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In the realm of quantum mechanics, understanding the behavior of particles confined within
potential wells or "boxes" offers deep insights into atomic and subatomic phenomena. When a
proton—a positively charged subatomic particle—is confined within a one-dimensional box of finite
length, its energy levels become quantized. This quantization implies that the proton can only
occupy specific energy states, and transitioning between these states requires a precise amount of
energy. This article explores the quantum mechanical principles governing such a system, focusing
on calculating the energy required to excite a proton within a box of length A = 22 femtometers
(fm). We will delve into the fundamental concepts, mathematical derivations, and practical
implications of this phenomenon.

Quantum Confinement and the Particle in a Box Model

What Is Quantum Confinement?

Quantum confinement refers to the restriction of a particle’s motion to a limited spatial region,
typically at the nanoscale or atomic scale. When particles such as electrons or protons are confined,
their energy spectra become discrete rather than continuous, leading to quantized energy levels.
This concept is fundamental to understanding phenomena in quantum dots, nanostructures, and
nuclear physics.

The Particle in a Box Model

The particle in a box (or infinite potential well) is a simplified quantum system where a particle is
confined within impenetrable walls. The potential energy V(x) is zero inside the box (0 < x < A) and
infinite outside, preventing the particle from escaping. The solutions to the Schrodinger equation in
this model yield discrete energy eigenvalues corresponding to the allowed energy states.

Mathematical Framework for a Proton in a One-
dimensional Box



Assumptions and Parameters

- The box length: A = 22 fm (femtometers; 1 fm = 10-15 meters)
- The particle: Proton, with mass mp = 1.6726 x 10-27 kg
- Potential: Infinite outside the box, zero inside

Schrodinger Equation and Energy Eigenvalues

The time-independent Schrodinger equation inside the box is:

\[
A\frac{\hbar™~2}{2m} \frac{d "2 \psi(x)}{dx"~2} = E \psi(x)
\]

with boundary conditions:

\[
\psi(0) = 0, \quad \psi(A) =0
\]

The normalized solutions are standing waves:

\[
\psi_n(x) = \sqrt{\frac{2} {A}} \sin \left( \frac{n\pi x}{A} \right)
\]

wheren=1, 2, 3, ...
The corresponding energy levels are:

\[
E n =\frac{n”"2 \pi~2 \hbar"2}{2 m A™2}
\]

Note: \(\hbar\) = reduced Planck's constant = 1.055 x 10-34 Js

Calculating the Energy Levels

Constants and Conversion Factors

-\(\hbar = 1.055 \times 10"~ {-34}\) Js
- Proton mass: \(m p = 1.6726 \times 10~ {-27}\) kg
- Box length: \(A = 22 \text{ fm} = 22 \times 10"~ {-15}\) m



Deriving the First and Second Energy Levels

Plugging values into the energy formula:

\[
E n =\frac{n"2 \pi~2 \hbar"2}{2 m p A™2}
\]

Calculating the numerator:

\[
\pi~2 \hbar~2 \approx (\pi)~2 \times (1.055 \times 10"~ {-34})"2 \approx 9.870 \times 10" {-68}
\]

Calculating the denominator:

\[
2 \times m p \times A™2 = 2 \times 1.6726 \times 10" {-27} \times (22 \times 10~{-15})"2

\]

\[
A"2 = (22)"2 \times 10" {-30} = 484 \times 10~ {-30} = 4.84 \times 10" {-28}
\]

\[

\text{Denominator} = 2 \times 1.6726 \times 10" {-27} \times 4.84 \times 10" {-28} \approx 2 \times
1.6726 \times 4.84 \times 10" {-55} \approx 16.2 \times 10"~ {-55}

\]

Thus,

\[

E 1 =\frac{9.870 \times 10~ {-68}}{16.2 \times 10" {-55}} \approx 0.609 \times 10" {-13} \text{
Joules}

\]

Similarly, for the first energy level (n=1):

\[
E 1 \approx 6.09 \times 10"~ {-14} \text{ Joules}

\]

And for the second energy level (n=2):

\[
E 2 =4 \times E 1 \approx 2.44 \times 10" {-13} \text{ Joules}
\]

Converting to Electronvolts (eV):

Since 1 eV = 1.602 x 10-19 Joules,



\[

E 1 \approx \frac{6.09 \times 10~ {-14}}{1.602 \times 10~ {-19} } \approx 380,000 \text{ eV} = 380
\text{ keV}

\]

Similarly,

\[
E 2 \approx 760 \text{ keV}

\]

Energy Required for Excitation

Understanding the Excitation Energy

To excite the proton from its ground state (n=1) to the first excited state (n=2), the energy
difference \(\Delta E\) must be supplied:

\[
\DeltaE=E 2-E 1
\]

Using the values derived:

\[
\Delta E \approx 760 \text{ keV} - 380 \text{ keV} = 380 \text{ keV}

\]

This indicates that approximately 380 keV of energy is required to excite the proton from the lowest
to the next higher energy state within this 22 fm box.

Implications of the Quantized Energy Levels

- The energy levels are significantly high due to the extremely small confinement size.

- Such high energies underscore the quantum nature of particles at nuclear scales.

- This calculation demonstrates how confinement at femtometer scales results in keV to MeV energy
differences, relevant in nuclear physics and particle confinement studies.

Practical Considerations and Real-world Relevance

Relevance in Nuclear Physics

The model highlights how nucleons (protons and neutrons) inside atomic nuclei are confined within
extremely small regions, leading to large quantized energy states. Understanding these energy



levels informs nuclear reactions, decay processes, and the stability of nuclei.

Limitations of the Model

- The infinite potential well is an idealization; real nuclear potentials are finite and more complex.
- Proton interactions, spin, and other quantum effects are neglected in this simplified model.

- Nonetheless, the model provides valuable qualitative insights into confinement effects at nuclear
scales.

Extensions and Advanced Models

- Finite potential wells

- Inclusion of spin and magnetic effects

- Multi-dimensional confinement

- Quantum chromodynamics considerations for quark confinement

Conclusion

Confined within a 22 femtometer box, a proton's energy levels are quantized with significant energy
gaps, on the order of hundreds of keV. To excite a proton from its ground state to the next energy
level requires approximately 380 keV of energy. This quantum mechanical analysis not only
illustrates the principles of confinement and quantization at nuclear scales but also emphasizes the
importance of energy considerations in nuclear physics, particle physics, and related fields.
Understanding these energy transitions helps scientists interpret nuclear reactions, particle
behavior, and the fundamental nature of matter at the smallest scales.

Summary of Key Points:

- The energy levels of a proton in a 22 fm box are given by \(E n = \frac{n”~2 \pi~2 \hbar~2}{2 m
A™21).

- The energy difference between the first two levels (~380 keV) determines the energy needed for
excitation.

- Quantum confinement at femtometer scales results in large energy gaps, relevant in nuclear
physics research.

Frequently Asked Questions

What is the energy required to excite a proton confined in a
one-dimensional box of length A = 22 fm?

The energy required depends on the initial and final quantum states. Using the particle-in-a-box
model, the energy difference is given by AE = (h?/8mA?) (n_f? - n_i?), where h is Planck's constant, m
is the proton mass, A is the box length, and n i, n f are the initial and final quantum numbers.



How do you calculate the energy levels of a proton in a one-
dimensional box?

The energy levels are calculated using E n = (n?h?)/(8mA?), where n is the quantum number, h is
Planck's constant, m is the proton mass, and A is the box length.

What is the approximate energy difference between the
ground state and the first excited state for a proton in this
box?

Using A = 22 fm and m = 1.67 x 10-?7 kg, the energy difference is approximately 4 eV between the
n=1 and n=2 states.

How does the size of the box (length A) affect the energy levels
of the proton?

The energy levels are inversely proportional to the square of the box length (A?). Increasing A
decreases the energy spacing between levels, while decreasing A increases the energy difference.

What physical phenomena can be described using the particle-
in-a-box model for a proton?

The model can approximate quantum confinement effects in nanoscale systems, such as quantum
dots, and help understand energy quantization in confined particles like protons in nuclear or
atomic-scale environments.

Is the energy required to excite the proton to a higher state
significant at room temperature?

No, since the energy differences are on the order of a few electron volts, which corresponds to
temperatures of thousands of Kelvin, much higher than room temperature, making thermal
excitation unlikely.

What constants are needed to calculate the excitation energy
of the proton in this problem?

Planck's constant (h = 6.626 x 10-3¢Js), the mass of the proton (m = 1.67 x 10-%?7 kg), and the box
length (A =22 fm =22 x 10~ m).

Can the particle-in-a-box model accurately predict proton
energy states in real physical systems?

While it provides a useful approximation for understanding quantum confinement, real systems
involve additional factors like potential barriers and interactions, so more sophisticated models may
be needed for precise predictions.



Additional Resources

A proton confined within a one-dimensional box of length A = 22 fm presents a fascinating
intersection of quantum mechanics and nuclear physics. This scenario encapsulates
fundamental principles of quantum confinement, energy quantization, and the unique
behaviors of subatomic particles under spatial restrictions. Understanding the energy
required to excite such a proton from its ground state to higher energy levels not only
deepens our grasp of quantum systems but also provides insights into nuclear interactions
and the behavior of nucleons within atomic nuclei.

Introduction to Quantum Confinement and the Particle
in a Box Model

Quantum Confinement: An Overview

Quantum confinement refers to the phenomenon where particles such as electrons, protons, or other
subatomic entities are restricted within a finite spatial region. When confinement occurs on a scale
comparable to the particle’s de Broglie wavelength, quantum effects dominate, leading to discrete
energy levels rather than a continuous spectrum. This quantization of energy states arises from
boundary conditions imposed on the particle's wavefunction.

In the context of nuclear physics, protons are confined within the nuclear potential well, which can
often be approximated as a quantum "box" for simplified models. These models help describe the
energy states of nucleons within the nucleus, shedding light on nuclear structure, stability, and
reactions.

The Particle in a Box Model

The particle in a box (also known as the infinite potential well) is a fundamental quantum mechanical
model used to illustrate the effects of spatial confinement. Its key assumptions include:

- The particle is confined within an infinitely deep potential well of width A.

- The potential energy V(x) inside the box (0 < x < A) is zero.

- The potential energy outside the box is infinite, preventing the particle from escaping.

- The particle’s wavefunction must satisfy boundary conditions, typically that the wavefunction
vanishes at the walls (x=0 and x=A).

Despite its simplicity, the model captures essential features like energy quantization and
wavefunction behavior, making it a useful approximation for understanding more complex systems.

Physical Parameters and Their Significance



The Proton and Its Properties

The proton is a subatomic particle with the following fundamental properties:

- Mass (m): approximately 1.6726 x 107~ (-27) kg.

- Rest energy: about 938.27 MeV.

- Charge: +1 elementary charge, but charge does not influence the energy quantization directly in
this context.

- de Broglie wavelength: critical for quantum confinement effects, depends on its momentum.

In nuclear physics, the proton's spatial confinement within a nucleus or a modeled potential well
often involves length scales on the order of femtometers (fm).

The Length of the Box (A = 22 fm)

The chosen length A = 22 femtometers (fm) is significant:

-1 fm = 107(-15) meters, a typical scale of nuclear dimensions.

- This length approximates the size of small nuclei or nuclear potential regions where protons can be
confined.

- The confinement length influences the energy levels, with shorter lengths leading to higher energy
spacings due to increased quantum confinement.

Quantum Mechanical Analysis of the Proton in the Box

Wavefunction and Boundary Conditions

The wavefunction y(x) of a particle in an infinite potential well of width A must satisfy:
-y(0)=0
-y(A) =0

The normalized solutions are:
\[ \psi_n(x) = \sqrt{\frac{2}{A}} \sin \left(\frac{n \pi x} {A}\right) \]
where n = 1, 2, 3, ... (quantum number).

Energy Quantization Formula

The energy levels for a particle in an infinite potential well are given by:
\[ E n =\frac{n”2 \pi~2 \hbar™2}{2 m A™2} \]

where:

-\(\hbar\) = reduced Planck’s constant = 1.055 x 107(-34) Js

- m = mass of the proton = 1.6726 x 10"~(-27) kg
-A=22fm=22x10"(-15) m

- n = quantum number (integer)

This formula indicates that the energy is proportional to the square of the quantum number n and
inversely proportional to the square of the confinement length A.



Calculating the Ground State and Excited State
Energies

Ground State Energy (n=1)

Plugging in the values:
\[ E 1 =\frac{\pi~2 \hbar™2}{2 m A™2}\]

Calculations:

-\(\pi~2 \approx 9.8696\)

-\(\hbar~2 = (1.055 \times 10™{-34})"~2 \approx 1.113 \times 10" {-68}\ \text{Js}~2\)

-\(A"™2 = (22 \times 10"~{-15})"2 = 484 \times 10" {-30} = 4.84 \times 10" {-28}\ \text{m}"2\)

Thus,
\[ E 1 =\frac{9.8696 \times 1.113 \times 10" {-68} } {2 \times 1.6726 \times 10" {-27} \times 4.84
\times 10~{-28}} \]

Denominator:
\[ 2 \times 1.6726 \times 10"~ {-27} \times 4.84 \times 10" {-28} \approx 1.620 \times 10" {-54} \]

Numerator:
\[ 1.100 \times 10~ {-67} \]

Therefore,
\[ E_1 \approx \frac{1.100 \times 10~ {-67} }{1.620 \times 10"~ {-54}} \approx 6.79 \times 10" {-14}
\\text{J} \l

Converting to MeV:
-1eV=1.602x10"{-19}]
-1 MeV=10"6eV=1.602 x 10"~{-13}]

So,
\[ E_1 \approx \frac{6.79 \times 10" {-14}}{1.602 \times 10~ {-13}} \approx 0.423 \ \text{MeV} \]

Ground state energy = 0.42 MeV

First Excited State Energy (n=2)

Since energy scales with \( n™2\):
\[ E 2 =4 \times E 1 \approx 4 \times 0.423 \text{ MeV} \approx 1.69 \text{ MeV} \]

Energy Required for Excitation



Quantifying the Excitation Energy

The energy needed to excite the proton from the ground state (n=1) to the first excited state (n=2)
is:
\[ \Delta E = E 2 - E 1 \approx 1.69 \text{ MeV} - 0.423 \text{ MeV} \approx 1.27 \text{ MeV} \]

This energy represents the minimum external energy input required to elevate the proton from its
lowest quantum state to the next higher quantized energy level within the confinement box.

Implications of the Excitation Energy

- The relatively modest energy (~1.27 MeV) underscores the importance of quantum confinement at
nuclear scales. Such energies are comparable to nuclear excitation energies observed in nuclear
spectroscopy.

- In realistic nuclear environments, the potential well is finite, and effects such as tunneling, spin-
orbit coupling, and residual nuclear forces modify these simplistic estimates. However, the infinite
well provides a foundational approximation.

- The energy quantization reflects the wave-like nature of particles, with higher energy states
corresponding to more complex wavefunctions with additional nodes.

Broader Context and Significance

Relevance to Nuclear Structure and Reactions

Understanding the energy levels of a confined proton informs models of nuclear shell structure,
nuclear reactions, and stability. For example:

- Nuclear shell models utilize similar quantization principles to explain how protons and neutrons
occupy discrete energy shells.

- Excitation energies influence reaction thresholds, decay modes, and the synthesis of elements in
stellar environments.

Quantum Confinement in Modern Physics

The concept extends beyond nuclear physics to nanotechnology, semiconductor physics, and
quantum computing, where controlling particle confinement enables the design of devices like
quantum dots and single-electron transistors.

Limitations of the Model

While the infinite potential well offers valuable insights, real nuclear potentials are finite, and
interactions are more complex. Factors such as:

- Finite potential barriers

- Spin and isospin effects

- Many-body interactions

- Relativistic corrections



must be incorporated for precise modeling.

However, the simplified model remains a vital pedagogical tool for illustrating core quantum
phenomena.

Conclusions and Future Perspectives

The analysis of a proton confined within a 22 fm one-dimensional box reveals that the fundamental
quantum nature of particles manifests vividly at nuclear scales. The approximate ground state
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