AFTER ALL THE STUDENTS HAVE PASSED THROUGH THE
BuiLDING AND CHANGED THE Lockers, WHICH LOCKERS ARE
OPEN?P

INTRODUCTION

AFTER ALL THE STUDENTS HAVE PASSED THROUGH THE BUILDING AND CHANGED THE Lockers, WHICH Lockers ARe OPEN?
THIS QUESTION IS A CLASSIC LOGIC PUZZLE THAT CHALLENGES OUR UNDERSTANDING OF SEQUENCES, STATES, AND THE EFFECTS
OF REPETITIVE ACTIONS. T YPICALLY POSED IN PROBLEM-SOLVING SCENARIOS, IT PROMPTS US TO ANALYZE THE PROCESS STEP
BY STEP TO DETERMINE THE FINAL STATUS OF EACH LOCKER. W/HILE IT MAY SEEM STRAIGHTFORWARD AT FIRST GLANCE, THE
UNDERLYING LOGIC REVEALS INTERESTING INSIGHTS ABOUT PATTERNS, DIVISIBILITY, AND THE NATURE OF TOGGLING STATES. IN
THIS ARTICLE, WE WILL EXPLORE THE PROBLEM IN DEPTH, EXAMINING THE STEP-BY-STEP REASONING, MATHEMATICAL PRINCIPLES
INVOLVED, AND THE ULTIMATE SOLUTION TO IDENTIFY WHICH LOCKERS REMAIN OPEN AFTER ALL STUDENTS HAVE COMPLETED
THEIR PASSES.

UUNDERSTANDING THE PROBLEM

THE SETUP

IMAGINE A BUILDING WITH A SERIES OF LOCKERS NUMBERED FROM 1 TO N. EACH LOCKER STARTS IN A CLOSED STATE. A GROUP
OF STUDENTS, ALSO NUMBERED FROM 110 N, PASS THROUGH THE BUILDING SEQUENTIALLY. THE PROCESS IS AS FOLLOWS:

STUDENT 1 TOGGLES EVERY LOCKER (I.E., OPENS ALL LOCKERS, SINCE THEY START CLOSED).

STUDENT 2 TOGGLES EVERY 2ND LOCKER (LOCKERS 2, 4, 6, ...).

STUDENT 3 TOGGLES EVERY 3RD LOCKER (LOCKERS 3, 6, 9, ...).

® STUDENT K TOGGLES EVERY K-TH LOCKER.

THIS PROCESS CONTINUES UNTIL THE NTH STUDENT HAS TOGGLED THE NTH LOCKER. THE QUESTION IS: AFTER ALL STUDENTS
HAVE COMPLETED THEIR PASSES, WHICH LOCKERS ARE OPEN?

INITIAL CONDITIONS

BEFORE ANY STUDENT PASSES THROUGH, ALL LOCKERS ARE IN A CLOSED STATE. THE TOGGLING PROCESS INVOLVES CHANGING
THE STATE OF EACH LOCKER (FROM CLOSED TO OPEN, OR VICE VERSA) EACH TIME IT IS TOGGLED.

UNDERSTANDING THE PATTERN OF TOGGLES FOR EACH LOCKER IS KEY TO SOLVING THE PROBLEM. T HE MAIN CHALLENGE IS TO
DETERMINE THE FINAL STATE (OPEN OR CLOSED) OF EACH LOCKER AFTER ALL PASSES ARE COMPLETED.

ANALYZING THE T OGGLING PATTERN



STeP-8Y-STEP EXAMPLE (SMALL NUMBER OF LOCKERS)

LET'S CONSIDER A SMALL EXAMPLE WITH N=10 LOCKERS:

1. INITIALLY, ALL LOCKERS ARE CLOSED.
2. STUDENT 1 TOGGLES ALL LoCkers (Lockers 1-10). ALL ARE NOW OPEN.
3. STUDENT 2 TOGGLES EVERY 2ND LOCKER (LOCKERS 2, 4, 6, 8, 10). THESE LOCKERS ARE NOW CLOSED.

4. STUDENT 3 TOGGLES EVERY 3RD LOCKER (LOCKERS 3, 6, 9). LOCKER 3 WAS OPEN, NOW CLOSED; LOCKER & WAS
CLOSED, NOW OPEN; LOCKER 9 WAS CLOSED, NOW OPEN.

5. STUDENT 4 TOGGLES EVERY 4TH LOCKER (LOCKERS 4, 8). LOCKER 4 WAS CLOSED, NOW OPEN; LOCKER 8 WAS
CLOSED, NOW OPEN.

6. STUDENT 5 TOGGLES EVERY S5TH LOCKER (Lockers 5, 10). Locker 5 WAS CLOSED, NOW OPEN; LOCKER 10 wWAS
CLOSED, NOW OPEN.

7. STUDENT 6 TOGGLES EVERY OTH LOCKER (LOCKER 6). LOCKER 6 WAS OPEN, NOW CLOSED.
8. STUDENT 7 TOGGLES EVERY 7TH LOCKER (LOCKER 7). LOCKER 7 WAS CLOSED, NOW OPEN.
9. STUDENT 8 TOGGLES EVERY 8TH LOCKER (LOCKER 8). LOCKER 8 WAS OPEN, NOW CLOSED.
10. STUDENT 9 TOGGLES EVERY 9TH LOCKER (LOCKER 9). LOCKER 9 WAS OPEN, NOW CLOSED.

11. STUDENT 10 TOGGLES EVERY 10TH Locker (Locker 10). Locker 10 WAS OPEN, NOW CLOSED.

FINAL STATES:

e Locker 1: oPENED ONCE (ODD NUMBER OF TOGGLES) — OPEN.
® | OCKER 2: TOGGLED TWICE — CLOSED.

® | OCKER 3: TOGGLED TWICE — CLOSED.

® | OCKER 4: TOGGLED TWICE — CLOSED.

® | OCKER 5: TOGGLED TWICE — CLOSED.

® | OCKER 6: TOGGLED THREE TIMES — CLOSED.

® | OCKER 7: TOGGLED ONCE — OPEN.

® | OCKER 8: TOGGLED THREE TIMES — CLOSED.

® | OCKER 9: TOGGLED TWICE — CLOSED.

e [ ocker 10: TOGGLED FOUR TIMES — CLOSED.

FROM THIS EXAMPLE, ONLY LOCKERS 1 AND 7 REMAIN OPEN AT THE END.



MATHEMATICAL EXPLANATION

NUMBER OF TOGGLES AND DIVISORS

THE KEY INSIGHT IS THAT EACH LOCKER’S TOGGLE COUNT CORRESPONDS TO THE NUMBER OF DIVISORS OF ITS NUMBER.
SPECIFICALLY:

® | OCKER K IS TOGGLED ONCE FOR EVERY DIVISOR IT HAS (SINCE THE STUDENTS THAT TOGGLE IT ARE PRECISELY THOSE
WHOSE NUMBER DIVIDES K).

® THE TOTAL NUMBER OF TOGGLES FOR LOCKER K EQUALS THE NUMBER OF DIVISORS OF K.

BECAUSE EACH TOGGLE CHANGES THE LOCKER'S STATE, THE FINAL STATE DEPENDS ON WHETHER THE TOTAL NUMBER OF
DIVISORS IS ODD OR EVEN.

Divisors AND PERFECT SQUARES

MOST NUMBERS HAVE DIVISORS IN PAIRS. FOR EXAMPLE, FOR 12:
e Divisors: 1,2,3,4,6,12.

e Pars: (1,12), (2, 6), (3, 4).

DIVISORS COME IN PAIRS, SO THE TOTAL NUMBER OF DIVISORS IS USUALLY EVEN. HO\X/EVER, PERFECT SQUARES ARE UNIQUE
BECAUSE ONE OF THEIR DIVISOR PAIRS IS A REPEATED NUMBER (THE SQUARE ROOT)/ WHICH CONTRIBUTES ONLY ONE DIVISOR IN
THE PAIR, MAKING THE TOTAL NUMBER OF DIVISORS ODD.

For EXAMPLE, 16 IS A PERFECT SQUARE:
e Divisors: 1,2, 4,8, 16.

e Pars: (1, 16), (2, 8), AND 4 (WHICH IS REPEATED AS THE SQUARE ROOT).

SINCE PERFECT SQUARES HAVE AN ODD NUMBER OF DIVISORS, THEIR ASSOCIATED LOCKERS ARE TOGGLED AN ODD NUMBER OF
TIMES, ENDING IN AN OPEN STATE.

FINAL SoLuTION: WHICH Lockers ReEMAIN OPEN?

Key CoNcLUSION

BASED ON THE DIVISOR AND PERFECT SQUARE ANALYSIS, THE LOCKERS THAT REMAIN OPEN ARE PRECISELY THOSE WITH NUMBERS
THAT ARE PERFECT SQUARES.

GENERAL FOrMULA

IF THERE ARE N LOCKERS, THEN THE LOCKERS THAT REMAIN OPEN ARE!:

e ALL LOCKERS NUMBERED K, WHERE K IS A PERFECT SQUARE LESS THAN OR EQUAL TO N.



MATHEMATICALLY/ THESE ARE THE LOCKERS WITH NUMBERS:
0.5
N°> = \(\sqrt{N}\)

2 2 2
LOCKERS WITH NUMBERS 17, 27, 37, ..., UP TO THE LARGEST PERFECT SQUARE < N.

EXAMPLES AND APPLICATIONS

ExAampPLE WITH 100 Lockers

SuUPPOSE THE BUILDING HAS 100 LOCKERS. THE PERFECT SQUARES UP To 100 ARE:

11019
2. 4(2%)
3. 9(3%
4. 16 (4
5. 25 (5%
6. 36 (6%
7. 49(79)
8. 64(8%)
9. 81(99

10. 100 (10%)

THEREFORE, ONLY THESE LOCKERS WILL BE OPEN AFTER ALL STUDENTS PASS THROUGH.

IMPLICATIONS AND FURTHER THOUGHTS

THIS PROBLEM SHOWCASES THE BEAUTIFUL INTERPLAY BETWEEN NUMBER THEORY AND COMBINATORICS. |T EXEMPLIFIES HOW
SIMPLE, REPETITIVE PROCESSES CAN LEAD TO ELEGANT, PREDICTABLE PATTERNS. ITS APPLICATIONS EXTEND TO VARIOUS FIELDS
INCLUDING COMPUTER SCIENCE, CRYPTOGRAPHY , AND ALGORITHM DESIGN, WHERE UNDERSTANDING THE PROPERTIES OF DIVISORS
AND PERFECT

’

FREQUENTLY AsSkeD QUESTIONS

IF ALL STUDENTS HAVE PASSED THROUGH THE BUILDING AND CHANGED THEIR LOCKERS ,
WHICH LOCKERS ARE LEFT OPEN?

TYPICALLY, THE LOCKERS THAT ARE OPEN ARE THOSE THAT STUDENTS DIDN'T CLOSE PROPERLY AFTER CHANGING, OR THOSE

THAT WERE INTENTIONALLY LEFT OPEN. W/ ITHOUT ADDITIONAL DETAILS, IT'S IMPOSSIBLE TO DETERMINE EXACTLY WHICH
LOCKERS REMAIN OPEN.



DOES THE ACT OF STUDENTS CHANGING LOCKERS AUTOMATICALLY CLOSE OR OPEN THE
LOCKERS AFTERWARD?

NOT NECESSARILY. CHANGING LOCKERS INVOLVES OPENING AND CLOSING LOCKERS, BUT WHETHER THEY ARE LEFT OPEN OR
CLOSED DEPENDS ON THE STUDENTS’ ACTIONS DURING THE PROCESS.

ARE THERE ANY PATTERNS OR CLUES THAT INDICATE WHICH LOCKERS ARE OPEN AFTER
ALL STUDENTS HAVE FINISHED?

IN SOME PUZZLES OR SCENARIOS, LOCKERS THAT ARE TOGGLED AN ODD NUMBER OF TIMES (SUCH AS LOCKERS AT POSITIONS
THAT ARE PERFECT SQUARES) REMAIN OPEN. HO\X/EVER, IN REAL-LIFE SITUATIONS, THIS DEPENDS ON STUDENT BEHAVIOR.

IN A SCENARIO WHERE STUDENTS CHANGE LOCKERS SEQUENTIALLY , WHICH LOCKERS ARE
MOST LIKELY TO BE OPEN AT THE END?

IF STUDENTS OPEN AND CLOSE LOCKERS SYSTEMATICALLY, LOCKERS AT POSITIONS CORRESPONDING TO PERFECT SQUARES ARE
OFTEN LEFT OPEN, ASSUMING A TOGGLING PATTERN SIMILAR TO CLASSIC LOCKER PUZZLES.

\WHAT FACTORS DETERMINE WHICH LOCKERS ARE OPEN AFTER ALL STUDENTS HAVE
CHANGED THEM?P

FACTORS INCLUDE WHETHER STUDENTS CLOSED LOCKERS AFTER CHANGING, THE ORDER OF STUDENTS PASSING THROUGH, AND
WHETHER LOCKERS WERE INTENTIONALLY LEFT OPEN OR CLOSED DURING THE PROCESS. W/ITHOUT SPECIFIC DETAILS, THE EXACT
OPEN LOCKERS CAN'T BE DETERMINED.

ADDITIONAL RESOURCES

AFTER ALL THE STUDENTS HAVE PASSED THROUGH THE BUILDING AND CHANGED THE LOCKERS, WHICH Lockers ARE OPEN?

IN MANY SCHOOLS, STUDENTS OFTEN SWITCH LOCKERS AT THE START OR END OF THE DAY, WHETHER TO FIND A DIFFERENT
SPOT, ACCOMMODATE CLASS SCHEDULES, OR SIMPLY FOR VARIETY. BUT HAVE YOU EVER \WONDERED, AFTER ALL THE STUDENTS
HAVE MOVED THROUGH THE BUILDING AND CHANGED THEIR LOCKERS, WHICH LOCKERS REMAIN OPEN? THIS SEEMINGLY SIMPLE
QUESTION INVOLVES A FASCINATING BLEND OF LOGIC, PATTERNS, AND PROBLEM-SOLVING THAT CAN BE EXPLORED THROUGH
SYSTEMATIC REASONING.

IN THIS ARTICLE, WE WILL ANALYZE THIS SCENARIO STEP-BY-STEP, EMPLOYING LOGICAL DEDUCTION, PATTERN RECOGNITION,
AND PROBLEM~SOLVING STRATEGIES TO DETERMINE EXACTLY WHICH LOCKERS ARE OPEN AFTER ALL STUDENTS HAVE COMPLETED
THEIR LOCKER~CHANGING ROUTINES.

UNDERSTANDING THE SCENARIO

IMAGINE A SCHOOL WITH A CERTAIN NUMBER OF LOCKERS — SAY, 100 FOR SIMPLICITY. INITIALLY, ALL LOCKERS ARE CLOSED.
THE STUDENTS, NUMBERED FROM 1 TO 100, PASS THROUGH THE BUILDING ONE BY ONE, TOGGLING LOCKERS BASED ON SPECIFIC
RULES:

- STUDENT 1 VISITS EVERY LOCKER, CHANGING ITS STATE (FROM CLOSED TO OPEN, OR OPEN TO CLOSED).

- STUDENT 2 VISITS EVERY 2ND LOCKER, TOGGLING THEIR STATE.

- STUDENT 3 VISITS EVERY 3RD LOCKER, TOGGLING THEIR STATE.

- THIS PATTERN CONTINUES UNTIL THE LAST STUDENT, WHO VISITS ONLY THE LAST Locker (Numeer 100).

THIS CLASSIC PROBLEM IS OFTEN CALLED THE “LOCKER PROBLEM” AND IS A WELL-KNOWN PUZZLE IN LOGIC AND MATHEMATICS.
THE CORE QUESTION: AFTER ALL STUDENTS HAVE TAKEN THEIR TURN, WHICH LOCKERS REMAIN OPEN?



MODELING THE PROBLEM: THE TOGGLING PATTERN
To UNDERSTAND THE OUTCOME, IT’S ESSENTIAL TO MODEL THE PROCESS:

- INITIAL STATE: ALL LOCKERS START CLOSED.
- TOGGLING RULE: EACH STUDENT TOGGLES THE STATE OF LOCKERS AT INTERVALS EQUAL TO THEIR STUDENT NUMBER.

FOR EXAMPLE:

.., 100).
.., 100).
...), AND SO ON.

- STUDENT 1 TOGGLES EVERY LOcker (1, 2, 3,
- STUDENT 2 TOGGLES EVERY 2ND LOCKER (2, 4,
- STUDENT 3 TOGGLES EVERY 3RD LOCKER (3, 6,

0,
9,
KEY INSIGHT: EACH LOCKER IS TOGGLED ONCE FOR EVERY DIVISOR IT HAS.

FOR INSTANCE:

- Locker 12 1S TOGGLED BY STUDENTS 1, 2, 3, 4, 6, 12.
- THE NUMBER OF TIMES A LOCKER IS TOGGLED EQUALS THE NUMBER OF DIVISORS OF ITS NUMBER.

|NIT|ALLY, ALL LOCKERS ARE CLOSED. AFTER ALL TOGGLING:
- LOCKERS WITH AN EVEN NUMBER OF DIVISORS END UP CLOSED (BECAUSE THEY ARE TOGGLED AN EVEN NUMBER OF TIMES,

RETURNING TO CLOSED).
- LOCKERS WITH AN ODD NUMBER OF DIVISORS END UP OPEN (SINCE TOGGLING AN ODD NUMBER OF TIMES LEAVES THEM OPEN).

DIvISORS AND PERFECT SQUARES

THE CRUCIAL MATHEMATICAL FACT HERE IS THAT ONLY PERFECT SQUARES HAVE AN ODD NUMBER OF DIVISORS.

WHY?

DIVISORS GENERALLY COME IN PAIRS. FOR EXAMPLE, 12’5 DIvisors ARe (1, 12), (2, 6), (3, 4). EACH PAIR MULTIPLIES TO

THE NUMBER, AND SINCE DIVISORS COME IN PAIRS, MOST NUMBERS HAVE AN EVEN NUMBER OF DIVISORS.

HOWEVER, PERFECT SQUARES ARE UNIQUE BECAUSE ONE OF THEIR DIVISOR PAIRS IS A REPEATED NUMBER (THE SQUARE ROOT).
FOR EXAMPLE:

- 16 1S A PERFECT SQUARE (42). ITs DIVISORS ARE 1, 2, 4, 8, 16.

- Divisor paIrs: (1, 16), (2, 8), anp (4, 4).

- NOTICE THAT 4 APPEARS ONLY ONCE AS A DIVISOR, BUT IT IS BOTH MEMBERS OF ITS PAIR, MEANING THE TOTAL NUMBER OF
DIVISORS IS ODD.

CONCLUSION:
ONLY LOCKERS WITH NUMBERS THAT ARE PERFECT SQUARES WILL REMAIN OPEN AFTER ALL THE TOGGLING PROCESS.

DETERMINING W/ HICH LockeErs REMAIN OPEN

GIVEN THE ABOVE REASONING, THE LOCKERS THAT STAY OPEN ARE PRECISELY THOSE NUMBERED WITH PERFECT SQUARES UP TO
THE TOTAL NUMBER OF LOCKERS.

IF THERE ARE 100 LOCKERS, THE PERFECT SQUARES UP TO 100 ARE:

12=1



22=4

32=9
42=16
52=25
2=236
72=149
82=064
92=81
102 =100

THUS, LOCKERS NUMBERED 1, 4, 9, 16, 25, 36,49, 64, 81, anD 100 WILL BE OPEN AT THE END.

EXTENDING THE LoGIC: LARGER NUMBER OF LOCKERS

THIS PATTERN HOLDS REGARDLESS OF THE TOTAL NUMBER OF LOCKERS, AS LONG AS THE TOTAL IS FINITE:

- For N LOCKERS, THE OPEN LOCKERS AT THE END ARE THOSE WITH NUMBERS THAT ARE PERFECT SQUARES LESS THAN OR EQUAL
ToN.

- For EXAMPLE, IF THERE ARE 500 LOCKERS, THE OPEN LOCKERS WILL BE PERFECT SQUARES UP TO 600: 1,4, 9, ..., 484

(WHICH Is 222), AND POSSIBLY 529 IFN > 529,

THE PATTERN ELEGANTLY DEMONSTRATES THE CONNECTION BETWEEN NUMBER THEORY AND COMBINATORIAL TOGGLING,
ILLUSTRATING HOW MATHEMATICAL PROPERTIES GOVERN SEEMINGLY SIMPLE REAL-WORLD SCENARIOS.

PRACTICAL IMPLICATIONS AND V ARIATIONS

W/HILE THIS PROBLEM IS OFTEN POSED AS A THEORETICAL PUZZLE, IT HAS PRACTICAL IMPLICATIONS IN UNDERSTANDING
FACTORS, DIVISORS, AND THE BEHAVIOR OF SYSTEMS GOVERNED BY TOGGLE-LIKE OPERATIONS.

V ARIATIONS OF THE PROBLEM CAN INCLUDE:
- CHANGING THE STARTING STATE OF LOCKERS (INITIALLY OPEN OR CLOSED).
- ALTERING THE TOGGLING PATTERN (E.G./ STUDENTS TOGGLE ONLY CERTAIN LOCKERS BASED ON OTHER CRITERIA).

- CONSIDERING DIFFERENT TOTAL NUMBERS OF LOCKERS OR STUDENTS.

THESE VARIATIONS DEEPEN UNDERSTANDING OF FACTORS, DIVISIBILITY, AND THEIR APPLICATIONS IN COMPUTER SCIENCE,
ENGINEERING, AND COMBINATORICS.

SUMMARY: WHICH Lockers ARe OPEN?

IN CONCLUSION, AFTER ALL STUDENTS HAVE PASSED THROUGH THE BUILDING AND CHANGED LOCKERS ACCORDING TO THE
PATTERN DESCRIBED:

- THE LOCKERS THAT ARE OPEN ARE THOSE WITH PERFECT SQUARE NUMBERS.
- FOrR A BUILDING WITH N LOCKERS, ALL PERFECT SQUARES < N WILL BE OPEN AT THE END.

FOR EXAMPLE, IN A BUILDING WITH 100 LOCKERS:
OpenLoOCkers: 1,4, 9, 16,25,36,49,64,81, anp 100.

THIS PATTERN IS BOTH ELEGANT AND PREDICTABLE, ILLUSTRATING HOW SIMPLE RULES CAN LEAD TO COMPLEX AND INTERESTING
OUTCOMES ROOTED IN FUNDAMENTAL MATHEMATICS.



FINAL THOUGHTS

THIS CLASSIC PROBLEM EXEMPLIFIES THE BEAUTY OF MATHEMATICAL REASONING IN EVERYDAY SCENARIOS. \W/HETHER IN PUZZLES,
ALGORITHMS, OR SYSTEMS DESIGN, RECOGNIZING PATTERNS SUCH AS PERFECT SQUARES AND DIVISOR COUNTS CAN SIMPLIFY
COMPLEX QUESTIONS. THE NEXT TIME YOU SEE A ROW OF LOCKERS OR SIMILAR TOGGLING SCENARIOS, REMEMBER: THE LOCKERS
THAT REMAIN OPEN HAVE A SPECIAL, PERFECT SQUARE STATUS, AND THEIR NUMBER REVEALS THE HIDDEN ORDER IN WHAT MIGHT
INITIALLY SEEM CHAOTIC.
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