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Understanding the relationship between likelihood equations and residuals in
Generalized Linear Models (GLMs) with canonical link functions is fundamental
to grasping how these models perform and how residuals can be interpreted. In
this article, we'll explore how the likelihood equations in such models imply
specific properties of residuals, shedding light on model diagnostics,
estimation, and interpretation.

Introduction to GLMs and Canonical Link
Functions

What is a Generalized Linear Model?

A Generalized Linear Model (GLM) extends traditional linear regression to
accommodate response variables that follow various distributions from the
exponential family, such as binomial, Poisson, or gamma distributions. GLMs
relate the expected value of the response variable to a linear predictor
through a link function, providing flexibility in modeling diverse types of
data.

Canonical Link Function

The canonical link function is a special choice of the link function that
simplifies the mathematics of GLMs. It is chosen such that the linear
predictor directly relates to the natural parameter of the exponential family
distribution. This choice often leads to desirable statistical properties,
including simpler likelihood equations and more straightforward estimation
procedures.

The Likelihood Equations in GLMs with Canonical
Link



Formulating the Likelihood Function

In a GLM, the likelihood function is based on the probability distribution of
the response variable \(Y\). For independent observations \(\{(Y i,
\mathbf{x} i)\} {i=1}"n\), the joint likelihood is:

\ [
L(\boldsymbol{\beta}) = \prod {i=1}"n f Y(y i; \theta i)
\1

where \(f Y\) is the probability density or mass function, and \(\theta 1i\)
represents the natural parameter for the \(i\)-th observation.

Likelihood Equations and Maximum Likelihood
Estimation

The maximum likelihood estimate (MLE) \(\hat{\boldsymbol{\beta}}\) is
obtained by solving the likelihood equations, which are derived by setting
the derivatives of the log-likelihood with respect to \(\boldsymbol{\beta}\)
to zero:

\ [
\frac{\partial \ell(\boldsymbol{\beta})}{\partial \boldsymbol{\beta}} = 0

\1]

In GLMs with canonical links, these likelihood equations take a particularly
simplified form because of the properties of the exponential family and the
natural parameter.

How the Likelihood Equations Imply Residual
Properties

Connection Between Score Function and Residuals

The score function, which results from the derivative of the log-likelihood,
plays a critical role in estimating \(\boldsymbol{\beta}\). When the model is
correctly specified, the likelihood equations' structure ensures that the
residuals are orthogonal (uncorrelated) to the fitted values, leading to
important residual properties.

Decomposition of Deviance and Residuals

In GLMs, deviance measures the discrepancy between the fitted model and the
saturated model. For models with canonical links, the likelihood equations
guarantee that the residuals—differences between observed and fitted



values—align with the deviance's structure, providing insight into model fit.

Implications of Likelihood Equations for
Residuals

Residuals as Zero Mean Errors

Because the likelihood equations are derived by setting the score function to
zero, the residuals—defined generally as the difference between observed and
fitted values—have an expected value of zero under the true model. This
property ensures that residuals are unbiased estimators of the error term.

Residuals and Orthogonality

In canonical GLMs, the likelihood equations imply that residuals are
orthogonal to the design matrix \(\mathbf{X}\). This orthogonality means that
residuals contain no information about the explanatory variables once the
model has been fitted, which is crucial for diagnostic checks.

Residual Variance and Fisher Information

The variance of residuals is connected to the Fisher information matrix
derived from the likelihood equations. Specifically, the variance of the
residuals can be expressed using the inverse of the Fisher information,
reflecting the precision of the estimates and the residual variability.

Mathematical Derivation of Residual Properties
From Likelihood Equations

Likelihood Equations in Canonical Links

For a GLM with canonical link, the likelihood equations can be written as:

\ [
\sum_{i=1}"n (Y_1i - \mu_i) \frac{\partial \eta_i}{\partial \mu_i} = 0
\1

where \(\eta i\) is the linear predictor, and \(\mu i\) is the mean response.
Since the link is canonical, \(\eta i\) is directly related to the natural
parameter, simplifying the derivatives.



Residuals as Functions of the Score Function

The residuals \(\hat{r} i\), often defined as Pearson residuals:

\ [
\hat{r} i = \frac{Y i - \hat{\mu} i}{\sqrt{\hat{\mathrm{Var}}(Y i)}}
\1

are directly influenced by the likelihood equations because the estimates

\ (\hat{\mu} i\) are obtained by solving these equations. Consequently, the
residuals reflect the discrepancies that the likelihood equations seek to
minimize, and their properties (such as mean zero and uncorrelatedness with
fitted values) follow directly from the structure of these equations.

Practical Implications for Model Diagnostics

Residual Analysis

Understanding how likelihood equations imply residual properties allows
practitioners to perform effective residual diagnostics, including:

e Checking for systematic patterns
e Identifying outliers or influential observations

e Assessing model adequacy

Model Refinement

Residuals guided by the properties derived from the likelihood equations
enable model refinements, such as adding interaction terms, transforming
variables, or considering alternative link functions.

Conclusion

The likelihood equations in a GLM with canonical link function are not just
tools for estimation; they inherently dictate the properties of residuals
within the model. These equations ensure that residuals are unbiased,
orthogonal to the explanatory variables, and reflect the variance structure
imposed by the distribution and link function. By understanding these
relationships, statisticians and data analysts can perform more accurate
diagnostics, improve model fit, and interpret their models more effectively.
Recognizing how the likelihood equations imply specific residual behaviors



enhances our grasp of the theoretical underpinnings of GLMs and their
practical applications in statistical modeling.

Frequently Asked Questions

How do the likelihood equations in a GLM with a
canonical link function relate to residuals?

In a GLM with a canonical link, the likelihood equations are derived from
setting the score function to zero, which leads to conditions that connect
the fitted mean responses to the observed data. These conditions imply that
the residuals, defined as the difference between observed and fitted values,
are orthogonal to the model's predictors, ensuring that the residuals
encapsulate unexplained variation.

Why does the canonical link function simplify the
relationship between the likelihood equations and
residuals?

The canonical link function transforms the mean parameter directly into the
linear predictor, simplifying the derivatives involved in the likelihood
equations. This direct relationship makes it clearer how the residuals, as
deviations from the fitted model, relate to the likelihood equations, often
resulting in residuals that are uncorrelated with the predictors.

In what way do the likelihood equations ensure that
residuals are orthogonal to the design matrix in a
GLM with canonical 1link?

The likelihood equations, when solved, impose that the weighted sum of
residuals multiplied by the predictors equals zero. This orthogonality
condition ensures that residuals are uncorrelated with the explanatory
variables, reflecting that the model has captured all linear relationships
specified by the predictors.

How can residual analysis be used to assess the
adequacy of a GLM with a canonical link function
based on the likelihood equations?

Residuals derived from the likelihood equations should display randomness and
lack of systematic patterns if the model fits well. Any systematic deviation
from zero or correlation with predictors suggests violations of model
assumptions, indicating that the likelihood equations' conditions imply
residuals should behave as 'noise' if the model is appropriate.



What role do the score functions play in linking
likelihood equations to residuals in a GLM with a
canonical link?

Score functions, obtained by differentiating the log-likelihood, lead to the
likelihood equations. These equations enforce that the weighted residuals sum
to zero, directly relating the solutions of the likelihood equations to the
residuals, ensuring that residuals are centered and orthogonal to the model's
predictors.

Can the likelihood equations in a canonical GLM be
interpreted as residual-based estimators?

Yes, the likelihood equations can be viewed as conditions that residuals must
satisfy—specifically, that they have zero weighted sum when projected onto
the predictors—making residuals central to the estimation process and their
properties directly linked to the likelihood equations.

How does the canonical link function facilitate the
derivation of residual properties from the
likelihood equations in a GLM?

The canonical link simplifies the derivative of the log-likelihood with
respect to parameters, leading to straightforward expressions for residuals.
This simplicity allows for clearer interpretation of residual properties,
such as their orthogonality to the predictors, directly stemming from the
likelihood equations.

Additional Resources

For a GLM with Canonical Link Function, Explain How the Likelihood Equations
Imply That the Residuals Have Certain Properties

Introduction

In the realm of statistical modeling, Generalized Linear Models (GLMs) have
revolutionized the way we approach diverse types of data — from counts and
proportions to continuous responses that do not necessarily follow a normal
distribution. A key feature making GLMs particularly elegant and powerful is
the concept of canonical link functions, which simplify estimation and
inference. When employing a canonical link, the likelihood equations—the core
conditions for maximum likelihood estimation—impose specific properties on
the residuals of the fitted model. Understanding how these likelihood
equations lead to particular residual properties is essential for both
theoretical insight and practical diagnostics.



This article provides a comprehensive explanation of how the likelihood
equations in a GLM with a canonical link function imply certain residual
properties, bridging the gap between abstract estimation theory and tangible
residual analysis.

Background: Generalized Linear Models and Canonical Links

Before delving into the core topic, let’s briefly review some foundational
concepts.

GLMs consist of three components:

- Random component: The distribution of the response variable \(Y\) from the
exponential family (e.g., normal, binomial, Poisson).

- Systematic component: The linear predictor \(\eta =
\mathbf{X}\boldsymbol{\beta}\), where \(\mathbf{X}\) is the design matrix and
\ (\boldsymbol{\beta}\) is the parameter vector.

- Link function: A monotonic differentiable function \(g(\cdot)\) that
relates the mean response \(\mu = E[Y]\) to the linear predictor: \(g(\mu) =
\eta\).

Canonical link functions are those where the link \(g(\mu)\) corresponds to
the natural parameter of the exponential family distribution. For example:

- Poisson distribution: canonical link is the log link \(g(\mu) = \log \mu\).
- Binomial distribution: canonical link is the logit link \(g(\mu) = \log
\frac{\mu}{1 - \mul}\).

- Normal distribution: canonical link is the identity \(g(\mu) = \mu\).

Using a canonical link simplifies the likelihood equations and often results
in desirable properties of estimators and residuals.

The Likelihood Equations in a GLM

The core of maximum likelihood estimation (MLE) in a GLM involves solving the
likelihood equations, which are derived from setting the derivatives of the
log-likelihood function to zero.

General form of the likelihood equations:

\ [
\sum {i=1}"n \frac{\partial \ell i}{\partial \boldsymbol{\beta}} = 0
\1]

where \(\ell i\) is the contribution to the log-likelihood from observation
\(1\).



In the case of GLMs with exponential family distributions, the likelihood
equations can be expressed as:

\ [
\mathbf{X}*T \mathbf{W} (\mathbf{Y} - \boldsymbol{\mu}) = 0
\1]

where:

- \(\mathbf{Y}\) is the response vector.

- \(\boldsymbol{\mu} = (\mu 1, \ldots, \mu n)”~T\) is the vector of mean
responses.

- \(\mathbf{W}\) is a diagonal weight matrix depending on the variance
function and the link function.

Key Point: When the link function \(g(\cdot)\) is canonical, the likelihood
equations take on a simplified form, often leading to elegant properties of
residuals.

Residuals in GLMs and Their Importance

Residuals measure the discrepancy between observed and fitted values and are
crucial for model diagnostics. Common types include:

- Raw residuals: \(r i =y i - \hat{\mu} i\)

- Pearson residuals: \(r i~{(P)} = \frac{y i -

\hat{\mu} i}{\sqrt{\hat{V}(\hat{\mu} i)3}}\)

- Deviance residuals: derived from the contribution of each observation to
the deviance.

In linear models, residuals are straightforward and have well-understood
properties (e.g., mean zero, uncorrelated). In GLMs, residual properties are

more complex but can be linked directly to the likelihood equations,
especially under canonical links.

How the Likelihood Equations Imply Residual Properties

Now, we turn to the core question: In a GLM with a canonical link, how do the
likelihood equations imply that the residuals have particular properties?

1. The Role of the Score Equations
The score equations, derived from the likelihood, are:
\ [

\mathbf{X}*T \mathbf{W} (\mathbf{Y} - \boldsymbol{\mu}) = 0
\1]



This implies:

\ [

\boxed{\sum_{i=1}"n x_{ij} \, w_i \, (y_i - \hat{\mu}_i) = 0 \quad \text{for
each } j=1,\ldots,p}

\]

where:

- \(x {ij}\) 1is the \(j\)-th predictor for observation \(i\),
- \(w i\) is the weight associated with observation \(i\),
- \(\hat{\mu} i\) is the estimated mean.

This set of equations ensures that the weighted residuals are orthogonal to
the columns of the design matrix.

Implication: The residuals, when appropriately weighted, are centered in a
way that they are orthogonal to the predictors. This is analogous to the
residuals in linear regression being orthogonal to the regressors.

2. Residuals as Adjusted Deviations

Given the likelihood equations, residuals are not just raw differences but
are adjusted to account for the variance structure implied by the
distribution and link function.

- Pearson residuals are scaled by the estimated standard deviation, which
depends on \(\hat{\mu} 1i\).

- Deviance residuals are derived from the likelihood contributions, directly
tying residuals to the likelihood equations.

Key Point: Because the likelihood equations enforce certain orthogonality
conditions, the residuals in a canonical GLM are constructed in a way that,
on average, they balance out with the predictors, leading to residuals with
mean zero and uncorrelated properties.

3. Residuals and the Estimation of \(\boldsymbol{\beta}\)

The MLEs satisfy the likelihood equations, which can be viewed as the normal
equations in linear regression but adjusted for the distribution's variance
structure.

In a canonical GLM:
- The MLEs \(\hat{\boldsymbol{\beta}}\) are solutions to the likelihood

equations.
- These solutions minimize a deviance function, which measures the



discrepancy between the observed responses and the model.
Consequently:

- The residuals derived from these estimates tend to have properties similar
to orthogonality and zero mean, akin to classical regression residuals,
especially under large samples.

Specific Residual Properties Implied by the Likelihood Equations

Let's articulate the main residual properties that follow from the likelihood
equations in a canonical GLM:

a) Residuals Have Mean Zero

The likelihood equations enforce the condition that the residuals, when
weighted appropriately, sum to zero:

\ [
\sum {i=1}"n w i (y i - \hat{\mu} i) =0
\1]

This ensures that the residuals are centered, implying an average residual of
zero in the weighted sense.

b) Residuals Are Orthogonal to the Design Matrix
The equations:

\ [
\mathbf{X}*T \mathbf{W} (\mathbf{Y} - \boldsymbol{\hat{\mu}}) =0

\]

show that the weighted residuals are orthogonal to the fitted model's
predictors. This orthogonality is a hallmark of maximum likelihood estimates
in canonical GLMs and leads to residuals that are uncorrelated with the
regressors under the model.

c) Residuals Have Constant Variance (or are Approximately Homoscedastic)
Because residuals are scaled by the variance function \(V(\mu)\) in the case
of Pearson residuals, the likelihood equations help ensure that, under the

model, the residuals' variance is approximately constant across levels of
predictors in large samples.

Interpreting Residuals in Practice



While the likelihood equations guarantee certain theoretical properties,
residual analysis remains crucial for model diagnostics:

- Assessing model fit: Residual plots can reveal deviations from model
assumptions.

- Detecting influential points: Large residuals may indicate outliers or
model misspecification.

- Checking for heteroscedasticity: Variance patterns in residuals can suggest
the need for model refinement.

Given the properties implied by the likelihood equations, residuals in a
well-fitted canonical GLM should be approximately centered, orthogonal to
predictors, and display no systematic patterns.

Summary

In conclusion, the likelihood equations in a GLM with a canonical link
function play a pivotal role in shaping the properties of residuals:

- They enforce orthogonality between residuals and predictors.

- They ensure residuals have mean zero, on average.

- They specify the variance structure, leading to residuals with
approximately constant variance under the model.
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