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Understanding the behavior of electric fields due to charged objects is
fundamental in electrostatics. When dealing with a uniform line of charge,
especially one symmetrically positioned along a coordinate axis, it becomes
essential to analyze the electric field generated at various points in space.
This article provides a comprehensive exploration of the electric field
produced by a uniform line of charge, specifically focusing on a 20.0 cm long
segment positioned along the x-axis with its midpoint at the origin. We will
examine the physical setup, derive the mathematical expressions for the
electric field, analyze special cases, and discuss practical applications.

Physical Description of the Charge Distribution

Geometry and Positioning

- The charged object is a straight line segment aligned along the x-axis.
- Its total length is 20.0 cm (0.20 meters).

- The segment's midpoint is at the origin, x = 0.

- This implies the segment extends from x = -10.0 cm to x = +10.0 cm.

Charge Distribution Characteristics

- The line of charge has a uniform linear charge density, denoted by A
(Lambda) .
- The linear charge density A (Coulombs per meter) is given by:

\ [
\lambda = \frac{Q}{L}
\]

where:

- \(Q\) 1is the total charge on the segment.
- \(L = 0.20\, \text{m}\) is the length of the segment.



- The total charge \(Q\) can be specified or calculated based on the linear
density.

Assumptions and Simplifications

- The charge distribution is static; no time-dependent effects are
considered.

- The line of charge is thin, i.e., its cross-sectional dimensions are
negligible.

- The surrounding medium is vacuum or air, with permittivity \(\varepsilon 0
= 8.854 \times 107{-12}\, \text{F/m}\).

Mathematical Derivation of Electric Field

Fundamental Principles

The electric field \(\vec{E}\) at a point in space due to a continuous charge
distribution is obtained by integrating the Coulomb contribution of
infinitesimal charge elements:

\ [
\vec{E}(\vec{r}) = \frac{1}{4\pi \varepsilon 0} \int \frac{dq}{r'~2} \hat{r}'
\1

where:

- \(dg\) is an infinitesimal charge element.

- \(\hat{r}'\) is the unit vector pointing from the charge element to the
point of observation.

- \(r'\) is the distance from the charge element to the point.

For a line of charge, this reduces to a line integral along the charge
distribution.

Coordinate System Setup

- Let’s define the coordinate system with the line segment along the x-axis:
from \(x' = -a\) to \(x' = +a\), where \(a = L/2 = 10\, \text{cm}\).

- The total charge density is \(\lambda\).

- The observation point is at position \(\vec{r} = (x, y, z)\).



Expression for the Electric Field at a Point

The differential element of charge:

\ [
dg = \lambda\, dx'
\1]

The vector from the charge element at \(x'\) to the observation point:

\ [
\vec{R} = \vec{r} - \vec{r'} = (x - x', vy, 2)
\1

The magnitude:

\ [
R = |\vec{R}| = \sqrt{(x - x')"2 + y*2 + 272}
\1

The differential electric field contribution:

\ [

d\vec{E} = \frac{1}{4\pi \varepsilon 0} \frac{dq}{R"2} \hat{R} =
\frac{1}{4\pi \varepsilon 0} \frac{\lambda\, dx'}{R"2} \frac{\vec{R}}{R}
\1]

which simplifies to:

\ [
d\vec{E} = \frac{1}{4\pi \varepsilon 0} \frac{\lambda\, dx'}{R"3} \vec{R}
\1]

The total electric field:

\ [

\vec{E}(x, y, z) = \frac{\lambda}{4\pi \varepsilon 0} \int {-a}"{a}
\frac{\vec{R}}{R"3} dx'

\1

Symmetry and Simplification of the Electric
Field



Symmetry Considerations

- Due to the uniform charge distribution and the symmetric placement of the
line about the origin, certain components of the electric field cancel out.

- For points located along the perpendicular bisector of the segment (e.g.,
at \(x=0\)), the electric field has only a component perpendicular to the
line (say, along the y or z axis).

- For points along the x-axis (\(y=0, z=0\)), the contributions along the x-
axis cancel due to symmetry, resulting in a net field pointing along the y or
z directions.

Electric Field Along the Axis (x-axis)

- When the observation point is on the x-axis (\(x=0\)), the problem
simplifies significantly.

- The electric field at \(x=0\) (on the axis) due to a symmetric line segment
is purely perpendicular to the line (along y or z), depending on the point's
position.

- For points along the x-axis outside the segment (say, at \(x > a\)), the
electric field reduces to the Coulomb field of a point charge \(Q\) located
at the midpoint.

Electric Field at a General Point

- To evaluate the electric field at an arbitrary point, perform the integral:

\ [

\vec{E} = \frac{\lambda}{4\pi \varepsilon 0} \int {-a}"{a} \frac{(x - x', vy,
z)H\left[(x - x')"2 + y*2 + z"2\right]~{3/2}} dx'

\1]

- The integral can be evaluated analytically or numerically, depending on the
observation point.

Special Cases and Practical Calculations

Field at the Center of the Segment

- At the midpoint (\(x=0, y=0, z=0\)), the electric field is zero along the
x-axis because the contributions from charges on either side cancel out.



- The field perpendicular to the segment (say, at a point \((0, y, 0)\)) can
be calculated explicitly.

Field at a Point Off the Axis

- For points not lying along the symmetry axis, the electric field must be
evaluated using the integral form.

- Numerical methods or software tools (like MATLAB, Mathematica, or Python
with SciPy) can be employed to compute the field accurately.

Approximate Expressions for Large Distances

- When the observation point is far from the segment (\(r \gg a\)), the
segment behaves like a point charge:

\ [
\vec{E} \approx \frac{Q}{4\pi \varepsilon 0 r~2} \hat{r}
\1]

- This approximation simplifies calculations and provides quick estimates.

Applications of a Uniform Line of Charge

Electrostatics and Engineering

- Design of charged wires and electrodes.

- Understanding electric fields in devices like cathode ray tubes and
particle accelerators.

- Calculating forces on other charged objects placed near the line.

Educational Demonstrations and Simulations

- Visualization of electric field lines due to line charges.
- Teaching concepts of symmetry and superposition in electrostatics.

Research and Advanced Physics



- Modeling charge distributions in nanotechnology and materials science.
- Analyzing the behavior of elongated charged objects.

Summary and Key Takeaways

- The electric field due to a uniform line charge can be derived using
Coulomb’s law integrated along the length.

- Symmetry plays a crucial role in simplifying the calculations.

- The field's magnitude and direction depend on the observation point's
position relative to the line.

- Approximate formulas are useful for points far from the charge
distribution.

- Practical applications span from basic physics education to advanced
engineering and research.

Conclusion

The analysis of a uniform line of charge along the x-axis, especially one
with a known length and charge distribution, provides fundamental insights
into electrostatics. By understanding the integral formulation, leveraging
symmetry, and exploring special cases, one can predict the behavior of
electric fields generated by such charge arrangements. Whether for
educational purposes or practical engineering applications, mastering these
concepts is essential for anyone working with electric fields and charge
distributions.

References

- Griffiths, D. J. (2017). Introduction to Electrodynamics. 4th Edition.

Frequently Asked Questions

What is the total charge of a uniform line of charge



20.0 cm long centered at the origin?

The total charge can be calculated by multiplying the linear charge density
(A) by the length (L). If A is known, total charge Q = A x 0.20 m.

How do you find the electric field at a point along
the axis of a uniformly charged line segment?

You integrate the contributions of each infinitesimal charge element along
the line, considering the distance from each element to the point of
interest, often resulting in a formula involving A, the position, and the
length of the segment.

What is the significance of the midpoint at X=0 in
the configuration?

The midpoint at X=0 serves as the symmetry point, simplifying calculations of
the electric field or potential on either side, as contributions from
symmetric elements can be combined or canceled accordingly.

How does the electric field vary along the axis of a
uniformly charged line segment?

The electric field magnitude varies depending on the distance from the
segment. It is strongest near the ends and weaker near the center, following
the inverse-square or inverse-linear dependence based on the position.

What is the expression for the electric potential at
a point on the axis of the charged line?

The potential V at a point along the axis can be found by integrating the
potential contributions from each charge element, resulting in V = (kA) times
a logarithmic function of distances from the point to the segment's
endpoints.

How would the electric field change if the line
charge length is increased beyond 20.0 cm?

Increasing the length extends the region of charge, which generally increases
the electric field at points near the segment due to the added charge, but
the exact change depends on the position relative to the segment.

What assumptions are made when modeling a uniform
line of charge along the x-axis?

It is assumed that the charge distribution is uniform (constant linear charge
density), the line is infinitely thin, and the electric field is calculated



in a vacuum or uniform medium without other influences.

How does the symmetry of the charge distribution
affect electric field calculations?

Symmetry simplifies calculations by allowing the cancellation of components
of the electric field in certain directions, and doubling contributions from
symmetric elements to find the total field at symmetric points.

If the linear charge density A is known, how do you
calculate the electric field at a point along the
axis?

Use the integral of Coulomb’s law over the charge distribution, leading to an
expression involving A, the position, and the length, often resulting in a
formula like E = (kA/ r) (sin 62 - sin 61), where 61 and 62 are angles
subtended by the segment endpoints.

What are the typical units used for linear charge
density and electric field in such problems?

Linear charge density (A) is usually expressed in coulombs per meter (C/m),
and the electric field (E) in newtons per coulomb (N/C).

Additional Resources

Uniform Line of Charge: An In-Depth Analysis of Its Electric Field and
Potential

When exploring the fascinating realm of electrostatics, the concept of charge
distribution plays a pivotal role in understanding how electric fields and
potentials manifest in various configurations. Among these, a uniform line of
charge stands out as a fundamental yet insightful model, often serving as the
foundation for more complex systems. Today, we delve into a specific case: a
uniformly charged line segment of length 20.0 cm positioned along the x-axis,
with its midpoint at the origin (x = 0). We will examine the physical
characteristics, mathematical formulation, and practical implications of such
a charge distribution, providing a comprehensive overview that appeals to
students, educators, and physics enthusiasts alike.



Understanding the Setup: The Uniform Line of
Charge Along the X-Axis

Physical Description and Geometrical Arrangement

Imagine a straight, thin wire stretched along the x-axis, precisely 20.0
centimeters in length. This wire carries a uniform linear charge density,
meaning the amount of charge per unit length remains constant throughout its
length. Its position is such that its midpoint aligns with the origin (x =
0), effectively placing its endpoints symmetrically at x = -10.0 cm and x =
+10.0 cm.

Key features of the setup include:

- Length (L): 20.0 cm (or 0.20 meters)

- Midpoint position: x = 0

- Endpoints: x = -10.0 cm and x = +10.0 cm

- Charge distribution: Uniform, with linear charge density A (lambda)

This configuration simplifies many calculations due to its symmetry, making

it an ideal model for understanding electric fields generated by finite line
charges.

Charge Density and Total Charge

The total charge \( Q \) on the line depends on the linear charge density \(
\lambda \), which is expressed as:

\ [

Q = \lambda \times L

\1

Where:

- \( \lambda \) is the charge per unit length (C/m)
- \( L \) is the length of the line (m)

Since the problem statement references the charge but not its magnitude, we
can analyze the system generally in terms of \( \lambda \), or assign a
specific value if needed for numerical examples.



Mathematical Foundations of the System

To analyze the electric field and potential due to this charge distribution,
we utilize principles from electrostatics, notably Coulomb's law and
superposition.

Electric Field Due to a Uniform Line Segment

The electric field at a point \( P \), located at a position \( \mathbf{r}
\), due to an infinitesimal charge element \( dq \) on the line is:

\ [
d\mathbf{E} = \frac{1}{4\pi \varepsilon 0} \frac{dq}{r'~2} \hat{\mathbf{r}}'
\1]

Where:

- \( \varepsilon 0 \) is the vacuum permittivity (\(8.854 \times 107{-12} \,
\mathrm{F/m}\))

- \( r' \) is the distance from the charge element to the point \( P \)

- \( \hat{\mathbf{r}}' \) is the unit vector pointing from the charge element
towards \( P \)

Given the symmetry and uniform distribution, the integral simplifies along
the x-axis for points on the x-axis, but can be extended to off-axis points
with more complex calculus.

For a point on the x-axis at position \( x \), the electric field magnitude
is:

\ [

E(x) = \frac{1}{4\pi \varepsilon 0} \int {x' = -L/2}"{L/2} \frac{\lambda \,
dx'}(x - x")"2}

\1

Due to symmetry, the components perpendicular to the x-axis cancel out,
leaving a net field along the x-axis.

Resulting formula:

\ [

E(x) = \frac{\lambda}{4\pi \varepsilon 0} \left( \frac{1l}{x - x' {-}} -
\frac{1}{x - x' {+}} \right)

\1

Where \( x' {-} = -L/2 \), \( x' {+} = +L/2 \).



Electric Potential Due to the Line Segment

The electric potential \( V \) at a point \( P \) is obtained by integrating
the contributions of all charge elements:

\ [

V(x) = \frac{1}{4\pi \varepsilon 0} \int {x'=-L/2}"{L/2} \frac{\lambda \,
dx'H[x - x"[|}

\1

This integral yields:

\ [

V(x) = \frac{\lambda}{4\pi \varepsilon 0} \left[ \ln \left| x - x' \right|
\right] {x'=-L/2}"{x' = L/2}

\1

or, explicitly:

\ [

V(x) = \frac{\lambda}{4\pi \varepsilon 0} \ln \left( \frac{|x - L/2|}{]|x +
L/2|} \right)

\1]

This expression provides the potential at any point \( x \) along the axis,

with the understanding that the potential is defined relative to infinity (or
an arbitrary reference point).

Key Calculations and Examples

Calculating the Electric Field at a Point on the
Axis

Suppose we want to evaluate the electric field at a point \( x =0 \), i.e.,
at the center of the line segment.

Step-by-step:

- The endpoints are at \( x' = -0.10 \, \mathrm{m} \) and \( x' = +0.10 \,
\mathrm{m} \).

- The distance from each endpoint to the center is \( 0.10 \, \mathrm{m} \).

Using the formula:



\ [

E(0) = \frac{\lambda}{4\pi \varepsilon 0} \left( \frac{1}{0 - (-0.10)} -
\frac{1}{0 - 0.10} \right) = \frac{\lambda}{4\pi \varepsilon 0} \left(
\frac{1}{0.10} - \frac{1}{-0.10} \right)

\1

Simplify:

\ [

E(0) = \frac{\lambda}{4\pi \varepsilon 0} \left( \frac{1}{0.10} +
\frac{1}{0.10} \right) = \frac{\lambda}{4\pi \varepsilon 0} \times
\frac{2}{0.10}

\1

\ [
E(0) = \frac{\lambda}{4\pi \varepsilon 0} \times 20
\1]

This yields a magnitude proportional to the linear charge density \( \lambda
\). The direction is along the x-axis, pointing away from positive charges.

Interpretation:
- The electric field at the center is non-zero unless the total charge is
zero.

- For a positive \( \lambda \), the field points outward; for negative \(
\lambda \), inward.

Calculating the Electric Potential at the Center

At \( x=0 \):

\ [

V(0) = \frac{\lambda}{4\pi \varepsilon 0} \ln \left( \frac{|O0 - 0.10|}{]0 +
0.10|} \right) = \frac{\lambda}{4\pi \varepsilon 0} \ln (1) = 0

\1

The potential at the center is zero if the reference is at infinity,
demonstrating symmetry.

Practical Implications and Applications

Understanding the behavior of a uniform line of charge is not just a



theoretical exercise; it has practical relevance across multiple fields:

- Design of Electrode Arrays: Engineers designing linear electrodes or
sensors can utilize these principles to predict electric fields and
potentials.

- Electrostatic Shielding: Knowledge of how charges distribute along
conductors informs shielding strategies to prevent unwanted electric fields.
- Capacitor Configurations: Finite line charges serve as basic models for
understanding the behavior of capacitors with linear geometries.

- Particle Accelerators: Precise control of electric fields generated by
linear charge distributions is essential for beam steering and acceleration.

Limitations and Considerations

While the uniform line of charge provides a useful model, several factors can
influence real-world behavior:

- Finite Size Effects: Real conductors may have thickness, affecting the
charge distribution.

- Edge Effects: The assumption of a uniform charge density may break down
near the ends due to charge accumulation.

- Material Properties: Surrounding dielectric materials alter the electric
field and potential.

- Polarization and Induction: Nearby objects can induce charges, complicating
the idealized model.

To mitigate these limitations: engineers and physicists often employ

numerical simulations or consider approximate solutions, especially for
complex geometries.

Conclusion: The Significance of the Uniform
Line of Charge

The analysis of a uniform line of charge
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