A CAKE IN THE SHAPE IN RECTANGULAR SoLID
(x+1)FT,(x+-2)FT, AND (2%+3)FT As ITS HEIGHT, LENGTH,
AND WIDTH

A Cake IN THE SHAPE IN RECTANGULAR SoLip (x+1)FT, (x+-2)FT, AND (2x+3)FT As ITs HelGHT, LENGTH, AND W/IDTH

W/HEN IT COMES TO DESIGNING AND UNDERSTANDING GEOMETRIC SHAPES, ESPECIALLY IN REAL-WORLD APPLICATIONS LIKE CAKE
DECORATION, ARCHITECTURE, OR MANUFACTURING, THE CONCEPT OF A RECTANGULAR SOLID (ALSO KNOWN AS A RECTANGULAR
PRISM) PLAYS A CRUCIAL ROLE. IN THIS ARTICLE, WE WILL EXPLORE A FASCINATING PROBLEM INVOLVING A CAKE SHAPED AS A
RECTANGULAR SOLID WITH DIMENSIONS EXPRESSED ALGEBRAICALLY: HEIGHT, LENGTH, AND WIDTH GIVEN BY (X+ ]) FT, (X‘Q) FT
AND (2X+3) FT RESPECTIVELY. THIS EXPLORATION WILL INCORPORATE ALGEBRAIC CALCULATIONS, VOLUME AND SURFACE
AREA DETERMINATION, AND PRACTICAL INSIGHTS INTO HOW SUCH SHAPES ARE ANALYZED AND CREATED.

’

UNDERSTANDING THE DIMENSIONS OF THE RECTANGULAR SoLib CAKE

THE GIVEN DIMENSIONS ARE ALGEBRAIC EXPRESSIONS INVOLVING A VARIABLE X:

- HeigHT: (x + 1) FT

- LeneTH: (x - 2) FT

-WioTH: (2x + 3) FT

THESE EXPRESSIONS SUGGEST THAT THE SIZE OF THE CAKE DEPENDS ON THE VALUE OF X. TO MAKE MEANINGFUL CALCULATIONS,

WE NEED TO CONSIDER THE CONSTRAINTS ON X THAT ENSURE ALL DIMENSIONS ARE POSITIVE, AS NEGATIVE LENGTHS ARE
PHYSICALLY IMPOSSIBLE.

DETERMINING VALID V ALUES FOR X

BEFORE PROCEEDING WITH CALCULATIONS, IDENTIFY THE DOMAIN OF X:
- SINCE LENGTH = (X - 2) FT MUST BE POSITIVE: X - 2 > 0 x> 2
-WioTH=(2x + 3) FTMUST BEPOSITIVE: 2Xx + 3> 0[] x>-1.5

-HeigHT = (x + 1) FTMUST BEPOSITIVE: X + 1 >0 x> -1

THE STRICTEST CONDITION IS X > 2 BECAUSE IT ENSURES ALL DIMENSIONS ARE POSITIVE.

CALCULATING THE VoLUME ofF THE CAKE

THE VOLUME OF A RECTANGULAR SOLID IS CALCULATED USING THE FORMULA!
\[V = \texT{LencTH} \TiMes \TexT{wiDTH} \TiMes \TexT{HEIGHT]} \]
SUBSTITUTING THE GIVEN EXPRESSIONS:

\LV(x) =(x-2)\1iMes (2x + 3) \TiMes (x + 1) \]

LET'S EXPAND THIS STEP-BY-STEP.



STeP 1: EXPAND THE LENGTH AND WIDTH

\[

(x - 2)(2x + 3) = x \TiMes 2x + x \TiMEs 3 - 2 \TiMeS 2% - 2 \TiMes 3
\]

\[

=2x"2+3x-4x-6=2x"2-%x-6

\]

STeP 2: MULTIPLY THE RESULT BY HEIGHT \((x + 1)\)

\[
V(x)=(2x"2-x-6)(x+ 1)
\]

Now, EXPAND THIS:

\[

2x2 \TiMes X + 2x*2 \TiMEs 1 - x \TIMES X - X \TIMES 1 - 6 \TIMES X - 6 \TIMES 1
\]

\[

=2x"3+ 2x"2 -x"2-x-6x-6

\]

COMBINE LIKE TERMS:

\[
2x"3+ (2x"2 - x"2) + (-x - 6x) - 6 = 2x" 3+ x"2-Tx - 6
\]

FINAL VOLUME FUNCTION:

\[
V(x)=2x"3+x"2-7x-6
\]

NoTe: For x > 2, THIS VOLUME WILL BE POSITIVE, REPRESENTING THE SIZE OF OUR CAKE.

CALCULATING THE SURFACE AREA

THE SURFACE AREA (SA) OF A RECTANGULAR SOLID IS GIVEN BY:
\[SA = 2(Lw + LH + wH) \]

USING THE EXPRESSIONS:

-\(L=x-2\)
-\(w=2x+3)\)
“\(H=x+11)

CALCULATE EACH PRODUCT:

1.\ Ltw =(x-2)(2x + 3) = 2x"2 - x - 6 \) (FROM EARLIER)
2 \M(th=(x-2)x+1)=x"2-%x-2\)



3N wH=(2x+3)(x+ 1)=2x"2+5x+3\)

Now, SUM THESE:

\[

LW+ LH+WH=(2X"2-%x-6)+(x"2-x-2)+ (2x"2 + 5x + 3)
\]

COMBINE LIKE TERMS:

\[

(2x"2 + X2+ 2x"2) + (-x-x+5x)+ (-6 -2+ 3)=5x"2+3x-5
\]

FINALLY, MULTIPLY BY 2:

\[

SA(X) =2 \1iMes (Bx"2 + 3x - 5) = 10x"2 + 6x - 10

\]

THIS EXPRESSION GIVES THE TOTAL SURFACE AREA OF THE CAKE IN SQUARE FEET, DEPENDING ON X.

ANALYZING AND OPTIMIZING THE SHAPE

DEPENDING ON THE PURPOSE—WHETHER FOR AESTHETIC DESIGN, MATERIAL MINIMIZATION, OR VOLUME MAXIMIZATION=WE MIGHT
WANT TO ANALYZE HOW CHANGING X AFFECTS THE VOLUME AND SURFACE AREA.

MAXIMIZING V OLUME

TO FIND THE VALUE OF X THAT MAXIMIZES VOLUME, DIFFERENTIATE \( V(x) \):

\[
Vi(x)=6x"2+2x-7
\]

SET DERIVATIVE TO ZERO TO FIND CRITICAL POINTS:

\[
6x"2+2x-7=0
\]

SOLVE USING QUADRATIC FORMULA!

\[

x = \FRAC{-2 \PM \sQrT{(2)"2 - 4 \TiMes 6 \TiMes (-7)3}{2 \TimMES 6}

\]

\[

x = \rrRAC{-2 \PM \s@rT{4 + 1683}{123 = \rrac{-2 \pm \s@rT{1723} 12}
\]

\[

x = \rrac{-2 \pm 13.1143}{123
\]

CALCULATE BOTH:



-\(x =\rrac{-2 + 13.1143{12} \arrrox \Frrac{11.1143}{12} \arProx 0.926 \)
-\(x =\rrac{-2 - 13.114}{ 12} \arrrox \FrRAC{-15.1143{ 123} \ArPPrOX -1.259 \)

RECALL THE DOMAIN CONSTRAINT: \( X > 2 \). SINCE BOTH CRITICAL POINTS ARE LESS THAN 2, THE MAXIMUM VOLUME WITHIN
THE DOMAIN OCCURS AT THE BOUNDARY \( x \To 27+ \).

CoNCLUSION: TO MAXIMIZE THE VOLUME WITHIN FEASIBLE X VALUES, CHOOSE X AS CLOSE TO 2 AS POSSIBLE FROM ABOVE.

MINIMIZING SURFACE AREA

SiMILARLY, DIFFERENTIATE \( SA(x) \):

\[
SA'(x) =20x+ 6
\]

SET TO ZERO:

\[
20x + 6 = 0 \RigHTARROW X = -\FRAC{6}{20} =-0.3

\]

BuT siNce \( x > 2 \), THE MINIMUM SURFACE AREA OCCURS AT THE LOWER LIMIT \( x \To 27+ \).

PrRACTICAL APPLICATIONS AND CONSIDERATIONS

UNDERST ANDING HOW THE DIMENSIONS CHANGE WITH X ALLOWS BAKERS, ARCHITECTS, AND DESIGNERS TO CUSTOMIZE THEIR
CREATIONS. FOR EXAMPLE:

- BAKING AND DECORATION: KNOWING THE VOLUME HELPS ESTIMATE INGREDIENT QUANTITIES.

- MATERIAL COST: SURFACE AREA CALCULATIONS ASSIST IN DETERMINING THE AMOUNT OF ICING OR DECORATIVE MATERIAL
NEEDED.

- STRUCTURAL STABILITY: LARGER CAKES NEED TO CONSIDER THE RATIO OF SURFACE AREA TO VOLUME TO ENSURE STABILITY
AND AESTHETIC APPEAL.

DesiGN TiPs FOr RECTANGULAR SoLip CAKES

- ALWAYS ENSURE DIMENSIONS ARE POSITIVE AND PRACTICAL.
- USE ALGEBRAIC EXPRESSIONS TO CUSTOMIZE SIZES DYNAMICALLY.
- CONSIDER THE CONSTRAINTS AND OPTIMIZE FOR SPECIFIC GOALS (MAX VOLUME, MINIMAL MATERIAL, ETC.).

CoNCLUSION

A CAKE SHAPED AS A RECTANGULAR SOLID WITH DIMENSIONS EXPRESSED AS ALGEBRAIC FUNCTIONS OF X OFFERS A FASCINATING
INTERSECTION OF GEOMETRY, ALGEBRA, AND PRACTICAL DESIGN. BY ANALYZING THE EXPRESSIONS FOR VOLUME AND SURFACE
AREA, ONE CAN MAKE INFORMED DECISIONS ABOUT THE OPTIMAL SIZE DEPENDING ON THEIR NEEDS. \WHETHER IT'S FOR MAXIMIZING
THE CAKE'S VOLUME OR MINIMIZING MATERIAL USE, UNDERSTANDING THESE MATHEMATICAL PRINCIPLES ENSURES BETTER PLANNING
AND EXECUTION OF CAKE DESIGN OR ANY OTHER STRUCTURAL PROJECT INVOLVING RECTANGULAR SOLIDS.

REMEMBER: ALWAYS ACCOUNT FOR THE DOMAIN RESTRICTIONS TO ENSURE YOUR CALCULATIONS ARE PHYSICALLY MEANINGFUL



AND FEASIBLE.

FREQUENTLY ASkeD QUESTIONS

W/HAT ARE THE DIMENSIONS OF THE CAKE IN TERMS OF X?

THE CAKE HAS A HEIGHT OF (X + 1) FT, A LENGTH OF (X + 2) FT, AND A WIDTH OF (2x + 3) FT.

How cAN | FIND THE VOLUME OF THE CAKE BASED ON X?

THE VOLUME V IS GIVEN BY MULTIPLYING THE DIMENSIONS: V = (x + 1) (x + 2) (2x + 3).

\WHAT IS THE EXPANDED FORM OF THE VOLUME EXPRESSION?

ExPANDING THE VOLUME: V = (x + 1)(x + 2)(2x + 3) = 2x"3 + 7x"2 + 11x + 6.

AT WHAT VALUE OF X DOES THE CAKE HAVE A VOLUME OF ZERO?

SET THE VOLUME EXPRESSION TO zERO: 2X"3 + 7x"2 + 11x + 6 = 0, THEN SOLVE FOR X TO FIND THE ROOTS.

How DOES THE VOLUME CHANGE AS X INCREASES?

SINCE THE VOLUME IS A CUBIC POLYNOMIAL WITH POSITIVE LEADING COEFFICIENT, THE VOLUME INCREASES RAPIDLY AS X
INCREASES BEYOND THE ROOTS.

ARE THERE ANY RESTRICTIONS ON X FOR THE DIMENSIONS TO BE POSITIVE?

YES, TO ENSURE ALL DIMENSIONS ARE POSITIVE: X + 1> 0, X+ 2 >0, AND 2x + 3 > 0, WHICH IMPLIES X > -1, X > -2, AND
X > -1. THE MOST RESTRICTIVE IS X > - 1.

How CAN | FIND THE SURFACE AREA OF THE CAKEP

THE SURFACE AREA SA = 2(Lw + LH + WH), WHEREL = (X + 2), w = (2x + 3), ANDH = (x + 1).

CAN THE DIMENSIONS BECOME NEGATIVE FOR SOME VALUES OF X?

NO, FOR THE DIMENSIONS TO BE POSITIVE, X MUST BE GREATER THAN - 1.For x < -1 , SOME DIMENSIONS BECOME ZERO OR
NEGATIVE, WHICH ISN'T MEANINGFUL FOR PHYSICAL CAKE DIMENSIONS.

ADDITIONAL RESOURCES

UNDERSTANDING THE GEOMETRY AND DIMENSIONS OF A CAKE IN THE SHAPE OF A RECTANGULAR SoLib (x+1) FT, (x-2) FT,
AND (2x+3) FT As |TS HEIGHT, LENGTH, AND W/IDTH

\/HEN IT COMES TO DESIGNING OR ANALYZING A CAKE WITH SPECIFIC GEOMETRIC DIMENSIONS, UNDERSTANDING THE UNDERLYING
MATH CAN BE BOTH FASCINATING AND PRACTICAL. A CAKE IN THE SHAPE OF A RECTANGULAR SOLID (x+1) FT, (x-2) FT, AND
(2x+3) FT AS ITS HEIGHT, LENGTH, AND WIDTH PRESENTS AN INTERESTING PROBLEM IN ALGEBRAIC GEOMETRY , MEASUREMENT,

AND VOLUME CALCULATION. WHETHER YOU'RE A CAKE DESIGNER, A MATH TEACHER, OR SIMPLY A CURIOUS ENTHUSIAST, THIS
GUIDE AIMS TO BREAK DOWN THE COMPLEXITIES INTO MANAGEABLE PARTS, OFFERING A COMPREHENSIVE LOOK AT THE PROBLEM.



INTRODUCTION: WHY Focus oN THe DIMENSIONS?

A RECTANGULAR SOLID CAKE, CHARACTERIZED BY ITS LENGTH, WIDTH, AND HEIGHT, IS A COMMON SHAPE IN BAKING AND
CELEBRATION EVENTS. \WHEN THESE DIMENSIONS ARE EXPRESSED ALGEBRAICALLY—SUCH AS (x+1) FT, (x-2) FT, AND (2x+3)
FT—IT INTRODUCES VARIABLES THAT CAN BE MANIPULATED TO ACHIEVE DESIRED SIZE CONSTRAINTS OR TO UNDERSTAND HOW

THE SIZE CHANGES WITH RESPECT TO THE VARIABLE X. THIS EXPLORATION NOT ONLY HELPS IN CALCULATING VOLUME AND
SURFACE AREA BUT ALSO ENHANCES PROBLEM~SOLVING SKILLS IN ALGEBRA AND GEOMETRY.

DEFINING THE DIMENSIONS: THE V ARIABLES AT PLAY

(UNDERSTANDING THE EXPRESSIONS

GIVEN THE DIMENSIONS:

- HeigHT: (x + 1) FT

- LenGTH: (x - 2) FT

-WioTH: (2x + 3) FT

EACH IS EXPRESSED AS A FUNCTION OF THE VARIABLE X. THE FIRST STEP IS TO ANALYZE THESE EXPRESSIONS TO ENSURE THEY
ARE VALID (E.G., DIMENSIONS CANNOT BE NEGATIVE IN REAL-WORLD MEASUREMENTS), AND THEN DETERMINE THE IMPLICATIONS OF
DIFFERENT VALUES OF X.

CONSTRAINTS ON X

TO MAKE ALL DIMENSIONS PHYSICALLY MEANINGFUL (POSITIVE MEASUREMENTS), THE FOLLOWING INEQUALITIES MUST BE
SATISFIED:

I.x+1>0[F x>-1
2.x-2>0[F x>2
3.2x+3>0p x>-1.5

THE MOST RESTRICTIVE CONDITION HERE IS X > 2, ENSURING ALL DIMENSIONS ARE POSITIVE WHEN X > 2.

CALCULATING THE VoLUME: A Key METRIC

THE VOLUME OF A RECTANGULAR SOLID IS GIVEN BY:

V = LENGTH X WIDTH X HEIGHT

SUBSTITUTING THE EXPRESSIONS:

V(x)=(x-2)x(2x+3)x(x+1)

THIS ALGEBRAIC EXPRESSION ALLOWS US TO ANALYZE HOW THE VOLUME CHANGES WITH RESPECT TO X.
STeP-BY-STEP VOLUME CALCULATION

LeT’s expand V(x):

1. MuLTipLy (x - 2) AaND (2% + 3):

(x-2)(2x+3)=x2x+x3-22x-23

=2x%+ 3x-4x-6
=2x%2-x-6



2. Now MULTIPLY THIS RESULT BY (X + 1):

(2x%2-x-6)(x+1)=2x2x+2x2 1 -xx-x1-6x-61
=2x3+ 2x%2-%x%2-x-6x-6

3. COMBINE LIKE TERMS:

253+ (2x2-x) + (-x - 6x) - 6
=2x3+x%-7x-6

THUS, THE VOLUME FUNCTION IS:

V(x)=2x3+x2-7x-6

ANALYZING THE VOLUME FUNCTION

DomAaIN oF V(x)

FROM EARLIER CONSTRAINTS, X > 2, SO THE DOMAIN OF V(X) FOR PHYSICAL DIMENSIONS 1S (2, ] ).
CRITICAL POINTS AND MAXIMA/MINIMA

TO UNDERSTAND HOW VOLUME VARIES WITH X, FIND THE CRITICAL POINTS BY DIFFERENTIATING V(X):
V'(x) =p/ox (2x®+ x2-7x - 6) = 6x2+ 2x -7

SeT V'(x) = O TO FIND CRITICAL POINTS:

6x2+2x-7=0

DIVIDE THROUGH BY 1 (FOR SIMPLICITY):

6x2+2x-7=0

USE QUADRATIC FORMULA!

x=[-2x[F (22-46(-7)1/(26)

x=[-2+F (4+168)]/12

x=[-2+F 172]/12

172=13.114

So,

x~[-2+13.114]/12~11.114 [/ 12=0.926

AND

x=~[-2-13.114]/12~-15114 [ 12~-1.26

GIVEN THE DOMAIN X > 2, ONLY THE CRITICAL POINT AT X = 0.926 IS OUTSIDE THE DOMAIN, SO WITHIN OUR DOMAIN, V() IS
MONOTONIC.

BEHAVIOR OF VOLUME FOR X > 2



SINCE THE CRITICAL POINT IS OUTSIDE THE DOMAIN, \/(X) IS EITHER INCREASING OR DECREASING FOR X > 2. TESTING AT X = 3:

V(3)=2(27)+9-21-6=54+9-21-6=236
AT X = 4:
V(4)=2(64)+16-28-6=128+16-28-6=110

THE VOLUME INCREASES AS X INCREASES BEYOND 2/ INDICATING A MONOTONICALLY INCREASING VOLUME IN THIS DOMAIN.

SURFACE AREA CALCULATIONS

SURFACE AREA S OF A RECTANGULAR SOLID:

S = 2 (LENGTH X WIDTH + WIDTH X HEIGHT + HEIGHT X LENGTH)
SUBSTITUTING THE EXPRESSIONS:

S(x) = 2[(x - 2)(2x + 3) + (2x + 3)(x + 1) + (x + 1)(x - 2)]
LET’S EXPAND EACH TERM:

1. (x - 2)(2x + 3): As BEFORE, 2x2 - x - 6

2.(2x+3)(x+ 1):2x2+ 2x + 3x + 3 =2x>+ 5x + 3
(X + M(x-2):x?-2x+x-2=x2-%x-2

Now SUM THESE:
(2x2-x-6)+(2x2+B5x +3) +(x?-x-2) =

2x2+ 2x%2+ X2+ (-x +Bx-x)+ (-6 +3-2) =

(6x2) + (8x) +(-5) = 65x2+ 3x - 5

MULTIPLY BY 2 FOR TOTAL SURFACE AREA:

S(x) =2 (5x?+3x-5)=10x2+6x- 10

THIS FORMULA ALLOWS EVALUATION OF SURFACE AREA FOR DIFFERENT X VALUES GREATER THAN 2.

PrACTICAL APPLICATIONS: DESIGNING AND CONSTRUCTING THE CAKE
CHOOSING THE RIGHT DIMENSIONS

UNDERSTANDING THE ALGEBRAIC RELATIONSHIPS ALLOWS BAKERS AND DESIGNERS TO SELECT AN X VALUE THAT FITS THE
DESIRED SIZE CONSTRAINTS OR AESTHETIC PREFERENCES. FOR EXAMPLE:

- To ACHIEVE A VOLUME OF APPROXIMATELY 200 cuslic FeeT, soLVvE V(x) = 200:
2x% +x2-7x-6 =200
2x% +x%-7x-206=0

THIS CUBIC CAN BE SOLVED NUMERICALLY TO FIND X, WHICH THEN GUIDES THE DIMENSIONS.



ENSURING STRUCTURAL STABILITY

L ARGER CAKES REQUIRE ATTENTION TO STRUCTURAL STABILITY. KNOWING HOW DIMENSIONS SCALE WITH X HELPS IN PLANNING
SUPPORT STRUCTURES, INGREDIENT QUANTITIES, AND BAKING TIMES.

VISUAL AND AESTHETIC CONSIDERATIONS
BY MANIPULATING X, DECORATORS CAN ADJUST THE PROPORTIONS:

- INCREASING X MAKES THE CAKE LARGER AND MORE ELONGATED OR SQUAT, DEPENDING ON HOW THE DIMENSIONS CHANGE.
- MAINTAINING PROPORTIONALITY ENSURES AESTHETIC HARMONY.

SUMMARY OF KEY TAKEAWAYS

- THE DIMENSIONS OF THE CAKE ARE EXPRESSED AS ALGEBRAIC FUNCTIONS OF X: HEIGHT (X + 1) FT, LENGTH (X - 2) FT, AND
wIDTH (2% + 3) FT.
- THE VOLUME FUNCTION V() = 2x3 + X2 - 7x - 6 PROVIDES A BASIS FOR CALCULATING HOW MUCH CAKE MATERIAL IS
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