
What Is The Smallest Positive Integer
Value Of N Such That : Given, (1 + (3)i)^
N2 = 2^ N2[ 1 + (3)i2]^
What Is The Smallest Positive Integer Value Of N Such That : Given, (1 + (3)i)^
N2 = 2^ N2[ 1 + (3)i2]^

Understanding complex numbers and their properties is fundamental in various fields of
mathematics, including algebra, calculus, and number theory. The problem of finding the
smallest positive integer \( N \) satisfying the equation:

\[
(1 + 3i)^{N} = 2^{N} \left( 1 + (3i)^2 \right)^N
\]

is a classic example that combines complex number manipulation, exponential functions,
and algebraic identities. This article aims to dissect this equation step-by-step, analyze its
components, and ultimately determine the smallest positive integer \( N \) that satisfies the
given condition.

---

Understanding the Equation and Its Components

Before delving into calculations, it is essential to clarify the structure of the equation and
the meaning of each part.

Breaking Down the Given Expression

The original equation is:

\[
(1 + 3i)^N = 2^N \left( 1 + (3i)^2 \right)^N
\]

At first glance, this appears to be an equality involving complex powers, where:

- \( 1 + 3i \) is a complex number.
- \( (3i)^2 \) simplifies to a real number because \( i^2 = -1 \).
- The entire expression involves raising these quantities to a positive integer power \( N \).



Simplifying the Right Side

The right side contains:

\[
2^N \left( 1 + (3i)^2 \right)^N
\]

which can be rewritten as:

\[
2^N \left( 1 + 9i^2 \right)^N
\]

since \( (3i)^2 = 9i^2 \).

Recall that:

\[
i^2 = -1
\]

Thus:

\[
1 + 9i^2 = 1 + 9 \times (-1) = 1 - 9 = -8
\]

Therefore, the right side simplifies to:

\[
2^N \times (-8)^N
\]

which can be expressed as:

\[
2^N \times (-1)^N \times 8^N
\]

---

Rewriting the Equation in Simpler Terms

With the above simplifications, the original equation becomes:

\[
(1 + 3i)^N = 2^N \times (-1)^N \times 8^N



\]

Note that \( 8^N = (2^3)^N = 2^{3N} \). So, the right side can be rewritten as:

\[
2^N \times (-1)^N \times 2^{3N} = (-1)^N \times 2^{N + 3N} = (-1)^N \times 2^{4N}
\]

Therefore, the simplified form of the equation is:

\[
(1 + 3i)^N = (-1)^N \times 2^{4N}
\]

---

Expressing the Left Side in Polar Form

To compare both sides effectively, expressing the complex number \( 1 + 3i \) in polar form
is advantageous.

Calculating the Magnitude

The magnitude \( r \) of \( 1 + 3i \) is:

\[
r = \sqrt{1^2 + 3^2} = \sqrt{1 + 9} = \sqrt{10}
\]

Calculating the Argument

The argument \( \theta \) (angle with respect to the positive real axis) is:

\[
\theta = \arctan\left( \frac{3}{1} \right) = \arctan(3)
\]

This is approximately:

\[
\theta \approx 71.565^\circ \quad \text{or} \quad \theta \approx 1.249 \text{ radians}
\]



Expressing \( 1 + 3i \) in Polar Form

Using polar form:

\[
1 + 3i = r (\cos \theta + i \sin \theta) = \sqrt{10} \left( \cos \theta + i \sin \theta \right)
\]

where \( \theta = \arctan(3) \).

---

Raising \( 1 + 3i \) to the Power \( N \)

Applying De Moivre's theorem:

\[
(1 + 3i)^N = r^N \left( \cos (N \theta) + i \sin (N \theta) \right)
\]

Substituting \( r = \sqrt{10} \):

\[
(1 + 3i)^N = (\sqrt{10})^N \left( \cos (N \arctan 3) + i \sin (N \arctan 3) \right)
\]

or:

\[
(1 + 3i)^N = 10^{N/2} \left( \cos (N \arctan 3) + i \sin (N \arctan 3) \right)
\]

---

Equating Both Sides and Solving for \( N \)

Recall the simplified right side:

\[
(-1)^N \times 2^{4N}
\]

Note that:

- The right side is purely real, as \( (-1)^N \times 2^{4N} \) is real.
- The left side involves complex numbers with both real and imaginary parts.



For equality to hold, the imaginary part of the left side must be zero, which implies:

\[
\sin (N \arctan 3) = 0
\]

---

Condition for the Imaginary Part to Vanish

\[
\sin (N \arctan 3) = 0
\]

which holds when:

\[
N \arctan 3 = k \pi, \quad k \in \mathbb{Z}
\]

Since \( N \) is positive, and \( \arctan 3 \) is positive, the smallest positive \( N \)
corresponds to:

\[
N \arctan 3 = \pi
\]

or:

\[
N = \frac{\pi}{\arctan 3}
\]

But since \( N \) must be an integer, the actual values for \( N \) are:

\[
N = k \times \frac{\pi}{\arctan 3}
\]

The minimal positive integer \( N \) occurs when:

\[
N = \frac{\pi}{\arctan 3}
\]

which is not necessarily an integer; thus, we find the smallest \( N \) such that:

\[
N \arctan 3 = k \pi



\]

for some integer \( k \).

---

Finding the Smallest Positive Integer \( N \)

Set:

\[
N \arctan 3 = \pi
\]

which implies:

\[
N = \frac{\pi}{\arctan 3}
\]

Now, because \( \arctan 3 \) is an irrational number (~1.249 radians), \( N \) is not an
integer unless \( \pi / \arctan 3 \) is rational, which it is not.

Therefore, the general solution for the imaginary part being zero is:

\[
N \arctan 3 = k \pi, \quad k \in \mathbb{Z}^+
\]

Thus, the smallest positive \( N \) satisfying this is:

\[
N = \frac{k \pi}{\arctan 3}
\]

with \( k \) being the smallest positive integer such that \( N \) is an integer.

Since \( \arctan 3 \) is irrational, \( N \) is rational only when \( k \) makes the ratio rational.
This occurs when:

\[
N = \text{the minimal positive integer such that } N \arctan 3 / \pi \text{ is an integer}
\]

which reduces to the problem of approximating \( \arctan 3 / \pi \) with rational numbers.

---



Determining the Magnitude and Sign Conditions

Now, the magnitude of the left side is:

\[
| (1 + 3i)^N | = 10^{N/2}
\]

The right side is:

\[
(-1)^N \times 2^{4N}
\]

which has magnitude:

\[
| (-1)^N \times 2^{4N} | = 2^{4N}
\]

as the absolute value of \( (-1)^N \) is 1.

Equality of magnitudes requires:

\[
10^{N/2} = 2^{4N}
\]

Expressed as:

\[
(10)^{N/2} = 2^{4N}
\]

or:

\[
10^{N/2} = (2^{4})^{N} =

Frequently Asked Questions

What is the main problem asking to find in the given
equation involving complex numbers?
It asks to find the smallest positive integer value of N such that (1 + 3i)^{N^2} equals
2^{N^2} times [1 + (3i)^2].



How can the expression (1 + 3i)^{N^2} be simplified in
terms of magnitude and argument?
By converting 1 + 3i to polar form, its magnitude is √10 and its argument is arctangent(3).
Then, (1 + 3i)^{N^2} can be expressed as (√10)^{N^2} times e^{i N^2 arctangent(3)}.

What is the significance of the term (3i)^2 in the given
equation?
Calculating (3i)^2 yields -9, so the expression [1 + (3i)^2] simplifies to 1 - 9 = -8, which
affects the right side of the equation.

How do you interpret the equation (1 + 3i)^{N^2} =
2^{N^2} [1 + (3i)^2] in terms of complex numbers?
It suggests that the complex number on the left equals a real scalar (2^{N^2}) multiplied
by a real number (-8), implying the complex number on the left must be purely real and
equal to -8 times 2^{N^2}.

What conditions must be satisfied for the equation to
hold true, considering the magnitude and argument?
The magnitude of (1 + 3i)^{N^2} must equal 8 imes 2^{N^2}, and its argument must be
an integer multiple of π, ensuring the entire expression is real and matches the right side.

How do you determine the minimal positive N satisfying
the equation?
By equating the magnitude and argument conditions derived from the complex form and
solving for N, then choosing the smallest positive N that satisfies these conditions.

What is the explicit value of N^2 that satisfies the
conditions, and what does it imply about N?
Solving the equations shows that N^2 must be a multiple of 4 for the argument condition,
leading to N being an even positive integer, with the minimal N being 2.

What is the final answer for the smallest positive
integer N in this problem?
The smallest positive integer N satisfying the equation is 2.

Why does N = 2 satisfy the given equation in the



context of complex number properties?
Because at N=2, the magnitude and argument conditions align such that (1 + 3i)^{4}
equals -8 imes 2^{4}, satisfying the equation with the correct phase and magnitude.

Additional Resources
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When delving into the realm of complex numbers and their powers, a common question
that arises is determining the smallest positive integer \( N \) that satisfies a particular
exponential equality. Specifically, the problem:

> What is the smallest positive integer value of \( N \) such that:

> \[
> (1 + 3i)^{N} = 2^{N} \left( 1 + 3i^2 \right)^N
> \]

may seem straightforward at first glance, but unfolds into a fascinating exploration of
complex algebra, exponential functions, and roots of unity. Understanding this problem
requires a careful analysis of the properties of complex numbers, their modulus, argument,
and how they behave under exponentiation.

In this comprehensive guide, we'll explore the problem step-by-step, breaking down the key
concepts, algebraic manipulations, and logical deductions necessary to find the smallest
positive integer \( N \) that satisfies the given equation. Whether you're a student of
complex analysis or a curious enthusiast, this structured approach will help you grasp the
underlying principles and arrive at the solution confidently.

---

Understanding the Problem

Let's restate the problem in your own words for clarity:

Find the smallest positive integer \( N \) such that

\[
(1 + 3i)^N = 2^N \cdot (1 + 3i^2)^N
\]

This equation involves complex exponents and requires us to analyze and compare the two
sides. The key points include:

- Recognizing the structure of the complex number \( 1 + 3i \),
- Simplifying \( 1 + 3i^2 \),
- Understanding how exponentiation affects complex numbers, especially in terms of
modulus and argument,



- Identifying the conditions under which the equality holds.

---

Step 1: Simplify the Expression on the Right Side

Let's analyze the term \( 1 + 3i^2 \). Recall that:

\[
i^2 = -1
\]

Therefore,

\[
1 + 3i^2 = 1 + 3 \times (-1) = 1 - 3 = -2
\]

So, the original equation simplifies to:

\[
(1 + 3i)^N = 2^N \times (-2)^N
\]

which can be rewritten as:

\[
(1 + 3i)^N = 2^N \times (-2)^N
\]

---

Step 2: Express Both Sides in Terms of Modulus and Argument

To analyze complex exponentiation, it's helpful to express the complex numbers in their
polar (modulus-argument) form.

a) Convert \( 1 + 3i \) to polar form:

- Modulus:

\[
|1 + 3i| = \sqrt{1^2 + 3^2} = \sqrt{1 + 9} = \sqrt{10}
\]

- Argument:

\[
\theta = \arctan\left(\frac{3}{1}\right) = \arctan(3)
\]



Thus,

\[
1 + 3i = \sqrt{10} \left( \cos \theta + i \sin \theta \right)
\]
with

\[
\theta = \arctan(3)
\]

b) Convert \( -2 \) to polar form:

- Modulus:

\[
|-2| = 2
\]

- Argument:

Since \( -2 \) lies on the negative real axis,

\[
\arg(-2) = \pi
\]

Expressed as:

\[
-2 = 2 \left( \cos \pi + i \sin \pi \right)
\]

---

Step 3: Write Both Sides in Exponential Form

Using Euler's formula:

\[
re^{i\phi} = r (\cos \phi + i \sin \phi)
\]

we have:

Left Side:

\[
(1 + 3i)^N = \left( \sqrt{10} e^{i \theta} \right)^N = (\sqrt{10})^N e^{i N \theta}
\]



Right Side:

\[
2^N \times (-2)^N = 2^N \times \left( 2 e^{i \pi} \right)^N = 2^N \times 2^N e^{i N \pi}
= 2^{2N} e^{i N \pi}
\]

---

Step 4: Set the Exponentials Equal and Derive Conditions

The original equation:

\[
(1 + 3i)^N = 2^N \times (-2)^N
\]

becomes:

\[
(\sqrt{10})^N e^{i N \theta} = 2^{2N} e^{i N \pi}
\]

which simplifies to:

\[
(\sqrt{10})^N e^{i N \theta} = 2^{2N} e^{i N \pi}
\]

Expressed explicitly, the equality of complex numbers requires both their moduli and
arguments to be equal (up to integer multiples of \( 2\pi \)):

Modulus condition:

\[
(\sqrt{10})^N = 2^{2N}
\]

Argument condition:

\[
N \theta \equiv N \pi \ (\text{mod } 2\pi)
\]

---

Step 5: Solve the Modulus Condition

Recall:

\[



(\sqrt{10})^N = 2^{2N}
\]

Note that:

\[
(\sqrt{10})^N = (10^{1/2})^N = 10^{N/2}
\]

and

\[
2^{2N} = (2^2)^N = 4^N
\]

Express 10 in terms of 2:

\[
10 = 2 \times 5
\]

but since the base of the right side is 4, it's more straightforward to compare logs:

\[
10^{N/2} = 4^N
\]

Taking natural logs:

\[
\frac{N}{2} \ln 10 = N \ln 4
\]

Divide both sides by \( N \) (assuming \( N > 0 \)):

\[
\frac{1}{2} \ln 10 = \ln 4
\]

Check if this equality holds:

\[
\ln 4 = \ln 2^2 = 2 \ln 2
\]
and

\[
\frac{1}{2} \ln 10 = \frac{1}{2} \ln (10) \approx \frac{1}{2} \times 2.302585 =
1.1512925
\]
while



\[
\ln 4 = 2 \times 0.693147 = 1.386294
\]

Since:

\[
1.1512925 \neq 1.386294
\]

the modulus condition does not hold unless \( N = 0 \). But since we're looking for the
smallest positive integer \( N \), the modulus equality only holds if:

\[
(\sqrt{10})^N = 2^{2N}
\]
which is not true for any positive \( N \).

Implication: The moduli are not equal unless \( N=0 \), which is not positive.

Thus, the original equation can only be satisfied if the complex parts compensate for the
difference in magnitudes, which hints that perhaps the arguments need to be considered
more carefully, or the original problem might involve a different interpretation.

---

Step 6: Reconsider the Equation's Formulation

Looking back, the original expression was:

\[
(1 + 3i)^N = 2^N (1 + 3i^2)^N
\]

which simplifies to:

\[
(1 + 3i)^N = 2^N \times (-2)^N
\]

or:

\[
(1 + 3i)^N = (2 \times -2)^N = (-4)^N
\]

Therefore, the equation reduces to:

\[
(1 + 3i)^N = (-4)^N
\]



---

Step 7: Final Simplification and Solution

Now the problem becomes:

\[
(1 + 3i)^N = (-4)^N
\]

Expressed in exponential form:

- Left:

\[
(1 + 3i) = \sqrt{10} e^{i \theta}
\]

with \( \theta = \arctan(3) \).

- Right:

\[
-4 = 4 e^{i \pi}
\]

so

\[
(-4)^N = (4 e^{i \pi})^N = 4^N e^{i N \pi}
\]

Thus, the equation is:

\[
\left( \sqrt{10} e^{i \theta} \right)^N = 4^N e^{i N \pi}
\]

which simplifies to:

\[
(\sqrt{10})^N
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