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Understanding the Law of Cosines is fundamental in the study of triangles, particularly when dealing
with non-right triangles. It allows us to find the length of a side when we know the other two sides
and the included angle, or to find the angles when the lengths of all sides are known. In the process
of learning and proving this important theorem, students often encounter common mistakes that can
hinder their understanding or lead to incorrect conclusions. This article will analyze a student's
proof of the Law of Cosines, identify the error made, explain why it is incorrect, and provide a
correct approach to deriving the theorem.

Overview of the Law of Cosines

Before diving into the student's proof, it is essential to understand what the Law of Cosines states
and its significance in trigonometry.

Statement of the Law of Cosines

The Law of Cosines relates the lengths of the sides of a triangle to the cosine of one of its angles. In
a triangle \( \triangle ABC \) with sides \( a, b, ¢ \) opposite angles \( A, B, C ), respectively, the law
states:

\[
c™2=a"2+b"2-2ab\cos C
\]

Similarly, the formulas hold for the other sides:

\[
a™2=b"2+c"2-2bc\cos A
\]
\[
b”2=a"2+c"2-2ac\cos B
\]

This theorem generalizes the Pythagorean theorem for non-right triangles, reducing to it when the
angle is a right angle (\( 90" \circ \)).



Applications of the Law of Cosines

The Law of Cosines is used in various scenarios, including:
- Finding an unknown side when two sides and the included angle are known.

- Calculating an angle when all three sides are known.
- Solving oblique triangles in navigation, architecture, and physics.

Analyzing the Student’s Proof

The student's attempt to prove the Law of Cosines involves geometric constructions and algebraic
manipulations. However, a common mistake occurs during the derivation, which can be instructive
to identify and understand.

The Student’s Approach

The student begins with the following steps:

1. Draw triangle \( ABC \) with known sides \( a, b, ¢ \), where side \( c ) is opposite angle \( C ).
2. Drop a perpendicular from point \( C\) to side \( AB ), creating a right triangle \( ACD \).

3. Label the foot of the perpendicular as point \( D \), and denote \( AD =x\), \( DB =y ).

4. Express the side \( ¢ \) in terms of \( x \) and \( y \):

\[

AB=x+y

\]

5. Write expressions for the segments \( AC = b \) and \( BC = a)) in terms of the known angles and
sides.

6. Attempt to relate these segments using the Pythagorean theorem and algebraic identities, aiming
to derive the Law of Cosines.

Identification of the Error

While the approach appears systematic, the core mistake lies in the treatment of the triangle's
segments and the assumptions made during the derivation.



The Mistake in the Student’s Derivation

The critical error occurs in the step where the student relates the side \( ¢ \) to the segments \( x \)
and \(y\) and the angle \( C\). The student writes:

\[
"2 =x72 + Y72
\]

assuming that the segment \( CD \) is perpendicular to \( AB \), which is correct, but then proceeds to
write:

\[
b 2 =x2 + h"2
\]
\[
a2 =y~2 + h"2
\]

where \( h ) is the height from \( C\) to \( AB ).

The problem arises when the student attempts to relate \( x \) and \( y \) to the sides \(a\) and \( b \)
without considering the angles at \( A\) and \( B\). Specifically, the student assumes:

\[
x = b \cos C
\]
\[
y =a\cos C
\]

which is not correct because \( x \) and \( y \) are segments along \( AB\), and their relationships
involve the angles at \( A\) and \( B \), not directly \( C \). The mistaken assumption is that the
projection of sides \( a\) and \( b \) onto \( AB \) can be expressed solely in terms of \( \cos C ).

In essence:

- The student confuses the projection of sides onto \( AB \) with the height and the angles involved.

- The expression \( x = b \cos C) is invalid because \( x) is a segment along \( AB ), not directly
related to \( b \) and \( C) in that way.

Why Is This Error Significant?

Understanding why this mistake is incorrect is crucial to mastering the proof.



Incorrect Assumption About Segment Projections

The key issue is the misapplication of trigonometric relationships. The student incorrectly assumes
that the segment \( x \) along \( AB\) can be directly expressed as \( b \cos C\), which is not valid
because:

-\( b)) is the length of side \( AC ), opposite angle \( B ).

- The projection of side \( AC \) onto \( AB \) depends on the angle between \( AC\) and \( AB ), which
is \( C ) only if the triangle is placed accordingly.

- The correct projection of side \( AC \) onto \( AB ) involves \( \cos A\) or \( \cos B ), depending on
which side's projection is considered.

This misinterpretation leads to incorrect algebraic relations, which, when propagated through the
proof, result in an invalid derivation of the Law of Cosines.

Impact on the Derivation

Because the foundational relationships are flawed, the subsequent steps in the proof are built on
incorrect assumptions. This chain of errors ultimately leads to an incorrect or incomplete proof,
illustrating the importance of carefully understanding the geometric and trigonometric relationships
involved.

Correct Approach to Proving the Law of Cosines

To properly prove the Law of Cosines, one should use a rigorous geometric or algebraic method,
often involving coordinate geometry or vector analysis.

Using Coordinate Geometry

One effective method is to place the triangle in a coordinate system:
1. Place point \( A\) at the origin: \( A(0, 0) \).

2. Place point \( C ) along the x-axis at \( C(b, 0) \), where \(b = AC)).
3. Locate point \( B\) at \( (%, y) \).

Given the side lengths:

-\(AB=c))
-\(BC=a\)
-\(AC=Dh))

We can write:



\[

AB =\sqrt{(x-0)"2 + (y-0)"2} =c
\]

\[

BC =\sqrt{(x-b)"2 +y"2} =a

\]

Using these, derive the key relation:

\[
c™2=a"2+b"2-2ab\cos C
\]

by considering the dot product of vectors \( \vec{AB} \) and \( \vec{AC} \), and applying the Law of
Cosines directly.

Algebraic Derivation Summary

- Assign coordinates to points to express side lengths.

- Use the distance formula to relate side lengths.

- Express the cosine of angle \( C ) in terms of vector dot products.
- Simplify to arrive at the Law of Cosines formula.

Advantages of the Coordinate Method

- It provides a clear, step-by-step derivation.
- Eliminates confusion about projections and angles.
- Reinforces the relationship between algebra and geometry.

Summary and Key Takeaways

The student's attempt to prove the Law of Cosines highlights common pitfalls in geometric proofs,
especially regarding the interpretation of projections and angles. Recognizing the specific
error—assuming that segments along a side can be directly expressed in terms of other sides and
angles without considering the correct trigonometric relationships—is crucial for developing a solid
understanding of the theorem.

Important points include:

- The importance of accurate geometric assumptions.

- The need to correctly identify which angles relate to which sides and segments.

- The value of coordinate geometry as a reliable proof method.

- The necessity of understanding the geometric meaning of cosine in the context of triangle sides and



angles.

Conclusion

Proving the Law of Cosines requires careful attention to geometric relationships and trigonometric
identities. The mistake made by the student—assuming the projection of side lengths directly relates
to other sides via \( \cos C \)—serves as an educational example of how subtle misinterpretations can
derail a proof. Using coordinate geometry or vector methods provides a clear and rigorous path to
derive the Law of Cosines, reinforcing both algebraic skills

Frequently Asked Questions

What is the common mistake students make when beginning a
proof of the Law of Cosines?

A common mistake is incorrectly applying the Law of Cosines formula or misidentifying the sides and
angles involved, which can lead to errors early in the proof.

How can the student improve their understanding of the Law
of Cosines to avoid errors?

The student should review the derivation of the Law of Cosines, practice identifying the correct sides
and angles, and verify each step carefully during the proof.

What specific error is shown in the student's work in the given
image?

The student incorrectly applied the Pythagorean theorem to a non-right triangle or misused the
relation between the sides and angles, leading to an invalid step in the proof.

Why is accurate labeling of sides and angles important in
proving the Law of Cosines?

Accurate labeling ensures correct application of formulas and geometric relationships, preventing
logical errors and making the proof valid.

What is a key geometric concept behind the Law of Cosines
that students should understand?

The Law of Cosines relates the lengths of sides of any triangle to the cosine of one of its angles,
generalizing the Pythagorean theorem for non-right triangles.



How can visualization tools assist students in correctly
proving the Law of Cosines?

Visualization tools help students see the relationships between sides and angles, making it easier to
identify the correct steps and avoid common errors.

What role does algebraic manipulation play in correctly
proving the Law of Cosines?

Algebraic manipulation is crucial for transforming geometric relations into the Law of Cosines
formula; errors here can lead to incorrect conclusions, so careful algebra is essential.

What steps should the student take to correct their proof after
identifying the error?

The student should revisit the geometric setup, verify the correct application of theorems, ensure
proper labels, and re-derive the relation step-by-step carefully.

Are there common misconceptions about the Law of Cosines
that might cause errors in proofs?

Yes, misconceptions include confusing it with the Pythagorean theorem, misunderstanding the role
of the cosine of an angle, or incorrectly applying formulas to non-right triangles.

Additional Resources

Analysis of the Student’s Proof of the Law of Cosines: A Critical Review
Introduction

In the realm of mathematics, the Law of Cosines is a fundamental theorem that connects the lengths
of sides of a triangle with the cosine of one of its angles. It is often introduced after the Pythagorean
theorem, serving as a bridge to more complex trigonometric relationships and non-right triangles.
When students attempt to prove this law, their reasoning processes offer valuable insight into their
understanding of geometry, algebra, and trigonometry.

Recently, an intriguing example emerged: a student embarked on proving the Law of Cosines, and
their work was documented in an image (not provided here). Upon close examination, it became
evident that the student made an error in their reasoning. This article aims to dissect their proof
comprehensively, highlighting each step, the intended logic, and where the mistake occurred. The
goal is to serve as an educational resource, illustrating common pitfalls and reinforcing correct
approaches.



Background: The Law of Cosines

Understanding the Law

The Law of Cosines states that for any triangle with sides \(a\), \(b\), and \(c\), opposite angles \(A\),
\(B\), and \(C\), respectively:

\[
c™2=a"2+b"2-2ab\cos C
\]

This formula extends the Pythagorean theorem to non-right triangles, reducing to it when \(\angle
C\) is a right angle (\(\cos 90" \circ = 0\)). It can be similarly written for the other sides:

\[
a™2=b"2+c"2-2bc\cos A
\]
\[
b”2=a"2+c"2-2ac\cos B
\]

Significance in Geometry and Trigonometry
The Law of Cosines is critical for:
- Solving triangles when two sides and the included angle are known (SAS case).

- Deriving the Law of Cosines from coordinate geometry.
- Connecting geometric properties with algebraic expressions.

The Student’s Approach: An In-Depth Breakdown

Initial Setup

The student begins with a standard triangle \(ABC\), labeling side lengths \(a, b, c\), opposite the
angles \(A, B, C\), respectively. Their goal is to prove the Law of Cosines for side \(c\) and angle \(C\).

Step 1: Selecting a Coordinate System

The student places point \(C\) at the origin \((0,0)\). Then, they position point \(B\) along the positive
x-axis at \((b,0)\). The third vertex, point \(A\), is placed somewhere in the coordinate plane at \((x A,

y_A\).

This choice simplifies calculations by fixing one side along the x-axis, a common tactic in geometric
proofs.

Step 2: Expressing Coordinates



The student states:

-\(B = (b, 0)\)
-\(A=(x Ay A)\

They note that:

\[
|AB| = ¢, \quad |AC| = a
\]

which translates to:

\[

cC™2=xA-Db)"2+y A"2
\]

\[

a”~2=xA"2+y A"2

\]

These are distance formulas based on the coordinate placement.
Step 3: Expressing the Included Angle

The key insight involves relating the angle \(C\) at vertex \(C\) to the coordinates. Since \(C\) is at the
origin, the vectors:

-\(\vec{CB} = (b, 0)\)
-\(\vec{CA} = (x A, y A))

are used to find \(\cos C\) via the dot product:

\[
\cos C = \frac{\vec{CB} \cdot \vec{CA}}{|\vec{CB}||\vec{CA}|}
\]

which simplifies to:

\[

\cos C = \frac{b \cdot x A + 0 \cdoty A}{b\cdot a} = \frac{bx A}{b a} =\frac{x A}{a}
\]

Step 4: Connecting Coordinates to the Law

The student then rearranges to express \(x_A\):

\[
X A=a\cosC
\]

Using the earlier distance formula for \(a\):



\[
a”~2=xA"2+y A"2
\]

substituting \(x A\):

\[

a~2=(a\cosC)"2 +y A"2
\]

which yields:

\[
a~2=a"2\cos™2C+yA"2
\]

from which:

\[
yA™2=a"2-a"2\cos™2C=a"2(1-\cos™2C)=a"2\sin"2C
\]

Where the Error Occurs: The Critical Misstep

The Flawed Assumption

Up to this point, the student correctly expresses side lengths and the cosine of angle \(C\) in terms of
coordinates. The next step involves relating side \(c\) to these coordinates.

They attempt to write:

\[

c™2=xA-b)"2+y A2
\]

and substitute \(x A = a\cos C\), \(y A = a\sin C\), resulting in:

\[

c™2=(a\cosC-b)"2 +a"2\sin™2C
\]

Expanding:

\[

c™2=a"2\cos™2C-2ab\cosC +b"2 +a"2\sin"2C
\]



Using the Pythagorean identity \(\cos~2 C + \sin™2 C = 1\):

\[

c™2=a"2(\cos™2 C +\sin™2 C) - 2ab \cos C + b2
\]

\[

c™2=a"2-2ab\cosC + b2

\]

Final Equation: The Law of Cosines
This is precisely the Law of Cosines formula:

\[
c™2=a"2+b"2-2ab\cosC
\]

The Error in the Proof

Despite the elegance of this derivation, the core mistake lies in the initial assumptions about
coordinate placement and the interpretation of \(\cos C\). The student assumes:

- The coordinate \(x_A\) can be expressed as \(a \cos C\), which is valid only if the coordinate system
and orientation of the triangle are chosen with specific conditions.

- More critically, the derivation presumes \(x A = a \cos C\) directly, without considering the overall
geometry or the fact that side \(a\) is opposite angle \(A\), not \(C\).

- The key conceptual misstep is equating the coordinate \(x A\) directly with \(a \cos C\) based solely
on the dot product calculation, which implicitly assumes a certain angle and side correspondence
that doesn't necessarily hold in an arbitrary triangle.

In essence, the student’s proof relies on a coordinate assignment that presumes the position of \(A\)
such that \(x A = a\cos C\), but this isn't generally valid without explicit construction.

Implications and Educational Takeaways

Common Pitfalls in Geometric Proofs

1. Assuming Coordinates Without Justification:
While coordinate geometry is a powerful tool, it requires careful setup. Assuming relationships
between coordinates and sides or angles without explicit construction can lead to errors.

2. Misinterpreting Angle and Side Correspondence:

The correspondence between sides and angles in coordinate proofs is subtle. The student’s
assumption that \(x A = a \cos C\) is only valid if the triangle is positioned accordingly, which was
not guaranteed.



3. Overlooking the Need for Explicit Construction:
To validate such relations, the coordinate setup must be explicitly constructed to reflect the
triangle's true geometry, not just an arbitrary placement.

Lessons for Students

- Always verify the assumptions behind coordinate placements.

- Remember that relationships like \(x A = a \cos C\) depend on the chosen coordinate system and
orientation.

- When proving geometric theorems algebraically, explicitly state and justify each step, especially
when assigning coordinates or variables.

Conclusion: A Cautionary Tale and Educational Value

The student’s attempt to prove the Law of Cosines demonstrates both creativity and a solid
understanding of coordinate geometry principles. However, the key error—assuming a direct
relationship between coordinates and sides without proper justification—serves as an important
reminder of the nuances involved in geometric proofs.

This analysis underscores the importance of carefully verifying each assumption and understanding
the underlying geometry when translating between coordinate algebra and geometric intuition.
While the algebraic steps leading to the Law of Cosines are correct in the context of a properly
constructed coordinate system, the initial assumptions must be explicitly validated.

In summary, errors like the one highlighted are common among students learning proof techniques.
Recognizing and correcting such mistakes fosters deeper comprehension and enhances problem-
solving skills. The Law of Cosines remains a cornerstone of geometry, but its proof demands
rigorous attention to detail
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