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Introduction to Newton's Method

Newton's Method, also known as the Newton-Raphson method, is a powerful technique for finding
approximate roots of real-valued functions. It is widely used in numerical analysis due to its quadratic
convergence properties near the root, making it efficient for solving equations where analytical
solutions are difficult or impossible to obtain.

The fundamental idea behind Newton's Method is to start with an initial guess and iteratively improve
this guess by leveraging the function's derivative. The method involves the tangent line
approximation at each step, progressively honing in on the actual root.

---

Understanding the Function: F(x) = x^2 - 4

Our focus function is:

\[ F(x) = x^2 - 4 \]

This quadratic function has roots at \( x = 2 \) and \( x = -2 \), since:

\[ x^2 - 4 = 0 \Rightarrow x^2 = 4 \Rightarrow x = \pm 2 \]

Depending on the initial guess, the iterative process will converge to one of these roots.

---

Choosing the Initial Condition

Suppose we select an initial guess \( x_0 \). The choice influences which root the method converges
to:



- If \( x_0 \) is close to 2, the method converges to \( x = 2 \).
- If \( x_0 \) is close to -2, the method converges to \( x = -2 \).

For demonstration, let's assume our initial condition is:

\[ x_0 = 1 \]

This initial guess is near the root at 2, so we expect convergence toward \( x = 2 \).

---

Calculating the First Two Iterations of Newton's
Method

Let's recall the iterative formula for Newton's Method:

\[ x_{n+1} = x_{n} - \frac{F(x_{n})}{F'(x_{n})} \]

where:

- \( F(x) \) is our function.
- \( F'(x) \) is the derivative of \( F(x) \).

---

Step 1: Compute Derivative \( F'(x) \)

Given:

\[ F(x) = x^2 - 4 \]
\[ F'(x) = 2x \]

---

Step 2: First Iteration (\( x_0 = 1 \))

Calculate:

1. \( F(1) = (1)^2 - 4 = 1 - 4 = -3 \)
2. \( F'(1) = 2 \times 1 = 2 \)

Apply Newton's iteration:

\[ x_1 = x_0 - \frac{F(x_0)}{F'(x_0)} = 1 - \frac{-3}{2} = 1 + 1.5 = 2.5 \]



Result after first iteration:

\[ x_1 = 2.5 \]

This indicates the approximation has moved closer to the root at 2.

---

Step 3: Second Iteration (\( x_1 = 2.5 \))

Calculate:

1. \( F(2.5) = (2.5)^2 - 4 = 6.25 - 4 = 2.25 \)
2. \( F'(2.5) = 2 \times 2.5 = 5 \)

Apply Newton's formula:

\[ x_2 = 2.5 - \frac{2.25}{5} = 2.5 - 0.45 = 2.05 \]

Result after second iteration:

\[ x_2 = 2.05 \]

The approximation is now very close to the root at 2, illustrating the rapid convergence of Newton's
Method.

---

Summary of Calculations

| Iteration | \( x_n \) | \( F(x_n) \) | \( F'(x_n) \) | Next \( x_{n+1} \) |
|------------|------------|--------------|--------------|---------------------|
| 0 | 1 | -3 | 2 | 2.5 |
| 1 | 2.5 | 2.25 | 5 | 2.05 |

This table summarizes the iterative process, showing how the approximations approach the true root
at 2.

---

Visualizing Newton's Method Process

Visual aids can greatly enhance understanding. Here's how you might visualize the iterative process:

- Plot the function \( F(x) = x^2 - 4 \).



- Mark the initial guess \( x_0 = 1 \).
- Draw the tangent line at \( x_0 \).
- Find where this tangent intersects the x-axis; this gives \( x_1 \).
- Repeat the process at \( x_1 \) to find \( x_2 \).

Using this graphical approach helps to grasp how Newton's Method converges rapidly when starting
sufficiently close to the root.

---

Factors Influencing Convergence

While Newton's Method is efficient, its convergence depends on several factors:

- Choice of Initial Guess: Starting points closer to the actual root lead to faster convergence.
- Function Behavior: Functions with steep slopes may cause overshooting or divergence if not
carefully chosen.
- Derivative Values: Zero or near-zero derivatives can cause instability or slow convergence.

In our example, since \( F'(x) = 2x \), the derivative at \( x=0 \) is zero, which would cause issues if the
initial guess is near zero.

---

Practical Applications of Newton's Method

Newton's Method has broad applications across various domains:

- Engineering: Solving nonlinear equations in control systems.
- Physics: Finding roots of equations in quantum mechanics and thermodynamics.
- Finance: Calculating internal rates of return via iterative root-finding.
- Computer Graphics: Implicit curve rendering and intersection calculations.

Understanding how to apply Newton's Method with multiple iterations enhances problem-solving
efficiency in these fields.

---

Conclusion: Effectiveness of Two Iterations

Calculating two iterations of Newton's Method for \( F(x) = x^2 - 4 \) starting from \( x_0 = 1 \)
demonstrates the method's rapid convergence. After just two steps, the approximation is remarkably
close to the actual root at 2, with \( x_2 \approx 2.05 \).



This process exemplifies the strength of Newton's Method in efficiently solving nonlinear equations,
especially when the initial guess is near the true root. By understanding the iterative process,
derivative calculations, and convergence behaviors, practitioners can effectively leverage this method
in various scientific and engineering applications.

---

Additional Tips for Using Newton's Method

- Always verify that the derivative \( F'(x) \) is not zero at the initial guess.
- Use graphical methods to select a good initial approximation.
- Be cautious with functions that have multiple roots or inflection points.
- Consider modifications like damping or hybrid methods if convergence issues arise.

By mastering these aspects, users can maximize the effectiveness of Newton's Method in their
computational toolkit.

---
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Frequently Asked Questions

What is the initial step to perform two iterations of Newton's
Method for the function F(x) = x^2 - 4?
First, choose an initial guess x₀ close to the root, then apply Newton's iteration formula: x_{n+1} =
x_n - F(x_n)/F'(x_n).

What is the derivative of the function F(x) = x^2 - 4?
The derivative F'(x) = 2x.

How do you perform the first iteration of Newton's Method for
F(x) = x^2 - 4 with an initial guess x₀?
Calculate x₁ = x₀ - (x₀^2 - 4) / (2x₀).

If the initial guess is x₀ = 3, what is the result after the first
iteration?
x₁ = 3 - (9 - 4) / (6) = 3 - 5/6 ≈ 2.1667.



What is the second iteration of Newton's Method starting
from x₁ ≈ 2.1667?
Calculate x₂ = 2.1667 - (2.1667^2 - 4) / (2 2.1667) ≈ 2.1667 - (4.6944 - 4) / 4.3334 ≈ 2.1667 - 0.1624
≈ 2.0043.

What do the two iterations of Newton's Method tell us about
the convergence to the root of F(x) = x^2 - 4?
They show the iterative process moving closer to the root at x = 2, demonstrating quadratic
convergence near the root.

Can Newton's Method find both roots of F(x) = x^2 - 4 using
the same initial guess?
No, the initial guess determines which root (x = 2 or x = -2) the method converges to; different initial
guesses may lead to different roots.

What is the significance of performing only two iterations of
Newton's Method in this context?
It provides a quick approximation of the root, showing how the method rapidly converges near the
solution.

What precautions should be taken when applying Newton's
Method to polynomial functions like F(x) = x^2 - 4?
Ensure the initial guess is close to the actual root to guarantee convergence and be cautious of points
where F'(x) = 0 to avoid division by zero.

Additional Resources
Calculate Two Iterations Of The Newton's Method For The Function F(x) = x² - 4 And Initial Condition

---

Introduction

Numerical methods are indispensable tools in applied mathematics, engineering, and scientific
computing, providing approximate solutions where analytical solutions are difficult or impossible to
obtain. Among these, Newton's Method—also known as the Newton-Raphson method—stands out for
its quadratic convergence properties and widespread applicability. This article delves into the detailed
process of executing two iterations of Newton's Method for the specific function \( F(x) = x^2 - 4 \),
starting from an initial guess. Through a comprehensive analysis, we explore the convergence
behavior, calculation steps, and implications of these iterations, providing a valuable case study for
students, researchers, and practitioners alike.



---

Background on Newton's Method

Fundamental Principles

Newton's Method is an iterative root-finding algorithm designed to refine an initial estimate \( x_0 \) of
a function's root \( r \). Given a sufficiently differentiable function \( F(x) \), the method constructs
successive approximations via the recurrence relation:

\[
x_{n+1} = x_n - \frac{F(x_n)}{F'(x_n)}
\]

where:

- \( x_n \) is the current approximation,
- \( F(x_n) \) is the function value at \( x_n \),
- \( F'(x_n) \) is the derivative of \( F \) at \( x_n \).

This iterative process aims to converge to a root \( r \) such that \( F(r) = 0 \), under appropriate
conditions (e.g., \( F \) is differentiable, \( F'(r) \neq 0 \), and the initial guess is sufficiently close).

Convergence Characteristics

Newton's Method exhibits quadratic convergence near simple roots, meaning the number of correct
digits roughly doubles with each iteration, provided the initial guess is close enough. However,
divergence can occur if the initial guess is far from the actual root or if \( F'(x) \) is zero or very small
at some iteration.

---

Function Specification and Initial Condition

Function Definition

The function under consideration is:

\[
F(x) = x^2 - 4
\]

which is a quadratic polynomial with roots at \( x = \pm 2 \). Its derivative is:

\[
F'(x) = 2x
\]

The roots correspond to the solutions of the equation \( x^2 = 4 \), i.e., \( x = \pm 2 \).

Initial Guess



For the purpose of this analysis, we select an initial guess \( x_0 \). A common choice, illustrating the
method's behavior, is:

\[
x_0 = 1
\]

This initial guess is close to the root at \( x=2 \), encouraging convergence.

---

Calculating the First Two Iterations

First Iteration (\( n=0 \rightarrow 1 \))

Applying Newton's formula:

\[
x_1 = x_0 - \frac{F(x_0)}{F'(x_0)}
\]

Compute \( F(x_0) \):

\[
F(1) = 1^2 - 4 = -3
\]

Compute \( F'(x_0) \):

\[
F'(1) = 2 \times 1 = 2
\]

Update \( x_1 \):

\[
x_1 = 1 - \frac{-3}{2} = 1 + 1.5 = 2.5
\]

Result after first iteration:

\[
x_1 = 2.5
\]

This approximation is closer to the root at \( 2 \), indicating convergence.

Second Iteration (\( n=1 \rightarrow 2 \))

Apply the formula again:



\[
x_2 = x_1 - \frac{F(x_1)}{F'(x_1)}
\]

Calculate \( F(x_1) \):

\[
F(2.5) = (2.5)^2 - 4 = 6.25 - 4 = 2.25
\]

Calculate \( F'(x_1) \):

\[
F'(2.5) = 2 \times 2.5 = 5
\]

Update \( x_2 \):

\[
x_2 = 2.5 - \frac{2.25}{5} = 2.5 - 0.45 = 2.05
\]

Result after second iteration:

\[
x_2 \approx 2.05
\]

This result demonstrates rapid convergence toward the root at \( x=2 \), with the approximation now
within 0.05 of the true root.

---

Analysis of the Iterations

Convergence Behavior

The first iteration moved the initial guess from 1 to 2.5, overshooting the root at 2 but significantly
reducing the error. The second iteration refined this estimate to approximately 2.05, showing that the
method is converging quadratically.

Error Reduction

Let's quantify the error at each step:

- Initial error: \( |x_0 - 2| = |1 - 2| = 1 \)
- After first iteration: \( |x_1 - 2| = |2.5 - 2| = 0.5 \)
- After second iteration: \( |x_2 - 2| \approx 0.05 \)

The errors decrease rapidly, consistent with quadratic convergence.



Graphical Interpretation

Plotting \( F(x) \) alongside the iterative points illustrates the method's trajectory:

- Starting at \( x_0=1 \),
- Moving to \( x_1=2.5 \),
- Approaching \( x \approx 2.05 \).

This demonstrates how Newton's Method "zooms in" on the root, with each iteration providing a
better approximation.

---

Further Observations

- The choice of initial guess influences convergence speed and stability. Starting closer to the root
accelerates convergence.
- The derivative's magnitude affects the step size; near zeros of derivatives, steps can become large
or unstable.
- For functions with multiple roots or inflection points, convergence may vary or fail.

---

Practical Implications and Applications

Root-Finding in Engineering and Science

Newton's Method's quadratic convergence makes it ideal for applications requiring high precision,
such as:

- Structural analysis (e.g., solving nonlinear equilibrium equations),
- Electrical circuit simulations (e.g., finding operating points),
- Optimization algorithms (e.g., Newton's method for finding stationary points).

Limitations

- Requires computation of derivatives, which can be complex for complicated functions.
- Sensitive to initial guesses; poor choices can lead to divergence.
- Not suitable for functions with multiple roots or discontinuities without modifications.

---

Conclusion

Executing two iterations of Newton's Method for the function \( F(x) = x^2 - 4 \) starting from an initial
guess of \( x_0=1 \) exemplifies the method's rapid convergence toward the true root at \( x=2 \). The
process illustrates the fundamental mechanics: each iteration refines the approximation based on the
function's slope and value at the current estimate. The observed error reduction underscores
Newton's method's efficiency, especially when initial guesses are reasonably close to the actual root.

This detailed case study highlights the strengths and nuances of Newton's Method, emphasizing the



importance of understanding the function's characteristics and the initial conditions to ensure
effective application. Whether in theoretical analysis or practical computation, Newton's Method
remains a cornerstone algorithm for root-finding tasks across scientific disciplines.

---
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Note: The specific calculations and convergence behavior are based on the initial guess and the
nature of the function. For different initial conditions or functions, iteration results may vary.
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