ratio directly gives the radius of convergence. If L is zero or infinite, it indicates an
infinite or zero radius, respectively.

How do you handle the case where the limit L equals
zero when applying the Ratio Test?
If L = 0, then the radius of convergence R = 1 / 0 = ∞, meaning the series converges for
all real x. This indicates an entire function with an infinite radius of convergence.



What is the significance of the boundary points when
using the Ratio Test to find the radius of convergence?
The Ratio Test determines the radius of convergence but does not decide convergence at
the boundary points |x| = R. Additional tests, such as the Root Test or direct comparison,
are necessary to analyze convergence at those points.

How can symbolic notation be used effectively when
applying the Ratio Test to complex power series?
Symbolic notation allows for general expressions of the nth-term, such as aₙ = f(n), making
it easier to compute the limit of |aₙ₊₁ / aₙ| symbolically. This approach simplifies handling
complex or factorial-based terms and generalizes the process.

What are common pitfalls to avoid when using the Ratio
Test to determine the radius of convergence?
Common pitfalls include forgetting to consider the limit as n approaches infinity,
neglecting to analyze boundary points separately, and miscalculating the limit of the ratio.
Ensuring proper algebraic manipulation and checking boundary behavior is crucial.

Additional Resources
Use The Ratio Test To Determine The Radius Of Convergence Of
\(\sum_{n=0}^{\infty} \frac{(x)^n}{7^n}\)

---

Introduction

In the realm of mathematical analysis, power series serve as fundamental tools for
representing functions locally around a point, often zero. Determining the radius of
convergence—the distance from the center within which the series converges—is critical
for understanding the behavior and applicability of these series. Among the various
techniques available, the Ratio Test stands out for its simplicity and effectiveness,
especially for series involving factorials, exponentials, or powers.

This article delves into a detailed application of the Ratio Test to a specific power series:

\[
\sum_{n=0}^{\infty} \frac{x^n}{7^n}
\]

Our goal is to analytically determine its radius of convergence. Through systematic
exploration, we will elucidate the underlying principles, articulate each step meticulously,
and interpret the results within the broader context of convergence theory.

---



Power Series and the Concept of Radius of Convergence

What Is a Power Series?

A power series is an infinite series of the form:

\[
\sum_{n=0}^{\infty} a_n (x - c)^n
\]

where \(a_n\) are coefficients, \(x\) is the variable, and \(c\) is the center point. When the
center is zero, the series simplifies to:

\[
\sum_{n=0}^\infty a_n x^n
\]

Power series are instrumental in representing functions locally, facilitating
approximations, and analyzing properties such as differentiability and integrability.

Radius of Convergence: The Fundamental Question

The radius of convergence \(R\) of a power series is the non-negative real number such
that:

- The series converges for all \(x\) satisfying \(|x - c| < R\).
- Diverges for \(|x - c| > R\).

Determining \(R\) is vital because it defines the domain within which the power series
reliably represents the function.

Significance of the Radius

Understanding the radius of convergence informs us about the domain of analyticity and
the potential for extending the series beyond its initial bounds. It also guides practical
applications, such as approximating functions numerically or analyzing complex functions
in complex analysis.

---

The Specific Series Under Consideration

Our focus centers on the series:

\[
\sum_{n=0}^{\infty} \frac{x^n}{7^n}
\]

which can be rewritten as:

\[



\sum_{n=0}^{\infty} a_n x^n \quad \text{where} \quad a_n = \frac{1}{7^n}
\]

This series resembles a geometric series but expressed in the form suitable for more
general analysis, especially using the Ratio Test.

---

Applying the Ratio Test to Power Series

Overview of the Ratio Test

The Ratio Test provides a criterion for convergence based on the limit of the ratio of
successive terms:

\[
L = \lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right|
\]

- If \(L < 1\), the series converges absolutely.
- If \(L > 1\), the series diverges.
- If \(L = 1\), the test is inconclusive.

Suitability for Power Series

When applied to a power series:

\[
\sum_{n=0}^\infty a_n x^n
\]

we analyze the behavior of:

\[
\left| \frac{a_{n+1} x^{n+1}}{a_n x^n} \right| = \left| \frac{a_{n+1}}{a_n} \right| |x|
\]

The limit as \(n \to \infty\):

\[
L = \lim_{n \to \infty} \left| \frac{a_{n+1}}{a_n} \right| \cdot |x|
\]

The series converges if \(L < 1\), leading to an inequality that involves \(|x|\), from which
the radius \(R\) can be determined.

---

Step-by-Step Calculation for the Given Series

Step 1: Identify \(a_n\)



In our case:

\[
a_n = \frac{1}{7^n}
\]

Step 2: Compute \(\frac{a_{n+1}}{a_n}\)

\[
\frac{a_{n+1}}{a_n} = \frac{\frac{1}{7^{n+1}}}{\frac{1}{7^n}} =
\frac{1/7^{n+1}}{1/7^n} = \frac{1}{7^{n+1}} \times \frac{7^n}{1} =
\frac{7^n}{7^{n+1}} = \frac{1}{7}
\]

Step 3: Find the limit as \(n \to \infty\)

Since the ratio \(\frac{a_{n+1}}{a_n} = \frac{1}{7}\) is constant and independent of
\(n\), the limit is simply:

\[
L = \left| \frac{1}{7} \right| = \frac{1}{7}
\]

Step 4: Incorporate the variable \(x\)

Applying the Ratio Test to the series involving \(x\):

\[
\left| \frac{a_{n+1} x^{n+1}}{a_n x^n} \right| = \left| \frac{a_{n+1}}{a_n} \right| |x| =
\frac{1}{7} |x|
\]

The series converges if:

\[
\lim_{n \to \infty} \left| \frac{a_{n+1} x^{n+1}}{a_n x^n} \right| = \frac{1}{7} |x| < 1
\]

which simplifies to:

\[
|x| < 7
\]

Step 5: Determine the radius of convergence \(R\)

From the inequality:

\[
|x| < R = 7
\]



The radius of convergence of the series is therefore:

\[
\boxed{
R = 7
}
\]

---

Interpreting the Result

The calculation reveals that the power series:

\[
\sum_{n=0}^\infty \frac{x^n}{7^n}
\]

converges absolutely for all \(x\) satisfying \(|x| < 7\). This is consistent with the behavior
of a geometric series with ratio \(\frac{x}{7}\), known to converge when \(|x/7| < 1\).

Within the radius of convergence \(R=7\), the power series represents an analytic
function, and beyond this radius, the series diverges. The boundary case \(|x|=7\) warrants
further analysis—often, one checks convergence at the boundary directly.

---

Broader Context and Significance

Connection to Geometric Series

The series:

\[
\sum_{n=0}^\infty \left(\frac{x}{7}\right)^n
\]

is a geometric series with ratio \(r = \frac{x}{7}\). Its convergence criterion:

\[
|r| < 1 \quad \Rightarrow \quad |x| < 7
\]

matches precisely with the result obtained via the Ratio Test. This illustrates an important
principle: for geometric series, the ratio test confirms the well-known convergence
condition.

Implications in Function Approximation

Knowing the radius of convergence informs mathematicians and scientists about the
domain where the power series accurately approximates functions like the geometric



series, exponential functions, or other functions expressed as power series.

Significance in Complex Analysis

In complex analysis, the radius of convergence determines the domain of analyticity. The
power series expansion converges within a disk of radius \(R\), and the boundary behavior
often involves intricate phenomena like singularities or branch points.

---

Limitations and Other Techniques

While the Ratio Test is highly effective for series with factorials or exponential terms,
alternative methods like the Root Test or the Cauchy-Hadamard Theorem can sometimes
provide more straightforward routes. For the series under consideration, the Ratio Test
aligns seamlessly with its geometric nature, offering a clear-cut determination of the
radius.

---

Conclusion

In sum, applying the Ratio Test to the series:

\[
\sum_{n=0}^\infty \frac{x^n}{7^n}
\]

unambiguously yields a radius of convergence:

\[
\boxed{
R = 7
}
\]

This result underscores the power of the Ratio Test in analyzing the convergence of power
series, especially those resembling geometric series. It also highlights the
interconnectedness of different convergence tests and their role in unveiling the analytical
landscape of infinite series. Whether for pure mathematical curiosity or practical
computational applications, understanding how to determine the radius of convergence
remains a cornerstone of advanced analysis.
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