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When Finding A Discriminant Function With The Hard-margin SVM, If We Use A
Kernel Function To Represent the data, it significantly impacts the way the separating
hyperplane is formulated and optimized. Support Vector Machines (SVMs) are powerful
supervised learning models used primarily for classification tasks. The hard-margin SVM
aims to find the optimal separating hyperplane that maximizes the margin between two
classes, assuming that the data is linearly separable. However, real-world data often isn't
perfectly separable in its original feature space, leading to the introduction of kernel
functions, which implicitly map data into higher-dimensional spaces to find a separating
hyperplane more effectively.

In this article, we delve into the mechanics of the discriminant function in the context of
hard-margin SVMs when kernel functions are employed, elucidate the mathematical
formulations, and explore practical considerations for implementation.

Fundamentals of Hard-margin SVM

What Is a Hard-margin SVM?
A hard-margin SVM seeks a hyperplane that separates two classes with the largest
possible margin, assuming no data points violate this boundary. The optimization problem
can be summarized as:

- Maximize the margin \( \frac{2}{\|w\|} \),
- Subject to the constraints \( y_i (w \cdot x_i + b) \geq 1 \) for all training points \( (x_i, y_i)
\), where \( y_i \in \{-1, 1\} \).

This leads to the following optimization:

\[
\min_{w, b} \frac{1}{2} \|w\|^2
\]
subject to
\[
y_i (w \cdot x_i + b) \geq 1, \quad \forall i



\]

Limitations of the Hard-margin Approach
- Only applicable when the data is perfectly linearly separable.
- Sensitive to outliers and noise.
- Not flexible enough for complex data structures.

Introducing Kernel Functions in SVMs

What Is a Kernel Function?
A kernel function is a mathematical tool that computes the inner product of two data
points in a (potentially) high-dimensional feature space without explicitly performing the
transformation. This is known as the "kernel trick," allowing SVMs to handle non-linearly
separable data.

Common kernels include:
- Linear kernel: \( K(x_i, x_j) = x_i \cdot x_j \)
- Polynomial kernel: \( K(x_i, x_j) = (\gamma x_i \cdot x_j + r)^d \)
- Radial Basis Function (RBF) kernel: \( K(x_i, x_j) = \exp(-\gamma \|x_i - x_j\|^2) \)
- Sigmoid kernel: \( K(x_i, x_j) = \tanh(\gamma x_i \cdot x_j + r) \)

Why Use Kernels?
- To handle non-linearly separable data.
- To implicitly map data into higher-dimensional spaces where linear separation is
possible.
- To leverage the "kernel trick" for computational efficiency.

Formulating the Discriminant Function with a
Kernel

Discriminant Function in the Original Space
In a standard linear SVM, the discriminant function (decision function) for a new data
point \( x \) is:

\[
f(x) = w \cdot x + b
\]



where \( w \) is expressed as a combination of support vectors:

\[
w = \sum_{i=1}^n \alpha_i y_i x_i
\]

and \( \alpha_i \) are the Lagrange multipliers obtained during optimization.

Therefore, the decision function becomes:

\[
f(x) = \sum_{i=1}^n \alpha_i y_i (x_i \cdot x) + b
\]

Discriminant Function Using Kernel Functions
When kernels are introduced, the explicit feature mapping \( \phi(x) \) is not computed
directly. Instead, the discriminant function is expressed as:

\[
f(x) = \sum_{i=1}^n \alpha_i y_i K(x_i, x) + b
\]

where:
- \( K(x_i, x) \) is the kernel function.
- The sum runs over the support vectors, i.e., those \( x_i \) with \( \alpha_i > 0 \).

This formulation allows the SVM to find non-linear decision boundaries in the original
input space, corresponding to linear hyperplanes in the feature space.

Implications of Using Kernels in Hard-margin
SVM

Mathematical and Computational Considerations
- The optimization remains a convex quadratic programming problem, but now involves
kernel evaluations instead of inner products.
- The complexity depends on the number of support vectors rather than the total training
data size.
- The decision boundary is implicitly defined in the high-dimensional feature space,
enabling complex, non-linear separation.

Advantages of Kernelized Discriminant Function
- Enhanced flexibility for complex data patterns.



- Ability to handle overlapping classes more effectively.
- Maintains the convexity and global optimality of the solution in the hard-margin case.

Limitations and Challenges
- Requires the data to be linearly separable in the feature space; otherwise, soft-margin
SVMs are preferred.
- Choice of kernel and its parameters critically influences performance.
- Increased computational load for large datasets due to kernel matrix calculations.

Practical Steps for Implementing Kernel-based
Hard-margin SVMs

Step-by-step Overview
1. Data Preprocessing: Ensure data is scaled and cleaned.
2. Kernel Selection: Choose an appropriate kernel function based on data characteristics.
3. Parameter Tuning: Adjust kernel parameters (e.g., degree \( d \), \( \gamma \), \( r \))
using cross-validation.
4. Solve the Optimization Problem:
- Formulate the quadratic programming problem with the kernel.
- Use SVM solvers capable of handling kernelized inputs.
5. Identify Support Vectors: Support vectors are data points with \( \alpha_i > 0 \).
6. Construct the Discriminant Function:
- For a new point \( x \), compute \( f(x) = \sum_{i} \alpha_i y_i K(x_i, x) + b \).
- Classify based on the sign of \( f(x) \).

Example: Using RBF Kernel in Hard-margin SVM
- Select \( \gamma \) parameter.
- Solve the quadratic program to find \( \alpha_i \).
- Derive the discriminant function:

\[
f(x) = \sum_{i=1}^n \alpha_i y_i \exp(-\gamma \|x_i - x\|^2) + b
\]

- Classify new data points based on \( f(x) \).

Conclusion: The Power and Flexibility of
Kernelized Discriminant Functions



Using kernel functions in hard-margin SVMs profoundly transforms the nature of the
discriminant function, enabling it to capture complex, non-linear decision boundaries that
are impossible to model with a simple linear hyperplane in the original feature space. The
kernel trick simplifies the computational process, avoiding explicit high-dimensional
mappings, yet the discriminant function retains an elegant, mathematically tractable form:

\[
f(x) = \sum_{i=1}^n \alpha_i y_i K(x_i, x) + b
\]

This formulation underscores the strength of kernelized SVMs in tackling real-world
classification challenges where data is not linearly separable. Nonetheless, careful kernel
selection and parameter tuning are vital to harness their full potential.
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Note: This article provides a comprehensive overview suitable for readers with some
background in machine learning and SVMs. For practical implementation, consulting
specific libraries like scikit-learn, LIBSVM, or similar tools can facilitate the application of
kernelized hard-margin SVMs.

Frequently Asked Questions

What is the role of the kernel function when finding a
discriminant function with a hard-margin SVM?
The kernel function allows the hard-margin SVM to implicitly map data into a higher-
dimensional feature space, enabling the separation of data that is not linearly separable in
the original space.

Can a kernel function be used in a hard-margin SVM for
non-linearly separable data?
While kernels are typically associated with soft-margin SVMs, they can also be used with
hard-margin SVMs if the data is linearly separable in the transformed feature space
induced by the kernel.



How does the choice of kernel function affect the
discriminant function in a hard-margin SVM?
The kernel function determines the feature space where the optimal separating
hyperplane is found, influencing the shape and complexity of the discriminant function and
its ability to separate the data.

Is it necessary for the kernel function to satisfy
Mercer's condition when used in a hard-margin SVM?
Yes, the kernel function must satisfy Mercer's condition to ensure that the resulting kernel
matrix is positive semi-definite, which guarantees the convexity of the optimization
problem and the validity of the feature space.

Can the use of a kernel function in a hard-margin SVM
lead to overfitting?
Yes, especially if the kernel maps data into very high-dimensional spaces, it can cause the
model to fit noise and overfit, so choosing the appropriate kernel and regularization is
crucial.

How does the kernel trick simplify the computation of
the discriminant function in a hard-margin SVM?
The kernel trick allows computations in the high-dimensional feature space to be
performed implicitly through kernel functions, avoiding explicit mapping and reducing
computational complexity.

What are common kernel functions used in SVMs for
representing the discriminant function?
Common kernels include linear, polynomial, radial basis function (RBF), and sigmoid
kernels, each suitable for different types of data and separation complexities.

Does the use of a kernel function in a hard-margin SVM
affect the convexity of the optimization problem?
No, the use of a kernel function preserves the convexity of the optimization problem, as
long as the kernel satisfies Mercer's condition, ensuring a global optimal solution.

Additional Resources
When Finding A Discriminant Function With The Hard-margin SVM, If We Use A Kernel
Function To Represent



In the realm of supervised machine learning, Support Vector Machines (SVMs) have long
stood as a robust method for classification tasks. Their ability to find optimal separating
hyperplanes makes them an attractive choice, especially in high-dimensional spaces.
Among the variants, the hard-margin SVM is particularly notable when the data is linearly
separable, aiming to maximize the margin between classes. However, as datasets grow
more complex and non-linear, the straightforward approach encounters limitations,
prompting the use of kernel functions to implicitly map data into higher-dimensional
feature spaces.

This article delves into the nuanced process of finding a discriminant function with the
hard-margin SVM when employing a kernel function to represent data. We explore
foundational concepts, mathematical formulations, computational strategies, and practical
implications, providing an in-depth understanding suitable for researchers, practitioners,
and students interested in the theoretical and applied aspects of SVMs.

---

The Foundations of Hard-margin SVMs

What Is a Hard-margin SVM?

A hard-margin SVM is designed for binary classification tasks where the data is perfectly
linearly separable. It seeks a hyperplane that:

- Correctly classifies all data points.
- Maximizes the margin—the distance between the hyperplane and the closest data points
(support vectors).

Mathematically, given a dataset \(\{(\mathbf{x}_i, y_i)\}_{i=1}^N\), where \(\mathbf{x}_i
\in \mathbb{R}^d\) and \(y_i \in \{-1, 1\}\), the hyperplane is represented as:

\[
f(\mathbf{x}) = \mathbf{w}^\top \mathbf{x} + b
\]

with the classification rule:

\[
\text{Predict } y = \text{sign}(f(\mathbf{x}))
\]

The optimization problem for the hard-margin SVM is:

\[
\min_{\mathbf{w}, b} \frac{1}{2} \|\mathbf{w}\|^2
\]
subject to:

\[
y_i (\mathbf{w}^\top \mathbf{x}_i + b) \geq 1, \quad \forall i
\]



This formulation ensures all points are correctly classified with a margin of at least 1, and
the goal is to find the hyperplane with the maximal margin \(2 / \|\mathbf{w}\|\).

Limitations of the Linear Approach

The linear formulation assumes the data is perfectly separable by a straight line (or
hyperplane). Real-world data, however, often exhibits complex, non-linear relationships
that this approach cannot capture, leading to poor generalization.

---

Introducing Kernel Functions: Extending the Discriminant Function

Motivation for Kernels

To tackle non-linear data, SVMs utilize the kernel trick, which implicitly maps data into a
higher-dimensional feature space where linear separation becomes feasible. Instead of
explicitly transforming the data, kernels compute inner products directly in the feature
space.

Kernel Function Definition

A kernel function \(K(\mathbf{x}_i, \mathbf{x}_j)\) computes the inner product between
the images of two data points in the feature space:

\[
K(\mathbf{x}_i, \mathbf{x}_j) = \phi(\mathbf{x}_i)^\top \phi(\mathbf{x}_j)
\]

where \(\phi(\cdot)\) is the (possibly implicit) feature mapping.

Common kernels include:

- Linear kernel: \(K(\mathbf{x}_i, \mathbf{x}_j) = \mathbf{x}_i^\top \mathbf{x}_j\)
- Polynomial kernel: \(K(\mathbf{x}_i, \mathbf{x}_j) = (\gamma \mathbf{x}_i^\top
\mathbf{x}_j + r)^d\)
- Radial Basis Function (RBF): \(K(\mathbf{x}_i, \mathbf{x}_j) = \exp(-\gamma
\|\mathbf{x}_i - \mathbf{x}_j\|^2)\)
- Sigmoid kernel: \(\tanh(\gamma \mathbf{x}_i^\top \mathbf{x}_j + r)\)

Reformulating the Discriminant Function with Kernels

When employing a kernel, the decision function becomes:

\[
f(\mathbf{x}) = \sum_{i=1}^N \alpha_i y_i K(\mathbf{x}_i, \mathbf{x}) + b
\]

where \(\alpha_i\) are the Lagrange multipliers obtained through the dual optimization
problem.



---

The Dual Optimization Problem with Kernels

Derivation of the Dual

The primal optimization problem for the hard-margin SVM with kernels remains similar,
but solving directly in the primal space is often impractical. Instead, we formulate the dual
problem:

\[
\max_{\boldsymbol{\alpha}} \quad W(\boldsymbol{\alpha}) = \sum_{i=1}^N \alpha_i -
\frac{1}{2} \sum_{i=1}^N \sum_{j=1}^N \alpha_i \alpha_j y_i y_j K(\mathbf{x}_i,
\mathbf{x}_j)
\]

subject to:

\[
\alpha_i \geq 0, \quad \forall i
\]
\[
\sum_{i=1}^N \alpha_i y_i = 0
\]

The solution yields the \(\alpha_i\)s, from which support vectors are identified (non-zero
\(\alpha_i\)).

Determining the Discriminant Function

Once \(\boldsymbol{\alpha}\) is obtained, the discriminant function for any new point
\(\mathbf{x}\) is:

\[
f(\mathbf{x}) = \sum_{i \in \text{SV}} \alpha_i y_i K(\mathbf{x}_i, \mathbf{x}) + b
\]

where the sum runs over support vectors (SV), the data points with \(\alpha_i > 0\).

---

Practical Implications and Challenges

Margin Maximization in the Kernel Space

In the kernelized hard-margin SVM, the geometric interpretation persists: the algorithm
maximizes the margin in the transformed feature space. However, the explicit geometry of
the feature space becomes abstract, since the mapping \(\phi(\cdot)\) is often implicit.

Support Vectors as Critical Elements



Support vectors are the data points that lie closest to the decision boundary in the feature
space. They are crucial because:

- They determine the position and orientation of the hyperplane.
- The discriminant function depends solely on these points and their kernel evaluations.

Handling Non-Separable Data

While the hard-margin SVM assumes perfect separability, real-world data often contains
noise and overlaps. In such cases, soft-margin SVMs with slack variables are employed,
allowing some misclassifications to improve generalization.

---

Deep Dive into the Mathematical and Computational Aspects

Convex Optimization and Kernel Choice

The dual problem is a convex quadratic programming problem, solvable with standard
solvers. The choice of kernel influences:

- The complexity of the decision boundary.
- The risk of overfitting.
- Computational efficiency.

Kernel Trick and Computational Efficiency

By leveraging kernels, the SVM algorithm:

- Avoids explicit computation of high-dimensional feature vectors.
- Requires only the kernel matrix \(K\), an \(N \times N\) matrix with entries
\(K(\mathbf{x}_i, \mathbf{x}_j)\).

However, for large datasets, the kernel matrix becomes large, prompting the use of
approximation techniques or sparse solutions.

Identifying Support Vectors and Computing \(b\)

Support vectors are identified as those with \(0 < \alpha_i < C\) (for soft-margin SVMs).
For the hard-margin case, support vectors satisfy the margin constraints exactly.

The bias term \(b\) is computed by exploiting support vectors:

\[
b = y_i - \sum_{j \in \text{SV}} \alpha_j y_j K(\mathbf{x}_j, \mathbf{x}_i)
\]

for any support vector \(\mathbf{x}_i\).

---



Theoretical and Practical Challenges

Kernel Selection and Parameter Tuning

Choosing the appropriate kernel and its parameters (e.g., \(\gamma\), \(d\), \(r\)) is critical
to model performance. Cross-validation is commonly used to optimize these
hyperparameters.

Overfitting and Model Complexity

While kernels enable modeling complex relationships, they also increase the risk of
overfitting, especially with high-capacity kernels like RBFs. Regularization via soft
margins and parameter tuning helps mitigate this.

Computational Scalability

Kernel methods scale poorly with large datasets due to the \(O(N^2)\) storage and
computation requirements of the kernel matrix. Techniques like kernel approximation,
support vector reduction, and online algorithms are active research areas.

---

Summary and Future Directions

When finding a discriminant function with the hard-margin SVM, if we use a kernel
function to represent data, we essentially extend the linear separation paradigm into a
non-linear domain by implicitly mapping data into a high-dimensional feature space. The
key benefits include:

- The ability to handle complex, non-linear relationships.
- Maintaining the convexity of the optimization problem.
- Focusing on a subset of critical data points (support vectors).

This approach, however, introduces challenges related to kernel selection, computational
scalability, and risk of overfitting. Ongoing research continues to refine
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