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We Have Tags Numbered 1,2,...,m. We Keep Choosing Tags At Random, With Replacement, Until We
Accumulate a complete set of all tags. This scenario is a classic problem in probability theory, often referred
to as the "coupon collector problem" or "collecting all coupons." It involves understanding the expected
number of random selections needed to gather every tag at least once when each choice is made
independently and uniformly at random from the set of tags. This article explores this problem
comprehensively, covering its formulation, mathematical analysis, applications, and related concepts.

---

Understanding the Random Tag Selection Process

The Basic Setup

The problem involves a collection of tags numbered from 1 to m. Each time we select a tag, it is chosen
uniformly at random from the entire set, and the selection is independent of previous choices. Since the
selection is with replacement, the set of tags remains the same after each pick, and every tag has an equal
probability of 1/m of being chosen each time.

Key points:

- Total tags: m
- Each pick: uniformly random from 1 to m
- Replacement: the set of tags remains unchanged after each pick
- Goal: determine the expected number of picks to have selected every tag at least once

Real-World Analogies

This problem appears in various disciplines and real-world scenarios, such as:

- Collecting all types of trading cards or stickers
- Sampling in ecological studies to observe all species in a habitat



- Data sampling where each data point is selected randomly
- Randomized algorithms that need to cover all states or conditions

---

The Coupon Collector Problem: A Mathematical Perspective

Formulating the Problem

The scenario is mathematically equivalent to the coupon collector problem. Here, each "coupon" corresponds
to a distinct tag, and "collecting all coupons" equates to selecting all tags at least once.

Main question:
What is the expected number of draws needed to collect all m tags?

Assumptions:
- Each selection is independent
- Each tag has an equal probability of 1/m per selection
- Sampling is with replacement

Expected Number of Selections to Collect All Tags

The classical result states that the expected number of draws, denoted as E[T], required to collect all m tags
is:

\[
E[T] = m \times H_m
\]

where \(H_m\) is the m-th harmonic number:

\[
H_m = \sum_{k=1}^{m} \frac{1}{k}
\]

For large m, the harmonic number approximates:

\[



H_m \approx \ln(m) + \gamma + \frac{1}{2m}
\]

where \(\gamma \approx 0.5772\) is the Euler-Mascheroni constant.

Thus, the approximate expected number of picks is:

\[
E[T] \approx m \left( \ln(m) + \gamma \right)
\]

Example:

If m = 10, then:

\[
H_{10} = 1 + \frac{1}{2} + \frac{1}{3} + \dots + \frac{1}{10} \approx 2.92897
\]

Expected number of picks:

\[
E[T] \approx 10 \times 2.92897 \approx 29.29
\]

---

Mathematical Derivation of the Expectation

Step-by-Step Analysis

The process of collecting all tags can be viewed as a sequence of "stages," where at each stage, you have
already collected \(k-1\) unique tags, and you need to collect the \(k\)-th new tag.

Probability of collecting a new tag at each step:

- When \(k-1\) tags have been collected, the probability that the next pick yields a new, uncollected tag is:

\[
p_k = \frac{m - (k - 1)}{m}



\]

- The expected number of picks to obtain the \(k\)-th new tag, given \(k-1\) are already collected, follows a
geometric distribution with success probability \(p_k\):

\[
E[\text{picks for } k\text{-th new tag}] = \frac{1}{p_k} = \frac{m}{m - (k - 1)}
\]

Summing over all tags:

\[
E[T] = \sum_{k=1}^{m} \frac{1}{p_k} = \sum_{k=1}^{m} \frac{m}{m - (k - 1)} = m \sum_{k=1}^{m}
\frac{1}{k}
\]

which simplifies to:

\[
E[T] = m H_m
\]

This derivation highlights the connection between the problem and harmonic numbers.

---

Variations and Extensions

Different Sampling Strategies

While the classical problem assumes sampling with replacement and uniform probability, variants include:

- Sampling without replacement: where each tag can only be chosen once, so the process terminates after m
picks.
- Biased probabilities: where each tag has a different probability \(p_i\), leading to more complex expected
values.
- Multiple selections per step: selecting multiple tags simultaneously, which alters the distribution and
expectation.



Expected Time for Partial Collection

Instead of collecting all tags, one might be interested in:

- The expected time to collect a subset of size \(k < m\)
- The expected time to have at least \(k\) distinct tags

These variants involve more intricate calculations but follow similar probabilistic principles.

---

Applications of the Tag Collection Problem

Data Sampling and Machine Learning

In machine learning, especially in active learning and data augmentation, understanding how many
samples are needed to cover all classes or features is essential. The coupon collector model helps estimate the
sampling effort needed to encounter all classes or features.

Network Theory and Computer Science

Randomized algorithms that explore graphs or states often rely on similar principles to ensure coverage.
For example:

- Random walks covering all nodes in a network
- Randomized testing covering all possible configurations

Ecology and Biodiversity Studies

Estimating the effort required to observe all species in a habitat involves similar probabilistic models,
guiding sampling efforts and conservation strategies.



Marketing and Customer Engagement

Understanding how many interactions are needed to reach all customer segments or product types can be
modeled similarly, informing targeted marketing strategies.

---

Advanced Topics and Related Problems

Expected Variance and Distribution

Beyond the expectation, analyzing the variance and distribution of the number of picks provides deeper
insights into the likelihood of needing significantly more or fewer than the expected number.

- Variance of the total number of picks:

\[
\operatorname{Var}[T] = \sum_{k=1}^{m} \frac{1 - p_k}{p_k^2}
\]

- Distribution approximations can be derived, often using Poisson or normal approximations for large m.

Time to Collect a Subset

Calculations can extend to the expected time to collect a subset of size \(k\), which is useful in scenarios
where partial coverage suffices.

Coupon Collector with Non-Uniform Probabilities

When each tag has a different probability \(p_i\), the expected number of picks becomes:

\[
E[T] = \sum_{i=1}^{m} \frac{1}{p_i}
\]

but the analysis is more complex, often requiring specialized techniques.



---

Practical Considerations and Strategies

Minimizing Sampling Effort

To reduce the expected number of samples needed:

- Increase the probability of selecting less frequent tags
- Use targeted sampling strategies instead of uniform random selection
- Implement adaptive algorithms that prioritize uncollected tags

Simulation and Empirical Estimation

Simulations can validate theoretical expectations, especially in complex variants where analytical solutions
are challenging. Running multiple simulations of the process helps estimate the average number of picks
needed in practice.

Limitations and Assumptions

The classical model assumes:

- Independence of choices
- Equal probability for each tag
- Sampling with replacement

Deviations from these assumptions require adjusted models and analyses.

---

Conclusion

The problem of determining how many random selections with replacement are needed to collect all tags
numbered from 1 to m is a well-studied problem in probability theory, known as the coupon collector



problem. The expected number of picks is directly related to the harmonic number \(H_m\), and the
formula:

\[
E[T] = m \times H_m
\]

provides a concise estimate for large m. Understanding this problem is vital across various fields, from
computer science and data analysis to ecology and marketing. Its principles guide the design of efficient
sampling methods, algorithms, and strategies for coverage and exploration. Whether dealing with uniform
or biased probabilities, the coupon collector framework offers valuable insights into the stochastic processes
of collection and sampling.

---
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Frequently Asked Questions

What is the probability of drawing a specific tag number in a single
random selection?
Since tags are numbered from 1 to m and each is equally likely, the probability of drawing a specific tag in
one selection is 1/m.

How do we calculate the expected number of draws needed to
accumulate all tags at least once?
The expected number of draws is known as the coupon collector's problem and is approximately m H_m,
where H_m is the m-th harmonic number, i.e., H_m ≈ ln(m) + 0.5772.

What is the probability that after a certain number of draws, we have
collected all tags?
The probability can be derived from the coupon collector's distribution, which involves complex
calculations, but generally, as the number of draws increases, this probability approaches 1.



How does the number of tags m affect the expected number of draws
needed to collect all tags?
The expected number of draws increases approximately proportionally with m, specifically around m times
the harmonic number, so larger m results in longer expected collection times.

Can the process be modeled using Markov chains, and what insights does
that provide?
Yes, the process can be modeled as a Markov chain where states represent the number of unique tags
collected; this modeling helps analyze probabilities and expected times for completing the collection.

What are practical applications of this random selection and collection
process?
This process models scenarios like collecting collectible items, network sampling, randomized algorithms,
and data sampling where items are drawn with replacement until a complete set is obtained.

Additional Resources
We Have Tags Numbered 1, 2, ..., m. We Keep Choosing Tags At Random, With Replacement, Until We
Accumulate

---

Introduction

In the realm of probability theory and combinatorics, problems involving random selection processes are
both fascinating and fundamental. One such intriguing scenario involves repeatedly choosing tags (or items)
labeled from 1 to m at random, with replacement, until a certain condition is met—namely, until a specified
set of tags has been accumulated. This process models various real-world phenomena, including data
sampling, network discovery, and even biological processes.

This detailed review explores the various facets of this problem, dissecting the probabilistic mechanics,
analyzing key metrics such as expected time until completion, variance, and distributional characteristics.
We will also delve into applications, extensions, and computational approaches for analyzing such processes.

---

The Setup: Basic Definitions and Assumptions



The Basic Model

- Tags: Numbered 1, 2, ..., m.
- Selection Process: At each step, a tag is selected uniformly at random from the entire set, with
replacement. This means each selection is independent, and the probability of choosing any particular tag in
a single draw is \( \frac{1}{m} \).
- Termination Criterion: The process continues until a predetermined subset of tags \( S \subseteq \{1, 2, ...,
m\} \) has been "collected," i.e., at least one occurrence of each tag in \( S \) has been observed.

Assumptions

- The selection process is independent and identically distributed (i.i.d.).
- Sampling is with replacement, so the probability distribution remains constant across steps.
- The target subset \( S \) can be any subset of the total tags, including the entire set \( \{1, 2, ..., m\} \), or
any subset thereof.

---

Fundamental Questions and Metrics

This process raises several key questions:

1. Expected Time to Complete Collection:
- How many draws, on average, are required until all tags in \( S \) are observed at least once?

2. Distribution of the Number of Draws:
- What is the probability distribution for the number of steps needed?

3. Variance and Higher Moments:
- How variable is the process? What is the variance of the total number of draws?

4. Probability of Completion within a Given Number of Draws:
- What is the probability that the process finishes within \( t \) steps?

5. Extensions and Variations:
- How do the results change if sampling is without replacement?
- What if the selection probabilities are non-uniform?
- How does the process behave when multiple subsets are involved?

---

The Classic Coupon Collector Problem: A Foundation



The described process is a direct generalization of the well-known coupon collector problem.

Standard Coupon Collector

- Scenario: There are \( m \) coupons (tags), each equally likely to be drawn.
- Question: How many draws are needed until all coupons are collected at least once?

Known Results

- Expected Number of Draws:
\[
E[T] = m \cdot H_m
\]
where \( H_m \) is the \( m \)-th harmonic number:
\[
H_m = \sum_{k=1}^m \frac{1}{k} \approx \ln m + \gamma + \frac{1}{2m} - \frac{1}{12m^2} + \dots
\]
with \( \gamma \) being Euler's constant (~0.5772).

- Variance:
\[
Var[T] = m^2 \left( H_{m,2} - H_m^2 \right)
\]
where \( H_{m,2} = \sum_{k=1}^m \frac{1}{k^2} \).

- Distribution:
The distribution of \( T \) can be expressed as a sum of geometric random variables, each representing the
waiting time to find a new coupon after some are already collected.

---

Generalization to Arbitrary Subsets \( S \subseteq \{1, 2, ..., m\} \)

When the target subset \( S \) contains \( k = |S| \) tags, the problem becomes a partial coupon collector
problem.

Expected Time to Collect \( S \)

- Since each tag in \( S \) is equally likely to be selected with probability \( p = \frac{|S|}{m} \), the process
is akin to a set of \( k \) "special" coupons.

- Expected Time:



\[
E[T_S] = \sum_{i=1}^k \frac{1}{p - \frac{i-1}{m}} \approx \frac{m}{|S|} H_{|S|}
\]

This approximation assumes all tags are equally likely and independent, leading to the expectation:

\[
E[T_S] \approx m \cdot H_{|S|}
\]

More formally, the expected number of draws until all tags in \( S \) are observed at least once is:

\[
E[T_S] = \sum_{i=1}^{|S|} \frac{1}{p - \frac{i-1}{m}}
\]

which simplifies to:

\[
E[T_S] = \sum_{i=1}^{|S|} \frac{m}{|S| - (i - 1)} = m \cdot H_{|S|}
\]

when sampling is uniform.

---

Distributional Analysis: Waiting Times and Markov Chains

The process can be modeled as a Markov chain with states representing the number of distinct tags in \( S
\) collected so far.

State Space

- States: \( 0, 1, 2, ..., |S| \)
- Initial State: 0 (no tags collected)
- Absorbing State: \( |S| \) (all tags in \( S \) collected)

Transition Probabilities

- From state \( i \), the probability of moving to state \( i+1 \) in one step is:

\[
p_{i} = \frac{|S| - i}{m}



\]

because there are \( |S| - i \) tags yet to be collected, each with probability \( \frac{1}{m} \), and the process
involves drawing until a new tag in \( S \) is observed.

- The expected number of steps to go from state \( i \) to \( i+1 \) is:

\[
\frac{1}{p_{i}} = \frac{m}{|S| - i}
\]

- Summing over all states:

\[
E[T_S] = \sum_{i=0}^{|S|-1} \frac{m}{|S| - i} = m \cdot H_{|S|}
\]

which aligns with earlier expectations.

---

Variance and Distribution of the Completion Time

Beyond the expectation, understanding the variability is crucial for applications such as quality control,
network discovery, or randomized algorithms.

- Variance:

\[
Var[T_S] = \sum_{i=0}^{|S|-1} \frac{1 - p_i}{p_i^2} = \sum_{i=0}^{|S|-1} \left( \frac{1}{p_i^2} - \frac{1}{p_i}
\right)
\]

Substituting \( p_i = \frac{|S| - i}{m} \):

\[
Var[T_S] = \sum_{i=0}^{|S|-1} \left( \frac{m^2}{(|S| - i)^2} - \frac{m}{|S| - i} \right)
\]

which simplifies to:

\[
Var[T_S] = m^2 \sum_{i=1}^{|S|} \frac{1}{i^2} - m \sum_{i=1}^{|S|} \frac{1}{i}



\]

- Higher Moments and Distribution:

The distribution of \( T_S \) can be approximated by a sum of geometric distributions, or modeled via
negative binomial distributions, especially for large \( m \) and \( |S| \).

---

Applications of the Model

The theoretical insights gained from this problem have broad applications:

1. Data Sampling and Data Mining

- Feature Discovery: Collecting unique features or tags in large datasets, e.g., social media tags, words in a
corpus.

- Sampling Efficiency: Estimating how many samples are needed to observe all features of interest.

2. Network Exploration

- Node Discovery: Random walks to discover nodes in large, unknown networks.

- Coverage Problems: How many steps are needed to "cover" all nodes in a subset with high probability?

3. Biological and Ecological Studies

- Species Sampling: Estimating the number of observations needed to find all species in an area.

- Genetic Sampling: Detecting all variants in a
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