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Understanding how liquids drain from tanks through small openings is essential in fields such as fluid

mechanics, engineering, and industrial design. This article delves into the physics and mathematics

behind the scenario where a cylindrical tank of radius R, filled to the brim with liquid, contains a small

hole of radius r on its side. We will explore the principles governing the flow rate, the factors

influencing drainage, and practical applications of this knowledge.

---

Overview of the Scenario

The situation involves a cylindrical tank with specific parameters:

Tank Dimensions and Liquid Level

Radius (R): The distance from the center to the outer wall of the cylinder.

Height Filled (H): The tank is filled to the top, meaning the liquid height equals the tank's height.



Hole Characteristics

Radius (r): The small opening in the side of the tank through which the liquid escapes.

Position: Located at a certain height from the base, often at a known height h from the bottom of

the tank.

Understanding the flow through this small orifice involves principles from fluid dynamics, especially

Torricelli’s law and the Bernoulli equation, which relate the velocity of the fluid to the height of the

liquid column and the properties of the fluid.

---

Fundamental Principles Governing Fluid Flow

The flow of liquid through a small hole in the side of a tank can be analyzed using classical fluid

mechanics principles.

Bernoulli’s Equation

This principle states that for an incompressible, non-viscous fluid, the total mechanical energy along a

streamline is constant:

\[

P + \frac{1}{2} \rho v^2 + \rho g h = \text{constant}

\]



Where:

- \( P \) = pressure energy

- \( \rho \) = density of the liquid

- \( v \) = velocity of the fluid

- \( g \) = acceleration due to gravity

- \( h \) = height relative to a reference point

Application to Tank Drainage

Assuming the tank is open to the atmosphere and neglecting viscous effects:

- The pressure at the liquid surface is atmospheric.

- The pressure at the hole is also atmospheric (assuming the hole is open to the air).

As a result:

- The velocity of the liquid exiting the hole can be approximated by the relation derived from Bernoulli’s

principle:

\[

v = \sqrt{2 g h}

\]

where \( h \) is the height of the liquid surface above the center of the hole.

Flow Rate Calculation

The volumetric flow rate \( Q \) (volume per unit time) is:

\[

Q = A \times v

\]



where \( A = \pi r^2 \) is the cross-sectional area of the hole.

Thus,

\[

Q = \pi r^2 \sqrt{2 g h}

\]

This formula assumes inviscid flow and neglects effects like viscosity, air resistance, and turbulence,

which can be significant in real-world applications.

---

Factors Affecting the Drainage Rate

Several factors influence how quickly the liquid drains from the tank through the small hole:

1. Size of the Hole (Radius r)

- Larger holes allow more fluid to escape per unit time.

- The flow rate \( Q \) is proportional to \( r^2 \), indicating that small increases in \( r \) significantly

increase flow.

2. Liquid Height (h)

- As the liquid level drops, \( h \) decreases, reducing the velocity \( v \).

- The drainage rate diminishes over time, unless the hole is at a fixed height and the tank is designed

to maintain the height.



3. Fluid Properties

- Density (\( \rho \)): Heavier fluids exert more pressure, increasing flow.

- Viscosity: Higher viscosity results in slower flow and introduces energy losses that reduce the actual

flow rate compared to ideal predictions.

4. Position of the Hole

- The height \( h \) of the hole relative to the liquid surface determines the velocity.

- Holes placed lower in the tank experience higher \( h \), thus higher flow velocities.

5. External Factors

- Air pressure and turbulence can affect flow rate.

- Obstructions or roughness at the opening influence the flow through viscous effects.

---

Mathematical Modeling of Drainage

To precisely analyze the drainage process, especially over time, differential equations are employed.

Deriving the Flow Equation

Suppose:

- The cross-sectional area of the tank is \( A_{tank} = \pi R^2 \).

- The height of the liquid at time \( t \) is \( h(t) \).

Applying conservation of mass:



\[

A_{tank} \frac{dh}{dt} = -Q

\]

Substituting \( Q \):

\[

A_{tank} \frac{dh}{dt} = - \pi r^2 \sqrt{2 g h}

\]

Rearranged:

\[

\frac{dh}{dt} = - \frac{\pi r^2}{A_{tank}} \sqrt{2 g h}

\]

This differential equation describes how \( h(t) \) decreases over time.

Solving the Differential Equation

Integrating both sides:

\[

\int_{h_0}^{h(t)} \frac{dh}{\sqrt{h}} = - \frac{\pi r^2}{A_{tank}} \sqrt{2 g} \int_{0}^{t} dt

\]

Calculating the integral:

\[

2 (\sqrt{h} - \sqrt{h_0}) = - \frac{\pi r^2}{A_{tank}} \sqrt{2 g} \, t

\]



Rearranged to solve for \( h(t) \):

\[

\sqrt{h(t)} = \sqrt{h_0} - \frac{\pi r^2}{2 A_{tank}} \sqrt{2 g} \, t

\]

Squaring both sides:

\[

h(t) = \left( \sqrt{h_0} - \frac{\pi r^2}{2 A_{tank}} \sqrt{2 g} \, t \right)^2

\]

This model predicts the height of the liquid over time until it reaches zero (tank empty), at which point

flow ceases.

---

Practical Applications and Considerations

Understanding the behavior of liquid flow through small holes in cylindrical tanks is vital across various

industries.

1. Storage and Reservoir Management

- Designing tanks with appropriate outlet sizes for controlled drainage.

- Ensuring safe and efficient liquid removal.



2. Industrial Processes

- Draining chemical reactors or process tanks.

- Designing spillways and overflow outlets.

3. Fluid Mechanics Education

- Demonstrating principles like Bernoulli's law and energy conservation.

- Building experimental setups to observe real-time drainage.

4. Environmental and Safety Considerations

- Preventing uncontrolled leaks or spills.

- Designing emergency drainage systems.

5. Limitations in Real-World Scenarios

- Viscous effects and turbulence often reduce actual flow below ideal predictions.

- Air resistance and external forces can alter flow rates.

- Pipe bends, obstructions, and wear affect long-term performance.

---

Design Tips for Engineers and Practitioners

When designing systems involving drainage through small holes, consider the following:

Optimal Hole Placement: Position the outlet at a height that balances flow rate and safety1.



considerations.

Size Selection: Choose \( r \) to meet desired flow rates while considering structural constraints.2.

Material Choice: Use corrosion-resistant materials if the liquid is chemically active.3.

Incorporate Viscous Effects: Use empirical correction factors or computational fluid dynamics4.

(CFD) simulations for more accurate predictions.

Safety Margins: Design with safety factors to account for unexpected flow restrictions or5.

clogging.

---

Conclusion

The analysis of a cylindrical tank filled to the top with liquid and equipped with a small side hole

involves fundamental fluid dynamics principles. By understanding how variables such as hole radius,

liquid height, and fluid properties influence flow, engineers can design more efficient and safer systems

for liquid storage and transfer. Mathematical models based on Bernoulli’s law and conservation of

mass provide valuable insights, enabling predictions of drainage times and flow rates. While ideal

equations give a good starting point, real-world applications require consideration of viscous effects,

turbulence, and external factors. Mastery of these concepts ensures effective management of liquid

resources across industries.

---
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Frequently Asked Questions

How can we determine the rate at which liquid flows out of a small

hole in a cylindrical tank?

The flow rate can be estimated using Torricelli's law, which states that the velocity of the liquid exiting

the hole is proportional to the square root of the height of the liquid column, given by v = √(2gh). The

volumetric flow rate is then Q = A v, where A is the area of the hole.

What factors affect the rate of liquid drainage through a small hole in

a cylindrical tank?

Factors include the height of the liquid column (which affects pressure), the radius of the hole, the

viscosity of the liquid, and the presence of any restrictions or valves at the outlet.

How does the radius of the hole influence the time it takes to empty

the tank?

A larger radius increases the cross-sectional area, allowing a higher flow rate and thus reducing the

time to empty the tank. Conversely, a smaller radius slows down drainage, extending the emptying

time.

Can we model the emptying process of the cylindrical tank

mathematically?

Yes, using principles from fluid dynamics, specifically Bernoulli's equation and the continuity equation,

we can derive a differential equation describing the height of the liquid over time and solve it to find

the emptying time.



What assumptions are typically made when analyzing liquid outflow

from a cylindrical tank with a small hole?

Common assumptions include incompressible, non-viscous, steady flow, negligible air resistance, and

that the hole is small enough for the velocity to be approximated by Torricelli's law without significant

turbulence effects.

How does the initial liquid height in the tank affect the flow rate

through the hole?

The initial height determines the initial pressure head; higher initial heights result in higher initial flow

velocities, leading to a faster initial outflow rate, which decreases as the liquid level drops.

What is the significance of the radius of the hole in terms of the

tank's drainage efficiency?

The radius directly affects the flow area; increasing the radius significantly improves drainage efficiency

by allowing more liquid to flow out per unit time, thus reducing the total emptying duration.

How can the concept of hydrostatic pressure be applied to analyze the

outflow from the tank?

Hydrostatic pressure at a given height in the liquid column is given by p = ρgh; this pressure drives

the flow through the hole, and understanding its distribution helps in deriving flow rates and modeling

the drainage process.

Are there practical applications or engineering considerations related

to small holes in cylindrical tanks?

Yes, understanding flow through small holes is essential in designing drainage systems, spill

prevention, leak detection, and ensuring safety in storage tanks containing liquids or gases.
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Introduction

Imagine a large, upright cylindrical tank—its walls robust and its capacity vast—filled to the brim with a

liquid. Suddenly, a tiny hole appears on its side, just large enough to let some liquid escape. This

scenario is common in various industrial, environmental, and engineering contexts, from water storage

facilities to chemical reactors. While seemingly straightforward, understanding the flow of liquid through

such a small opening involves a fascinating interplay of physics, fluid dynamics, and engineering

principles. This article delves into the fundamental concepts governing the flow rate through a small

hole in a cylindrical tank, providing insights into how to model, analyze, and predict the behavior of

such a system.

---

The Geometry of the Tank and the Hole

Before exploring the physics, it’s crucial to understand the geometrical setup:

- Cylindrical tank dimensions:

- Radius: \( R \)

- Height: \( H \)

- Liquid level:

- Filled to the top, so the liquid height equals the tank height \( H \).

- The hole:

- Located on the side of the tank at some height \( h \) from the bottom.

- Radius of the hole: \( r \), with \( r \ll R \) (small compared to the tank radius).



The position of the hole relative to the liquid surface is vital because it determines the pressure driving

the flow, as per hydrostatic principles.

---

Fundamental Principles Governing the Outflow

Hydrostatic Pressure and Bernoulli’s Equation

The flow of liquid through the small hole is primarily driven by the pressure difference between the

inside of the tank at the hole's level and the external atmosphere. The key principles include:

- Hydrostatic pressure:

At a depth \( h \), the pressure exerted by a static liquid column is given by

\[

P = \rho g h

\]

where:

- \( \rho \) is the density of the liquid,

- \( g \) is acceleration due to gravity,

- \( h \) is the height of the liquid column above the point of interest.

- Bernoulli’s equation:

This fundamental relation links pressure, velocity, and height in a flowing fluid, expressed as

\[

P + \frac{1}{2} \rho v^2 + \rho g y = \text{constant}

\]

In the context of the tank, Bernoulli’s principle helps us relate the pressure at the liquid surface and at

the hole to the velocity of the outflow.



---

Modeling the Flow Rate Through the Small Hole

Assumptions and Simplifications

To analyze the flow, certain assumptions are typically made:

1. Incompressible, non-viscous fluid:

The liquid's viscosity and compressibility are negligible, simplifying the analysis.

2. Steady flow:

The flow rate remains constant during the period of interest, or changes slowly enough for quasi-static

approximation.

3. Small hole size:

The radius \( r \) is small relative to \( R \), ensuring minimal disturbance to the tank's overall pressure

distribution.

4. Negligible air resistance and atmospheric pressure variations:

The external pressure is assumed constant.

Derivation of the Discharge Rate

Using Bernoulli’s principle between the free surface (at height \( H \)) and the outlet at height \( h \):

\[

P_{\text{surface}} + \rho g H = P_{\text{hole}} + \frac{1}{2} \rho v^2

\]

Since the liquid surface is open to the atmosphere, \( P_{\text{surface}} = P_{\text{atm}} \). Similarly, at



the hole, the pressure is also \( P_{\text{atm}} \) (assuming the hole is exposed to atmospheric

pressure). Simplifying:

\[

\rho g H = \frac{1}{2} \rho v^2 + 0

\]

which yields:

\[

v = \sqrt{2 g (H - h)}

\]

This velocity \( v \) is the speed of the liquid exiting the hole. The volumetric flow rate \( Q \) is then:

\[

Q = A \times v = \pi r^2 \times \sqrt{2 g (H - h)}

\]

This is the classic Torricelli’s law, which states that the exit velocity of a fluid under gravity from a hole

at depth \( h \) is equivalent to the velocity a free-falling object would have after falling through the

same vertical distance.

---

Flow Rate Dynamics and Time Dependence

When the Tank is Full

Initially, when the tank is full (\( H \) is maximum), the pressure difference is greatest, leading to the

highest outflow rate:



\[

Q_0 = \pi r^2 \sqrt{2 g H}

\]

As the liquid drains, the height \( H(t) \) decreases, and so does the flow rate:

\[

Q(t) = \pi r^2 \sqrt{2 g H(t)}

\]

The change in the liquid level over time is governed by the differential equation:

\[

A_{\text{tank}} \frac{dH}{dt} = -Q(t) = - \pi r^2 \sqrt{2 g H(t)}

\]

where \( A_{\text{tank}} = \pi R^2 \) is the cross-sectional area of the tank.

---

Solving the Drainage Equation

Rearranging:

\[

\frac{dH}{dt} = - \frac{\pi r^2}{\pi R^2} \sqrt{2 g H} = - \frac{r^2}{R^2} \sqrt{2 g H}

\]

This differential equation can be written as:

\[



\frac{dH}{\sqrt{H}} = - \frac{r^2}{R^2} \sqrt{2 g} \, dt

\]

Integrating both sides from the initial height \( H_0 \) to zero:

\[

\int_{H_0}^{0} \frac{dH}{\sqrt{H}} = - \frac{r^2}{R^2} \sqrt{2 g} \int_{0}^{T} dt

\]

The integral on the left:

\[

\int_{H_0}^{0} \frac{dH}{\sqrt{H}} = 2 (\sqrt{0} - \sqrt{H_0}) = - 2 \sqrt{H_0}

\]

Thus, the total drainage time \( T \):

\[

T = \frac{2 R^2}{r^2} \frac{\sqrt{H_0}}{\sqrt{2 g}} = \frac{R^2}{r^2} \sqrt{\frac{2 H_0}{g}}

\]

This formula indicates how the initial height, tank radius, and hole radius influence the drainage

duration.

---

Practical Considerations and Engineering Applications

Limitations of the Model

While the classic derivation offers valuable insights, real-world scenarios involve additional factors:



- Viscous effects:

Viscosity causes a reduction in flow velocity, especially significant for small holes or viscous liquids.

- Air resistance and back pressure:

As the liquid drains, air enters the tank through the hole, affecting flow continuity.

- Non-ideal geometries:

The hole may not be perfectly circular or located at an optimal position.

- Tank wall effects:

Structural constraints and potential turbulence near the hole can alter flow behavior.

Engineering Applications

Understanding flow through small openings in cylindrical tanks has broad implications:

- Design of spillways and drainage systems:

Ensuring controlled release of liquids to prevent overflow or structural failure.

- Chemical reactor venting:

Managing the outflow of gases or liquids during reactions.

- Water storage management:

Calculating refill and drain times for reservoirs.

- Environmental monitoring:

Predicting pollutant release rates from storage tanks.

---

Advanced Topics and Modern Techniques



Computational Fluid Dynamics (CFD)

Modern engineers often utilize CFD simulations to model complex flow scenarios accounting for

viscosity, turbulence, and real-world geometries. These simulations provide detailed velocity fields and

pressure distributions, enabling precise design and safety assessments.

Experimental Validation

Physical experiments with scaled models validate theoretical predictions. Techniques such as flow

visualization, high-speed imaging, and pressure sensors help refine models and account for factors like

turbulence and surface tension.

---

Conclusion

A small hole in the side of a cylindrical tank might seem trivial at first glance, but it encapsulates a rich

tapestry of physics, mathematics, and engineering principles. From the fundamental laws of

hydrostatics and Bernoulli’s equation to practical formulas for flow rate and drainage time,

understanding this system is crucial for designing efficient, safe, and reliable liquid storage solutions.

Whether in industrial applications, environmental management, or everyday engineering, mastering the

dynamics of fluid outflow through small openings remains a cornerstone of fluid mechanics. As

technology advances, combining classical theory with modern computational tools continues to

enhance our ability to predict and control these flows with greater accuracy and confidence.
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