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Understanding the Linear Transformation L: R3 - R3

3. Let L: R R Be A Linear Transformation Defined By L((x, Y, Z))T= (xY, X Z, Y + 32)T. If
SCR Such That appears to be a fragment of a problem statement involving a linear transformation,
but it provides a rich basis for exploring the fundamental concepts of linear mappings in three-
dimensional space. In this article, we will analyze the properties of the transformation L, understand
its matrix representation, and examine key aspects such as its kernel, image, and invertibility. This
comprehensive exploration aims to deepen your understanding of linear transformations and their
applications.

Defining the Transformation L

What is a Linear Transformation?

A linear transformation is a function L between two vector spaces that preserves addition and scalar
multiplication. Formally, for vectors u and v and scalar c, the following properties hold:
-L(u+v)=Lu) + Lv)

- L(cu) = cL(u)

In our case, L is a transformation from R3 to R3, meaning it takes a vector (%, y, z) and maps it to
another vector in R3.

Explicit Definition of L

Given the transformation:

\[

L\begin{bmatrix} x \\ y \\ z \end{bmatrix} = \begin{bmatrix} xy \\ xz \\ y + 3z \end{bmatrix}
\]

we observe that L is defined component-wise, with the first two components being products
involving the components of the input vector, and the third being a linear combination.

However, to confirm whether L is linear, we need to check if it satisfies the properties of linearity,
especially whether it preserves addition and scalar multiplication.



Checking Linearity of the Transformation

Linearity Test

Let u = (x1, y1, z1) and v = (X2, y2, Z2) be vectors in R3, and ¢ be a scalar. We need to verify:
-L(u+v)=Lu) + Lv)
- L(cu) = cL(u)

Verification of Addition Preservation
Compute L(u + v):

\[
u+v=x1+x2,y1+y2,z1+2z2)
\]

Applying L:

\[

Lu+v)=\left((x 1+x2)(y1+y2),x1+x2)(z1+z2),(y1+y2)+3(z1+z 2)\right)
\]

Expanding:

\[

Lu+v)=\left(x 1y 1+x1y2+x2y1+x2y2,x1z1+x1z2+x2z1+x2z22,y1+
y 2+ 3z 1 + 3z 2 \right)

\]

Now, compute L(u) + L(v):

\[
Lw +Lv)=\left(x 1y 1+x2y2,x1z1+x2z2,y1+3z1+y 2+ 3z 2\right)
\]

Comparing the two:

- The first components differ unless cross terms\(x 1y 2 + x 2y 1) are zero, which is generally
not the case.

- The second components differ similarly due to crossterms \(x 1z 2 +x 2z 1)).

- The third components match.

Since the first two components do not satisfy the additive property due to the presence of cross
terms, L is not a linear transformation in the strict sense.

Conclusion: The given transformation L is not linear because it involves products of variables, which
violate the superposition principle.



However, for the purpose of linear algebra analysis, sometimes transformations involving quadratic
or product terms are examined separately, or the problem may intend to consider only certain parts
or approximate linear behavior near specific points.

Note: For the rest of this article, assuming the problem intends to analyze the linear part or the
structure related to L, we proceed with the matrix representation under the assumption that the
transformation is linear or analyze its linear component.

Matrix Representation of the Transformation

Constructing the Matrix

If L were linear, its matrix representation \(A\) with respect to the standard basis would be derived
from its action on basis vectors.

Given the transformation:

\[
Lx v, z2)=(xy,xz,y+32)
\]

which involves products, directly deriving a matrix is not straightforward because matrix
multiplication is linear, and the above transformation involves nonlinear terms.

But, if the problem is simplified or approached by considering the linear components:

\[

L(x, y, z) = \begin{bmatrix} 0 & 0 & 0\ 0 & 0 & 0 \\ 0 & 1 & 3 \end{bmatrix} \begin{bmatrix} x \\'y
\\ z \end{bmatrix}

\]

which corresponds to the linear part \( (0, 0, y + 3z) \), then the matrix is:

\[

A = \begin{bmatrix}
0&0&O0\\
0&0&O0\
0&1&3
\end{bmatrix}

\]

Note: This linear approximation neglects the product terms, which are nonlinear. To fully analyze
the transformation's properties, one must consider the nonlinear nature.



Analyzing the Kernel and Image of L

Kernel of L

The kernel (null space) of a transformation L consists of all vectors u such that L(u) = 0.
Given the nonlinear form, solving:

\[
(xy,xz,y+32z)=(0,0,0)
\]

leads to:

-\(xy=0))

-\(xz=0))

-\(y+3z=0))

From \(xy = 0)), either\(x=0\)or\(y =0\).
Similarly, from \(xz = 0), either\(x =0\)or\(z=0)).
Case 1: \(x\neq 0)

-Then \(y = 0\) (from \( x y=0))
-\(z=0) (from \( x z=0))

-And \(y + 3z=0)\) becomes \( 0 + 0=0), which holds.

So, for \( x \neq 0), the kernel vectors are:

\[

(x,0,0)

\]

with \( x \neq 0 ), meaning the kernel includes all vectors where \( y=0, z=0\).

Case 2: \(x=0\)

- Then \( x y=0\) and \( x z=0\) are automatically satisfied.
- The third component: \(y + 3 z=0)

Thus, the vectors in the kernel are:

\[
(0, y, z) \quad \text{where} \quad y + 3 z=0

\]

which can be parametrized as:



\[
(0, y, \frac{y}{3}), \quad y \in \mathbb{R}
\]

Therefore, the kernel is:

\[

\text{Ker}(L) = \left\{ \lambda (1, 0, 0) \mid \lambda \in \mathbb{R} \right\} \cup \left\{ (0, y, -
\frac{y}{3}) \mid y \in \mathbb{R} \right\}

\]

which is a union of a line along the x-axis and a line in the yz-plane satisfying \( y + 3z=0).

Image of L

The image (range) consists of all vectors \( (X, Y, Z) \in R"3) such that there exists some \( (%, y, z)
\) with:

\[
X=xy,\quad Y =xz, \quad Z =y + 3z
\]

Given the nonlinear nature, the image is not a linear subspace but a nonlinear subset of R3.

Note: For linear algebra applications, often the focus is on linear parts or linear approximations.
Since L involves nonlinear terms, the true analysis requires nonlinear algebra tools.

Applications and Implications of the Transformation

In Context of Linear Algebra and Geometry

Understanding transformations like L can shed light on various geometric and algebraic properties:

- Transforming spaces: How the transformation alters shapes and orientations.
- Kernel and image

Frequently Asked Questions

What is the linear transformation L: R*3 - R”™3 defined as
L(x,y, 2) = (xy, Xz, y + 32)?

L is a linear transformation that maps a vector (x, y, z) in R"3 to (xy, Xz, y + 3z), combining both



multiplicative and additive components.

How can we verify that L is a linear transformation?

To verify linearity, check whether L preserves vector addition and scalar multiplication: verify L(u +
v) = L(u) + L(v) and L(cu) = cL(u) for vectors u, v and scalar c.

What is the matrix representation of the linear transformation
L?
Since L involves products of variables, it is not represented by a standard matrix; instead, L is a

nonlinear transformation because of the xy and xz terms, indicating that L is not linear in the
traditional sense.

Is the given transformation L linear? Why or why not?

No, L is not linear because it involves products of variables (xy and xz), which violate the
superposition principle required for linear transformations.

Can the transformation L be considered a linear operator?
Why or why not?

No, because L involves nonlinear components such as xy and xz, making it nonlinear and therefore
not a linear operator.

What is the significance of the notation 'SCR' in the context of
this transformation?

The notation 'SCR' appears to be incomplete or a typographical error; if intended as 'such that', it
introduces conditions or constraints related to the transformation, but more context is needed.

How would you analyze the properties of L, given its nonlinear
form?

Since L is nonlinear, we analyze its properties by examining its domain, range, and whether it
preserves any linear structures; typically, we study its Jacobian matrix to understand local behavior
rather than linearity.

Additional Resources

Linear transformations serve as fundamental constructs in linear algebra, providing a way to map
vectors from one space to another while preserving the operations of vector addition and scalar
multiplication. These transformations are crucial not only in pure mathematics but also in applied
fields such as engineering, physics, computer science, and data analysis. In this article, we delve
into a specific linear transformation \(L: \mathbb{R} ~3 \to \mathbb{R} " 3\), defined by the rule:



\[

L\left(\begin{bmatrix} x \\ y \\ z \end {bmatrix}\right) = \begin{bmatrix} xy \xz\\y + 3z
\end{bmatrix}

\]

We will carefully analyze this transformation, explore its properties, and address the question posed
in the original problem statement.

Understanding the Transformation \(L\): Definition and
Basic Properties

1. Formal Definition of \(L\)

The transformation \(L\) maps a vector \(\mathbf{v} = (x, y, z)*T\) in \(\mathbb{R} ~3\) to another
vector in \(\mathbb{R}"3\) via the rule:

\[
L(\mathbf{v}) = (xy, xz, y + 32)"T
\]

This mapping combines products and sums of the components of \(\mathbf{v}\), indicating that \(L\)
is nonlinear in the classical sense because it involves products of variables. However, based on the
problem statement and typical context, it appears that the transformation might be intended as a
linear transformation, which would mean the definition may involve some misinterpretation or typo.

Important Clarification:

Given the wording, "Let \(L: \mathbb{R} "3 \to \mathbb{R} ~3\) be a linear transformation defined
by \(L((x, y, )~ T) = (xy, Xz, y + 3z)"T\)," it's crucial to recognize that the given rule involves
products \(xy\) and \(xz\), which are bilinear but not linear functions.

In linear algebra, a transformation is linear if and only if it satisfies the following for all vectors
\(\mathbf{u}, \mathbf{v}\) and scalar \(c\):

-\(L(\mathbf{u} + \mathbf{v}) = L(\mathbf{u}) + L(\mathbf{v})\)
- \(L(c\mathbf{v}) = ¢ L(\mathbf{v})\)

Since the rule involves products like \(xy\) and \(xz\), which are not linear functions, this suggests
that either:

- The transformation is nonlinear, or
- The problem might be incorrectly stated, and perhaps the intended transformation is linear with a
different rule.



Assumption for Analysis:

Given the context and the phrase "Let \(L:\mathbb{R} ~3 \to \mathbb{R} " 3\) be a linear
transformation," we will proceed under the assumption that the transformation is linear, and the
rule is perhaps meant to be:

\[

L(x,y, 2)"T = \begin{bmatrix} a {11}x +a {12}y +a {13}z\\a {21}x+a {22}y +a {23}z \\
a {31}x+a {32}y + a {33}z \end{bmatrix}

\]

Alternatively, perhaps the original rule with products is a typo, or it's a different kind of mapping.
In case the transformation is indeed as given with products, then it is nonlinear.

Therefore, for the purpose of this article, we will assume the transformation is linear and interpret
the rule accordingly.

Reinterpreting the Transformation: A Linear Version

Suppose the transformation \(L\) is defined by:

\[
L(x, vy, z)”T = \begin{bmatrix} xy \\ xz \\ y + 3z \end{bmatrix}
\]

which, as noted, is not linear due to the products \(xy\) and \(xz\). To analyze the properties of such a
transformation, we must clarify whether:

- The transformation is meant to be nonlinear (which would require a different analytical
framework).

- Or, perhaps, the problem is about finding conditions or properties related to this transformation,
despite its nonlinear nature.

For the sake of completeness, let's explore both scenarios:

1. If \(L\) is linear, then the rule must be a linear combination of the components, possibly a typo.
For example, perhaps the intended rule is:

\[
L(x,y, z)”T = \begin{bmatrix} ax+by+cz\dx+ey+fz\\gx + hy+1iz\end{bmatrix}
\]

2. If \(L\) is nonlinear, then the analysis shifts to different properties, such as the Jacobian matrix,
image, kernel, etc.



Assuming the Transformation is Linear: Formulation
and Properties

Given the context and typical linear algebra problems, let's assume the intended linear
transformation is:

\[
L(x,y, z)”T = A\begin{bmatrix} x \\ y \\ z \end{bmatrix}
\]

where \(A)) is a \(3 \times 3\) matrix.

2. Deriving the Matrix \(A\)

Suppose the transformation is defined by:

\[

L(x,y, z)"T = \begin{bmatrix} a {11}x +a {12}y +a {13}z\\a {21}x +a {22}y + a {23}z \\
a {31}x+a {32}y + a {33}z \end{bmatrix}

\]

From the original problem statement, the key is to find \(A\) such that:

\[
Lx,vy,2)"T = (xy, xz,y + 32)"~T
\]

But as noted, these are not linear functions.

Alternative approach: perhaps the problem is to analyze the matrix representation of the linear part
of the transformation, or to find the matrix that corresponds to the transformation if it were linear.

Suppose the problem asks us to find the matrix \(A\) that satisfies:

\[

L(x,y, z)"T = \begin{bmatrix} 0 &0 &0\ 0 & 0 & 0\ 0 & 1 & 3 \end{bmatrix} \begin{bmatrix} x
\\ v \\ z \end{bmatrix} + \text{(nonlinear terms)}

\]

which again is inconsistent because of the nonlinear terms.



Clarification: Nonlinear vs. Linear Transformations

This brings us to an essential point: the given transformation appears to be nonlinear because it
involves products of variables.

Key Point:

- Linear transformations are characterized by their additivity and homogeneity, which are
incompatible with products like \(xy\) or \(xz\).

- Nonlinear transformations could involve products, powers, or other nonlinear functions.

Therefore, the problem as stated might be to analyze the transformation with respect to certain
properties, such as:

- Is the transformation linear?
- What is its matrix representation?

- What are its kernel and image?
- How does it behave regarding invertibility?

Analyzing the Transformation as a Nonlinear Map

Given the expression:

\[
Lx,y, z) = (xy, xz, y + 32)
\]

we can analyze it in terms of its properties, even if it is nonlinear.

1. Is \(L\) linear?

To verify linearity, test the fundamental properties:

- Additivity:

\[

L(\mathbf{u} + \mathbf{v}) \stackrel{?}{=} L(\mathbf{u}) + L(\mathbf{v})
\]

- Homogeneity:



\[
L(c \mathbf{v}) \stackrel{?}{=} ¢ L(\mathbf{v})
\]

Suppose \(\mathbf{u} = (x 1,y 1, z 1)\) and \(\mathbf{v} = (x 2,y 2,z 2)\).
Compute:

\[

L(\mathbf{u} + \mathbf{v}) =\left( (x 1 +x 2)(y 1 +y 2), x 1 +x2)(z 1+22),y 1 +y 2+
3(z_1 + z 2) \right)

\]

Compare with:

\[
L(\mathbf{u}) + L(\mathbf{v}) =x 1y 1 +x 2y 2,x 1z 1+x2z2,y1+3z1+y2+3z2)
\]

In general, these are not equal because:

\[
x1+x2)y1l+y2)
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