A Polynomial P(x) Has A Relative
Maximum At (-2, 4), A Relative Minimum
At (1,1), And A Relative Maximum

A Polynomial P(x) Has A Relative Maximum At (-2, 4), A Relative Minimum At
(1,1), And A Relative Maximum is a statement that provides critical
information about the shape and behavior of the polynomial function P(x).
Understanding these features is essential in graphing the polynomial,
analyzing its properties, and applying calculus concepts such as derivatives
and critical points. In this article, we explore what these points imply
about the polynomial's derivatives, how to determine the polynomial's degree
and coefficients, and the significance of these extrema in the broader
context of polynomial functions.

Understanding Relative Extrema in Polynomial
Functions

What Are Relative Maxima and Minima?

A relative maximum point on a graph is a point where the function reaches a
local highest value compared to nearby points. Conversely, a relative minimum
is where the function attains a local lowest point relative to neighboring
points. These points are critical in understanding the shape of the graph,
indicating where the function's slope changes from positive to negative or
vice versa.

For the polynomial P(x), the given points are:

- Relative Maximum at (-2, 4): At x = -2, the function reaches a local peak
with P(-2) = 4.

- Relative Minimum at (1, 1): At x = 1, the function dips to a local trough
with P(1) = 1.

- Another Relative Maximum: The statement indicates a second maximum, but the
exact coordinates may need clarification or further context.

Implications for the Derivative P'(x)

Since maxima and minima occur where the slope changes sign, these critical
points satisfy:

- P'(-2) =0

- P'(1) =0

Between these points, the derivative's sign indicates whether the function is
increasing or decreasing:



- On intervals where P'(x) > 0, P(x) is increasing.
- On intervals where P'(x) < 0, P(x) is decreasing.

The nature of each extremum (max or min) is further confirmed by the second
derivative test or analyzing the sign changes of P'(x).

Constructing the Polynomial Based on Critical
Points

Determining the Degree of P(x)

Given that P(x) has critical points at x = -2 and x = 1, and assuming these
are simple extrema (not inflection points), the polynomial must be at least
cubic (degree 3). This is because:

- A quadratic polynomial (degree 2) has at most one critical point.
- A cubic polynomial can have up to two critical points, matching the given
maxima and minima.

Therefore, P(x) is likely a cubic polynomial:
\ [

P(x) = ax™3 + bx®"2 + cx + d

\1]

Using Critical Points to Find Polynomial
Coefficients

Since P'(-2) = 0 and P'(1) = 0, and P(x) passes through the points (-2, 4)
and (1, 1), we can set up equations:

1. Derivative:

\ [

P'(x) = 3ax™2 + 2bx + cC

\1]

2. Critical point conditions:

\ [

P'(-2) = 0 \Rightarrow 3a(-2)"2 + 2b(-2) + c =0
\1]

\ [

P'(1) = 0 \Rightarrow 3a(1)"2 + 2b(1) + c = 0
\1]

3. Function value conditions:

\ [

P(-2) = 4 \Rightarrow a(-2)"3 + b(-2)"2 + c(-2) +d =4
\1]



\[
P(1) = 1 \Rightarrow a(1)”3 + b(1)"2 + c(1) +d =1
\1

This system of equations can be solved step-by-step to find the coefficients
\(a, b, c, d\).

Solving for the Polynomial Coefficients

Step 1: Derivative Equations

\ [
3a(4) - 4b + c
\1
\ [
3a(l) + 2b + c
\1

0 \Rightarrow 12a - 4b + ¢ = 0 \quad (1)

© \Rightarrow 3a + 2b + ¢ = 0 \quad (2)

Subtract equation (2) from (1):

\

(12a - 4b + ¢c) - (3a+2b+c) =0 -0

\1]

\ [

9a - 6b = 0 \Rightarrow 3a - 2b = 0 \Rightarrow 2b = 3a
\1]

\ [

b = \frac{3a}{2}

\1]

Step 2: Express c¢ in terms of a
Using equation (2):

\ [

3a+2b+cCc=0

\1]

Substitute \(b = \frac{3a}{2}\):

\ [

3a + 2 \times \frac{3a}{2} + c =0
\1

\ [

3a + 3a + ¢ = 0 \Rightarrow 6a + ¢ = 0 \Rightarrow c = -6a
\1]

Step 3: Use the function values to find d
From \(P(-2) = 4\):

\ [

a(-8) + b(4) + c(-2) +d =4

\1]

\ [



-8a +4b - 2c +d =4

\1

Substitute \ (b = \frac{3a}{2}\) and \(c = -6a\):

\ [

-8a + 4 \times \frac{3a}{2} - 2 \times (-6a) + d = 4
\1

\ [

-8a + 6a + 12a + d =4
\1

\ [

( -8a +6a + 12a ) +d
\1]

\ [

10a + d = 4

\1

Similarly, from \(P(1)
\ [

a(l) + b(1l) + c(1) + d
\1

\ [

a + \frac{3a}{2} - 6a +d =1
\1

Combine like terms:

\ [

a+1l5a-6a+d=1

\1

\ [

(1 +1.5-6)a+d=1

\1

\ [

(-3.5a) +d =1

\1]
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Now, we have two equations:
\ [

16a + d = 4 \quad (3)

\1

\ [

-3.5a + d = 1 \quad (4)

\1

Subtract (4) from (3):

\ [

(10a - (-3.5a)) + (d -d) =4 -1

\1

\ [

13.5a = 3 \Rightarrow a = \frac{3}{13.5} = \frac{2}{9}
\1]

Using \(a = \frac{2}{9}\):



- \(b = \frac{3a}{2} = \frac{3 \times \frac{2}{9}}{2} = \frac{\frac{6}{9}}{2}
= \frac{\frac{2}{3}}{2} = \frac{2}{3} \times \frac{1}{2} = \frac{1}{3}\)

- \(c = -6a = -6 \times \frac{2}{9} = -\frac{12}{9} = -\frac{4}{3}\)

- From equation (3):

\ [

10a + d = 4 \Rightarrow 10 \times \frac{2}{9} + d = 4

\1

\ [

\frac{20}{9} + d = 4

\1

\ [

d =4 - \frac{20}{9} = \frac{36}{9} - \frac{20}{9} = \frac{16}{9}
\1

Final polynomial:

\ [

P(x) =a x™3 +b x"2 +cx +d=\frac{2}{9} x*3 + \frac{1}{3} x*2 -
\frac{4}{3} x + \frac{16}{9}

\1

Verifying the Polynomial's Behavior

Critical Points and Extrema

- At x = -2:
\ [
P'(-2) =0
\1

- At x = 1:
\ [
P'(1) =0

\1

Calculating P'(x):

\ [

P'(x) = 33a x™2 + 2b x + ¢ = 3 \times \frac{2}{9} x°2 + 2 \times \frac{1}{3} x
- \frac{

Frequently Asked Questions

What does it mean for a polynomial P(x) to have a
relative maximum at (-2, 4)?

It means that at x = -2, the polynomial reaches a peak where P(-2) = 4, and



in a small interval around -2, the function values are less than or equal to
4, indicating a local high point.

How can the relative minimum at (1, 1) be identified
from the polynomial's graph?

The relative minimum at (1, 1) is where the polynomial attains a lowest point
locally, with P(1) = 1, and the function values increase on either side of x
= 1 within a small interval.

What role do the critical points play in determining
the relative maxima and minima of a polynomial?

Critical points occur where the derivative P'(x) is zero or undefined. These
points are candidates for relative maxima or minima, and analyzing the second
derivative or the sign change of the first derivative helps classify them.

Given the maxima and minima at specific points, what
can be inferred about the polynomial's derivative?

The derivative P'(x) is zero at x = -2, 1, and also at the x-value of the
other maximum, indicating potential critical points, with the sign changes of
P'(x) determining the nature of each extremum.

How does the degree of the polynomial relate to the
number of relative extrema it can have?

A polynomial of degree n can have up to n-1 relative extrema. For example, a
cubic polynomial can have up to two relative maxima or minima.

What additional information is needed to fully
determine the polynomial P(x) with the given
extrema?

To fully determine P(x), one would need the polynomial's degree, leading
coefficient, and additional points or coefficients, as well as the behavior
at other points to specify its exact form.

Can a polynomial have multiple relative maxima?
Based on the given data, is that possible?

Yes, a polynomial can have multiple relative maxima. Since the question
mentions at least two maxima, it suggests the polynomial is at least cubic or
higher degree with multiple peaks.



How does the second derivative test help confirm the
nature of the critical points at (-2, 4) and (1, 1)?

The second derivative test examines P''(x) at the critical points: if P''(x)
< 0, the point is a relative maximum; if P''(x) > 0, it's a relative minimum.
Applying this at x = -2 and 1 confirms their nature.

What is implied by the phrase 'A Relative Maximum'
without specifying the point in the question?

It implies there is at least one more relative maximum besides the one at
(-2, 4), but without additional data, the exact location and value remain
unspecified.

How can the information about the extrema points
help sketch the graph of polynomial P(x)?

Knowing the locations and values of the relative maxima and minima allows for
an approximate sketch of P(x), highlighting peaks and valleys, and
understanding the overall shape based on critical points and concavity.

Additional Resources

Polynomial Behavior Analysis: Understanding Critical Points and Local Extrema

Introduction: Deciphering the Significance of
Critical Points in Polynomial Functions

Polynomials are fundamental building blocks in mathematics, serving as
approximations, models, and tools for understanding complex relationships
across various disciplines—physics, engineering, economics, and beyond. One
key aspect of polynomial analysis involves identifying and interpreting
critical points: points where the function’s derivative equals zero. These
critical points often correspond to local maxima, minima, or saddle points,
providing critical insights into the function’s behavior.

In this article, we explore a polynomial \( P(x) \) that exhibits a relative
maximum at \((-2, 4)\), a relative minimum at \((1, 1)\), and a second
relative maximum (whose coordinates are not specified). Our goal is to
analyze what these conditions imply about the polynomial's structure,
derivatives, and overall shape. By dissecting these features, we will deepen
our understanding of how polynomial functions behave around their critical
points and how these points influence the graph's shape.



Understanding Critical Points and Relative
Extrema

What Are Critical Points?

Critical points occur at points \( x = ¢ \) where the derivative \( P'(c) =0
\) or where the derivative does not exist. For polynomials, which are smooth
and continuous everywhere, critical points are precisely where the first
derivative equals zero.

Mathematically:
\ [

P'(c) =0

\1

These points are significant because they often correspond to local maxima or
minima—peaks or troughs—on the graph of the polynomial.

Relative Maxima and Minima

- Relative Maximum: A point where the function reaches a peak in a local
neighborhood; the function values to the left are less or equal, and to the
right are less or equal.

- Relative Minimum: A point where the function reaches a trough locally;
neighboring points have higher or equal values.

The second derivative test or the first derivative test helps distinguish
between maxima and minima once critical points are identified.

Analyzing the Given Critical Points: \((-2,
4)\) and \((1, 1)\)

The Relative Maximum at \((-2, 4)\)

The polynomial reaches a peak at \( x = -2 \), with the function value \(



P(-2) = 4 \). This indicates:
- At \( x = -2 \), the slope transitions from positive to negative.
- \( P'(-2) = 0 \) (since it's a critical point).

- The concavity at this point, as indicated by the second derivative \(
P''(-2) \), is likely negative, confirming a maximum.

The Relative Minimum at \((1, 1)\)

Similarly, at \( x=1 \), the polynomial dips to a valley:

- \(P'(1) =0\).

- The function value here is \( P(1) =1 \).

- The concavity at this point, indicated by \( P''(1l) \), is positive,
confirming a minimum.

Implications for the Polynomial’s Derivative

Given these points, the first derivative \( P'(x) \) must:
- Cross zero at \( x = -2 \) and \( x =1 \).

- Change sign from positive to negative at \( x

= -2\).
- Change sign from negative to positive at \( x=1 \).

This pattern suggests that \( P'(x) \) has at least these two roots, with the
behavior around these roots indicating the nature of the critical points.

Constructing the Derivative: Sign Patterns and
Critical Points

Sign Analysis of \( P'(x) \)

- To have a maximum at \( x = -2 \), \( P'(x) \) should be positive for \( x
< -2 \), then zero at \( x = -2 \), and negative for \( x > -2 \).

- To have a minimum at \( x=1 \), \( P'(x) \) should be negative for \( x <1
\), then zero at \( x=1 \), and positive for \( x > 1 \).

From these, the derivative’s sign pattern could be:



\ [

\text{For } x < -2: \quad P'(x) > 0 \\
\text{At } x = -2: \quad P'(x) = 0 \\
-2 < x < 1: \quad P'(x) < 0 \\
\text{At } x=1: \quad P'(x) = 0 \\

x > 1: \quad P'(x) > 0O

\1]

This pattern indicates the derivative has roots at \(-2\) and \(1\), with the
sign changing accordingly.

Factoring the Derivative

Assuming \( P'(x) \) is a quadratic (which is typical for a cubic
polynomial), it could be expressed as:

\ [
P'(x) = k (x + 2)(x - 1)
\]

where \( k \) is a non-zero constant dictating the leading coefficient of \(
P(x) \).

- The sign of \( k \) determines whether the polynomial opens upward or
downward at the ends.

Reconstructing the Polynomial \( P(x) \)

Integrating the Derivative

Assuming \( P'(x) = k(x + 2)(x - 1) \), integrating yields:

\ [
P(x) = \int P'(x) \, dx = \int k (x + 2)(x - 1) \, dx
\1

Expanding:

\ [

P'(x) =k (x2 + x - 2)
\1

Integrating:



\ [

P(x) = k \int (x*2 + x - 2) \, dx = k \left( \frac{x"3}{3} + \frac{x"2}{2} -
2x \right) + C

\1

where \( C \) is the constant of integration.

Applying Known Function Values

Use the points to solve for \( C \) and \( k \):
- At \( x =-2\), \( P(-2) =4 \):
\ [

4 = k \left( \frac{(-2)"3}{3} + \frac{(-2)"2}{2} - 2(-2) \right) + C
\1

Calculations:
\ [

(-2)"3 = -8 \\
(-2)72 = 4

\1]

Plugging in:

\ [
4 = k \left( \frac{-8}{3}

+

\frac{4}{2} + 4 \right) + C

4 = k \left( -\frac{8}{3}

+

2 + 4 \right) + C

4 = k \left( -\frac{8}{3} + 6 \right) + C

4 = k \left( -\frac{8}{3}

+

\frac{18}{3} \right) + C
\1

\ [

4 = k \left( \frac{10}{3} \right) + C

\1

- At \( x=1 \), \( P(1) =1 \):

\ [
1 = k \left( \frac{1}{3} + \frac{1}{2} - 2 \right) + C
\1



Calculations:

\[

\frac{1}{3} + \frac{1}{2} = \frac{2}{6} + \frac{3}{6} = \frac{5}{6}

\1]
\[

\frac{5}{6} - 2 = \frac{5}{6} - \frac{12}{6} = -\frac{7}{6}

\1

Thus,

\ [
1 = k \left( -\frac{7}{6} \right) + C
\1]

Now, we have the system:

\ [

\begin{cases}

4 = \frac{10}{3}k + C \\
1 = -\frac{7}{6}k + C
\end{cases}

\1]

Subtract second from first:

\ [

(4 - 1) = \left( \frac{10}{3}k - \left(
\1

\ [

3 = \frac{10}{3}k + \frac{7}{6}k

\1]

Express both with common denominator:

\ [

\frac{10}{3}k = \frac{20}{6}k
\1

\ [

\frac{7}{6}k = \frac{7}{6}k
\1

Sum:

\ [

-\frac{7}{6}k \right) \right)

\frac{20}{6}k + \frac{7}{6}k = \frac{27}{6}k = \frac{9}{2}k

\1]

So:

\ [



3 = \frac{

A Polynomial P X Has A Relative Maximum At 2 4 A Relative
Minimum At 1 1 And A Relative Maximum

A Polynomial P X Has A Relative Maximum At 2 4 A Relative Minimum At 1 1 And A Relative
Maximum

Related Articles

e A 21.8 G Sample Of Ethanol (C2H50H) Is Burned In A Bomb Calorimeter According To The
Following Reaction.

e 1. Alkene A (88.24% C, 11.76% H) Reacts With Diatomic Gas G To Give Product P). Alkene
Aalso Reacts With

e Which Of The Following Choices Was An Advantage Of The Confederacy During The Civil
War?The Confederacy

Back to Home


https://sip.evo9x.com/ma33/a-polynomial-p-x-has-a-relative-maximum-at-2-4-a-relative-minimum-at-1-1-and-a-relative-maximum.pdf
https://sip.evo9x.com/ma33/a-polynomial-p-x-has-a-relative-maximum-at-2-4-a-relative-minimum-at-1-1-and-a-relative-maximum.pdf
https://sip.evo9x.com/ma33/a-21-8-g-sample-of-ethanol-c2h5oh-is-burned-in-a-bomb-calorimeter-according-to-the-following-reaction.pdf
https://sip.evo9x.com/ma33/a-21-8-g-sample-of-ethanol-c2h5oh-is-burned-in-a-bomb-calorimeter-according-to-the-following-reaction.pdf
https://sip.evo9x.com/ma33/1-alkene-a-88-24-c-11-76-h-reacts-with-diatomic-gas-g-to-give-product-p-alkene-aalso-reacts-with.pdf
https://sip.evo9x.com/ma33/1-alkene-a-88-24-c-11-76-h-reacts-with-diatomic-gas-g-to-give-product-p-alkene-aalso-reacts-with.pdf
https://sip.evo9x.com/ma33/which-of-the-following-choices-was-an-advantage-of-the-confederacy-during-the-civil-war-the-confederacy.pdf
https://sip.evo9x.com/ma33/which-of-the-following-choices-was-an-advantage-of-the-confederacy-during-the-civil-war-the-confederacy.pdf
https://sip.evo9x.com

