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Understanding the appropriate contexts for applying different regression techniques is vital for accurate

statistical analysis. Among these techniques, Weighted Least Squares (WLS) stands out as a powerful

method tailored to handle specific data issues, particularly heteroskedasticity. However, WLS is not

universally applicable; it should be employed only under certain conditions related to the nature of the

error term in a regression model. This article delves into the circumstances under which WLS is

appropriate, elucidates its theoretical foundations, compares it with other estimation methods, and

offers practical guidance for its correct application.

What is Weighted Least Squares (WLS)?

Weighted Least Squares is an extension of the Ordinary Least Squares (OLS) method designed to

improve estimation when the classical assumptions of regression are violated. Specifically, WLS

addresses heteroskedasticity—when the variance of the error terms varies across observations.

Fundamental Concepts of WLS

- Objective: Minimize the weighted sum of squared residuals.

- Mathematical formulation: The WLS estimator seeks to minimize:



\[

S = \sum_{i=1}^n w_i (y_i - \mathbf{x}_i^\top \boldsymbol{\beta})^2

\]

where \(w_i\) are weights assigned to each observation, \(y_i\) is the dependent variable,

\(\mathbf{x}_i\) are the independent variables, and \(\boldsymbol{\beta}\) are the parameters to

estimate.

- Purpose of weights: To give more importance to observations with higher reliability or lower variance,

and less importance to those with higher variance or lower reliability.

Understanding the Error Term in Regression

The error term, often denoted as \(\varepsilon_i\), captures the deviation of observed values from the

true relationship modeled by the regression. Classical linear regression assumptions stipulate:

1. Zero mean: \(E[\varepsilon_i] = 0\)

2. Homoskedasticity: Constant variance: \(Var(\varepsilon_i) = \sigma^2\)

3. Independence: Errors are uncorrelated across observations

4. Normality (for inference): Errors are normally distributed

The focus here is on the second assumption—homoskedasticity. When this assumption is violated,

meaning the variance of errors differs across observations, ordinary least squares estimators become

inefficient, and standard errors may be biased, leading to unreliable inference.

When Should WLS Be Used?

WLS is specifically designed to correct for heteroskedasticity—a condition where the error term’s



variance is not constant across observations. Its proper application hinges on the nature of this

variance.

Key Conditions for Using WLS

- Presence of Heteroskedasticity:

WLS should only be employed when there is clear evidence that the error variances differ across

observations. This can be diagnosed through residual plots, statistical tests, or prior knowledge about

the data.

- Known or Estimable Variance Structure:

The weights in WLS are typically proportional to the inverse of the error variance for each observation.

Therefore, WLS is most effective when the error variance structure is known or can be accurately

estimated.

- Measurement Error or Data Quality Issues:

When certain observations are measured with less precision, assigning lower weights to less reliable

data points improves the overall estimation.

- Heteroskedasticity Due to Data Design or External Factors:

For example, in cross-sectional studies where variability increases with the magnitude of a predictor,

WLS can correct for this pattern.

Inappropriate Conditions for WLS

- Homoskedastic Errors:

If the variance of errors is constant, OLS remains the best linear unbiased estimator (BLUE). Using

WLS in this context offers no advantage and may introduce unnecessary complexity.



- Uncertain or Unknown Variance Structure:

When the error variance pattern cannot be reliably estimated, applying WLS may lead to biased or

inefficient estimates.

- Small Sample Sizes Without Clear Variance Patterns:

In small datasets, the benefits of WLS may be limited, and estimates of the variance structure may be

unreliable.

How to Determine Whether WLS Is Appropriate

Before applying WLS, analysts should verify whether heteroskedasticity exists and whether the

variance structure is known or can be estimated.

Diagnostic Tools and Tests

- Residual Plots:

Plot residuals against fitted values or independent variables. A funnel shape indicates

heteroskedasticity.

- Breusch-Pagan Test:

Tests for heteroskedasticity by examining whether the squared residuals are related to the

independent variables.

- White’s Test:

A more general test that detects heteroskedasticity of unknown form.

- Plotting Variance of Residuals:

Visual inspection can reveal patterns suggesting non-constant variance.



Estimating the Variance Structure

When heteroskedasticity is detected, estimation of the error variance for each observation is

necessary:

- Model-based approaches:

Use auxiliary regressions to model the variance as a function of predictor variables.

- Residual-based approaches:

Use residuals from initial OLS regressions to approximate variance patterns.

Once the variance structure is estimated, weights can be derived as the inverse of the variance

estimates.

Advantages of Using WLS

- Efficiency Gains:

WLS produces more efficient (lower variance) estimators when heteroskedasticity is present.

- Corrected Standard Errors:

Properly accounts for heteroskedasticity, leading to valid hypothesis testing.

- Improved Prediction Accuracy:

By assigning appropriate weights, WLS can improve model predictions in the presence of unequal

error variances.



Limitations and Considerations

While powerful, WLS has limitations:

- Requires Accurate Variance Estimation:

Mis-specification of weights can worsen estimates.

- Computational Complexity:

Estimating variance functions adds complexity compared to OLS.

- Potential for Bias:

If the variance structure is misspecified, WLS estimates may be biased.

Practical Steps for Implementing WLS

1. Diagnose heteroskedasticity using residual plots and tests.

2. Estimate the variance structure based on the data or domain knowledge.

3. Compute weights as the inverse of the estimated variances.

4. Perform WLS regression using the computed weights.

5. Validate the model by examining residuals and performing further tests to ensure heteroskedasticity

has been addressed.

Conclusion

Weighted Least Squares estimation is a valuable tool in regression analysis, but its effective use

hinges on the nature of the error term. It should only be applied when there is clear evidence of

heteroskedasticity—that is, when the variance of the errors differs across observations—and when this



variance structure is known or can be reliably estimated. Misapplication of WLS in contexts where the

errors are homoskedastic or the variance structure is unknown can lead to inefficient or biased

estimates. Therefore, before choosing WLS, analysts must conduct thorough diagnostic testing and

consider the specifics of their data. When used appropriately, WLS can significantly improve the

accuracy and validity of regression estimates, leading to more reliable inferences and better decision-

making.

Summary Checklist for Using WLS:

- Confirm heteroskedasticity via diagnostic tests.

- Ensure the variance structure is estimable.

- Compute appropriate weights.

- Re-estimate the model using WLS.

- Validate the improved model fit and residual behavior.

By adhering to these principles, researchers can maximize the benefits of WLS and avoid potential

pitfalls associated with its misuse.

Frequently Asked Questions

What is the primary condition under which Weighted Least Squares

(WLS) estimation should be used?

WLS should only be used when the error term in a regression model exhibits heteroscedasticity,

meaning its variance is not constant across observations.

Why is WLS preferred over Ordinary Least Squares (OLS) when dealing

with heteroscedastic errors?

Because WLS accounts for the unequal variances by assigning weights inversely proportional to the



variance of each error term, leading to more efficient and unbiased estimates.

What happens if WLS is applied when the error term in a regression

model is homoscedastic?

Applying WLS in the presence of homoscedastic errors can lead to inefficient estimates and

unnecessary complexity, as OLS would be sufficient in such cases.

How do you determine if the error term in a regression model is

heteroscedastic?

You can detect heteroscedasticity through residual plots, formal tests like Breusch-Pagan or White's

test, or by examining the pattern of residuals against fitted values.

Can WLS be used if the error variance is unknown? If so, how?

Yes, WLS can be used by estimating the error variances from the data, often through modeling or

residual analysis, to assign appropriate weights.

What is the main drawback of using WLS if the assumption about the

error term is violated?

Using WLS without the correct assumptions can lead to biased or inconsistent estimates, especially if

the weights do not accurately reflect the error variance structure.

In what types of applications is WLS particularly useful?

WLS is particularly useful in econometrics, survey sampling, and any regression analysis where

measurement errors or variability differ across observations.



What is the key takeaway regarding the use of WLS in regression

analysis?

WLS should only be used when the error term in a regression exhibits heteroscedasticity; otherwise,

OLS remains the appropriate estimation method.

Additional Resources

Weighted Least Squares (WLS) Estimation Should Only Be Used When _____.a.the Error Term In A

Regression

In the realm of statistical modeling and econometrics, choosing the right estimation method can

significantly influence the accuracy and reliability of your results. Among the arsenal of techniques,

Ordinary Least Squares (OLS) often stands as the default choice due to its simplicity and intuitive

interpretation. However, when the assumptions underlying OLS are violated—particularly the

assumption of homoscedasticity (constant variance of errors)—researchers turn to alternative methods

like Weighted Least Squares (WLS). While WLS offers a powerful solution to heteroscedasticity, it is

crucial to understand when its application is appropriate. In this article, we explore the fundamental

condition underpinning the valid use of WLS: only when the error term in a regression exhibits specific

characteristics. We delve into the theoretical foundations, practical considerations, and potential pitfalls,

providing a comprehensive guide for analysts and researchers alike.

---

Understanding the Foundations of WLS

Before diving into the conditions necessary for WLS application, it is essential to grasp what WLS is

and how it differs from the more familiar OLS method.



What is Weighted Least Squares?

Weighted Least Squares is an extension of the Ordinary Least Squares technique designed to address

certain violations of OLS assumptions, primarily heteroscedasticity — the circumstance where the

variance of the error term varies across observations. Unlike OLS, which assigns equal weight to all

data points, WLS assigns different weights to each observation, generally giving less weight to data

points with higher variance and more weight to those with lower variance.

Mathematically, WLS minimizes the sum:

\[

S = \sum_{i=1}^n w_i \left( y_i - \mathbf{x}_i^\top \boldsymbol{\beta} \right)^2

\]

where:

- \( y_i \) is the dependent variable,

- \( \mathbf{x}_i \) is the vector of independent variables for observation \( i \),

- \( \boldsymbol{\beta} \) is the vector of parameters,

- \( w_i \) is the weight for observation \( i \).

The core idea is that observations with more precise measurements (lower error variance) are given

greater influence in estimating the model parameters.

Why Use WLS Instead of OLS?

OLS relies on the assumption that the error term \( \varepsilon_i \) has a constant variance \( \sigma^2

\) across all observations, known as homoscedasticity. When this assumption is violated—when errors

are heteroscedastic—the OLS estimators remain unbiased but become inefficient, meaning they do not

have the smallest possible variance among all linear unbiased estimators. This inefficiency can lead to



misleading inferences, such as incorrect standard errors and confidence intervals.

WLS corrects this by effectively "normalizing" the variance across observations through appropriate

weighting, thus restoring the efficiency of estimators. However, this correction hinges on a critical

condition: the form and nature of the heteroscedasticity must be well-understood and appropriately

modeled.

---

The Critical Condition: When Is WLS Appropriate?

The overarching principle is that WLS should only be employed when the form of heteroscedasticity is

known or can be reliably estimated, specifically when the error term \( \varepsilon_i \) satisfies certain

properties.

Key Assumption: The Error Term Has a Known Variance Structure

For WLS to be valid, the primary condition is:

The variance of the error term for each observation \( i \), denoted \( \operatorname{Var}(\varepsilon_i)

\), must be proportional to a known, non-random function \( \sigma_i^2 \).

Mathematically,

\[

\operatorname{Var}(\varepsilon_i) = \sigma_i^2

\]

and the weights are chosen as:



\[

w_i = \frac{1}{\sigma_i^2}

\]

This setup ensures that each observation's contribution to the sum of squared residuals is scaled

inversely to its error variance, leading to an efficient and unbiased estimation of the parameters.

In essence:

- When the heteroscedasticity pattern is known or accurately modeled, WLS can correct for the non-

constant variance.

- When the pattern is unknown or mis-specified, WLS may introduce bias or inefficiency, potentially

worse than using OLS.

Practical Scenarios Where WLS Is Appropriate

WLS is particularly suitable in certain well-understood contexts:

- Measurement Error Variance Known from External Data: For example, if measurement precision

varies across instruments or data sources, and these variances are known from calibration studies.

- Theoretical Variance Models: In cases where the variance function is theoretically derived, such as

count data where variance increases with the mean (e.g., Poisson models), or in models with known

heteroscedasticity patterns.

- Heteroscedasticity That Can Be Modeled: When residual plots or tests indicate a specific variance

pattern (e.g., variance increases with the level of an independent variable), and this pattern can be

formalized into a variance function.

---



When WLS Should Not Be Used

Despite its advantages, WLS is not a panacea. Its effectiveness hinges on correctly specifying the

variance structure, which is not always feasible.

Unknown or Misspecified Variance Structures

The cardinal rule is: do not use WLS unless you have a reliable estimate or knowledge of the variance

structure. Applying WLS with arbitrary or guessed weights, without understanding the error variance,

can:

- Increase bias if weights are mis-specified.

- Decrease efficiency compared to OLS.

- Lead to misleading inference due to incorrect standard errors.

Common pitfalls include:

- Using weights based on data exploration without theoretical justification.

- Ignoring heteroscedasticity altogether when it is present.

- Applying WLS as a default without diagnosing error variance.

Alternative Approaches When Variance Is Unknown

If the variance function is not known, other strategies should be considered:

- Robust Standard Errors: Using heteroscedasticity-consistent covariance estimators (e.g., White’s

robust standard errors) that do not require specifying the variance structure.

- Transformation Methods: Applying transformations (like the logarithm or Box-Cox) to stabilize



variance.

- Modeling the Variance: Explicitly modeling heteroscedasticity using generalized least squares (GLS)

or variance function models.

---

Estimating the Variance Structure for WLS

When the conditions for WLS are met, the next step is to estimate or specify the variance function

accurately.

Methods for Estimating Variance Functions

- Residual-Based Estimation: Fit an initial OLS model, analyze residuals to identify patterns, and model

the variance as a function of predictors.

- Known Variance from External Data: Use prior studies, instrument calibration, or measurement error

models.

- Iterative Procedures: Use iterative WLS, updating weights based on residuals until convergence.

Example: Variance Increasing with a Predictor

Suppose residual plots reveal that variance increases with the level of an independent variable \( x \).

In this case, one might specify:

\[

\sigma_i^2 = \alpha + \beta x_i

\]



Estimate parameters \( \alpha, \beta \) from residuals, then set weights:

\[

w_i = \frac{1}{\hat{\sigma}_i^2} = \frac{1}{\hat{\alpha} + \hat{\beta} x_i}

\]

and perform WLS accordingly.

---

Conclusion: The Nuanced Use of WLS in Practice

Weighted Least Squares stands as a robust tool in the statistician’s toolkit when its core

assumption—knowledge of the error variance structure—is satisfied. Its proper application can

dramatically improve the efficiency of parameter estimates in the presence of heteroscedasticity,

leading to more reliable inference.

However, the phrase “should only be used when the error term in a regression exhibits a known or

well-modeled variance structure” encapsulates a critical point: WLS is not a universal remedy. Its

effectiveness depends on the analyst’s ability to understand, estimate, or justify the variance pattern of

the errors. When this condition is not met, alternative methods such as heteroscedasticity-consistent

standard errors or data transformations should be employed to ensure the integrity of statistical

inference.

In summary, WLS is a powerful, targeted technique best reserved for situations where the

heteroscedasticity is understood or can be accurately modeled. Its judicious use can enhance the

precision of regression estimates, but misapplication can lead to more harm than good. As with all

statistical methods, careful diagnosis, validation, and theoretical grounding are essential prerequisites

for effective implementation.
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