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Understanding the process of drawing balls from an urn without replacement is
fundamental in probability theory. This scenario, where an urn contains 10
uniquely numbered balls and four consecutive draws are made without replacing
the balls after each draw, forms the basis for exploring various probability
concepts, combinatorial calculations, and statistical implications. This

article provides an in-depth analysis of this process, explaining key ideas,
calculations, and practical applications.

Basic Setup and Assumptions

Before diving into the calculations, it’s essential to understand the basic
setup and assumptions involved in this scenario.

The Composition of the Urn

e The urn contains 10 balls, each with a unigque number from 1 to 10.

e All balls are equally likely to be drawn initially, assuming a fair
process.

The Drawing Process

e Four draws are made sequentially.

e After each draw, the selected ball is not replaced back into the urn,
reducing the total number of balls remaining for subsequent draws.

Key Assumptions

e All draws are conducted randomly and independently, given the previous
outcomes.

e The order of the draws matters when considering permutations, but for
certain probability calculations, order may be ignored in favor of
combinations.



Probability of Specific Outcomes in Drawing
Without Replacement

Understanding the probabilities involved in this process involves exploring
different types of questions: What is the probability of drawing specific
balls? What is the likelihood of particular combinations? Below are detailed
explanations of these concepts.

Probability of Drawing a Specific Ball in a
Particular Draw

e Since the process is without replacement, the probability that a
specific ball (say ball number 3) is drawn in the first draw is 1/10.

e For the second draw, given that ball 3 was not drawn first, the
probability that ball 3 is drawn in the second attempt depends on the
previous outcome.

e Overall, the probability of a specific ball being drawn in any of the

four draws can be analyzed using symmetry and uniform probability
principles.

Probability of Drawing a Particular Set of Balls

e If interested in the probability of drawing a specific set of 4 balls
(e.g., balls numbered 2, 5, 7, 9), the total number of possible 4-ball
combinations (without regard to order) is C(10,4) = 210.

e The probability of drawing this specific set in any order is therefore
1/210.

e If order matters (i.e., which ball is drawn first, second, etc.), then
the total number of arrangements is P (10,4) = 5040.

Calculating Probabilities Using Combinatorics

Combinatorial approaches are essential in calculating the likelihood of
various outcomes in this scenario.

Number of Possible Outcomes

e Without regard to order: The total number of ways to choose 4 balls from
10 is given by the combination:

C(10,4) = 210



e With regard to order: The total number of arrangements (permutations)
is:

P(10,4) = 10 x 9 x 8 x 7 = 5040

Probability of Drawing a Specific Combination

e Since each sequence of four distinct balls has an equal chance in the
case of ordered draws, the probability of any specific ordered sequence
is:

1/5040
e In the unordered case, the probability of drawing a specific set of four

balls is:

1/210

Example: Probability of Drawing Balls 2, 5, 7, and 9

e Probability (unordered) = 1/210 ~ 0.00476 or 0.476%.

e If order matters, then the probability of drawing exactly the sequence
2, 5, 7, 9 in that order is 1/5040 =~ 0.000198 or 0.0198%.

Expected Values and Probabilities of Specific
Events

Beyond calculating straightforward probabilities, analyzing expected outcomes
provides valuable insights.

Expected Number of Specific Balls Drawn

e Suppose we want to find the expected number of times a particular ball
(say ball number 4) appears in the four draws.

e Since the process is without replacement, the probability that ball 4 is
drawn in any particular draw is 1/10.

e The expected number of times ball 4 appears across four draws is:

E=4x (1/10) = 0.4



Probability of Drawing At Least One Specific Ball

e Probability that ball 4 is not drawn in any of the four draws:

(9/10) x (8/9) x (7/8) x (6/7) = 6/10 = 0.6

e Thus, probability that ball 4 is drawn at least once:

l1-0.6=20.4

Applications and Practical Implications

The principles underlying this drawing process are widely applicable across
various fields.

Games of Chance and Gambling

e Understanding probabilities in drawing without replacement informs
strategies in card games, lotteries, and other gambling scenarios.

e For example, knowing the odds of drawing certain cards without
replacement helps players assess risk and potential outcomes.

Quality Control and Sampling

e Manufacturers often use sampling without replacement to assess product
quality, estimating defect rates by randomly selecting units.

e Calculating probabilities of certain defects appearing in samples helps
in decision-making processes.

Statistical Inference and Data Sampling

e Sampling without replacement is common in survey sampling, ensuring that
each item or individual is only selected once.

e Understanding the probability distributions involved guides in designing
effective sampling strategies.



Extensions and Variations of the Basic Scenario

The basic scenario can be expanded or modified to explore more complex
probability models.

Drawing More or Fewer Balls

e Adjusting the number of draws (e.g., 5, 6, or fewer) affects the total
possible arrangements and probabilities.

Replacement vs. Without Replacement

e Comparing scenarios where balls are replaced after each draw versus not
replaced highlights differences in probability calculations.

Weighted or Biased Draws

e Introducing biases (e.g., some balls are more likely to be drawn) leads
to non-uniform probability distributions, requiring advanced models.

Summary and Key Takeaways

This exploration of drawing four balls from an urn containing ten, without
replacement, underscores several important principles:

e The total number of possible outcomes depends on whether order is
considered, with permutations and combinations providing the framework
for calculations.

e Probabilities can be computed for both specific balls and sets, using
basic combinatorial formulas.

e Expected values and probabilities of events (such as drawing a
particular ball) provide insights into the likelihood of outcomes in
random sampling.

e Practical applications range from games and gambling to quality control
and statistical sampling.

e Extensions of this scenario allow for more complex modeling,
accommodating different numbers of draws, replacement conditions, and
biases.



Understanding these concepts not only deepens knowledge of probability but
also equips individuals with tools to analyze real-world situations involving
random selection processes. Whether in academic research, industry
applications, or recreational activities, the principles derived from this
simple scenario are foundational to the broader field of probability and
statistics.

In conclusion, drawing four balls from an urn of ten without replacement
exemplifies core probability principles and combinatorial calculations,
illustrating how simple models can be applied to complex decision-making and
analysis tasks across various disciplines.

Frequently Asked Questions

What is the probability of drawing a specific ball,
say ball number 5, in exactly one of the four draws
without replacement?

The probability is calculated by considering the number of favorable
sequences where ball 5 appears exactly once out of four draws, which is
(number of ways to choose the position of ball 5) times the probability of
that sequence. The probability is 4 (1/10) (9/10) (8/9) (7/8) = 4 (1/10)
(9/10) «(8/9) (7/8) =4 (1/10) (7/10) = 28/1000 = 0.028.

What is the probability that all four drawn balls are
distinct?
Since balls are not replaced, the probability that all four balls are

distinct is 1, because each draw removes a ball from the pool, ensuring no
repeats.

What is the probability that a specific number, say
3, is drawn at least once in the four draws?

The probability that ball 3 is drawn at least once is 1 minus the probability
that it is never drawn. Probability of not drawing ball 3 in a single draw is
9/10. Over four draws, probability of never drawing ball 3 is (9/10)"4.
Therefore, the probability of drawing it at least once is 1 - (9/10)%4 =~ 1 -
0.6561 = 0.3439.

How many total possible sequences of four draws are
there from 10 balls without replacement?

The total number of sequences is the permutation of 10 balls taken 4 at a
time: P(10,4) = 10987 = 5040.

What is the probability that the four drawn balls are
consecutive numbers?
The only possible sets of four consecutive numbers are 1-2-3-4, 2-3-4-5, ...,

up to 7-8-9-10, totaling 7 sets. For each set, the number of arrangements
(permutations) is 4! = 24, so total favorable sequences are 7 24 = 168. Total



sequences are 5040, so probability is 168/5040 = 1/30 ~ 0.0333.

What is the probability that the smallest number
drawn is 1?

To have 1 as the smallest number drawn, 1 must be among the four chosen
balls, and all other three are from 2 to 10. Number of ways to choose the
other three balls: C(9,3) = 84. For each such combination, the number of

arrangements is 4! = 24. Total favorable sequences: 84 24 = 2016. Total
sequences: 5040. Therefore, probability is 2016/5040 = 42/105 ~ 0.4.

What is the expected number of times a particular
ball, say ball number 2, is drawn in four draws?

Since each draw is equally likely to include ball 2, and the draws are
without replacement, ball 2 can be drawn at most once. The probability that
ball 2 is drawn in any of the four draws is 1 minus the probability it is
never drawn, which is (9/10) (8/9) (7/8) (6/7) = 6/10 = 0.6. Therefore, the
expected number of times ball 2 is drawn is 0.6.

If we consider the sequence of four draws, what is
the probability that the balls are in ascending
order?

There are 4! = 24 possible arrangements of the four drawn balls. Only one of
these arrangements is in strictly ascending order. Total number of 4-ball
combinations: C(10,4) = 210. Each combination can be arranged in 24 ways, SO

total sequences: 210 24 = 5040, matching total permutations. The probability
that the sequence is in ascending order is the number of ascending sequences
divided by total permutations: for each combination, only one ascending
arrangement, so total ascending sequences are 210. Therefore, probability is
210/5040 = 1/24 ~ 0.0417.

What is the probability that exactly two of the four
drawn balls are prime numbers?

Prime numbers between 1 and 10 are 2, 3, 5, 7 (4 primes). To have exactly two
primes in four draws, select 2 from these 4 primes: C(4,2)=6, and 2 from the
remaining 6 non-primes (1,4,6,8,9,10): C(6,2)=15. Total combinations: 6 15 =
90. Each combination can be arranged in 4! / (2! 2!) = 6 ways (since two
primes and two non-primes). Total favorable sequences: 90 6 = 540. Total
sequences: 5040. Probability = 540/5040 = 9/84 = 3/28 ~ 0.1071.

Additional Resources

Analyzing the Probabilities of Drawing Balls from an Urn Without Replacement

When considering the fascinating world of probability, one classic example
often discussed is an urn containing 10 balls numbered from 1 to 10, where we
draw a ball 4 times without replacement. This scenario offers a rich context
for exploring concepts such as sample spaces, probability calculations, and
combinatorial reasoning. Whether you're a student seeking to understand the
fundamentals or a professional analyzing similar processes, this detailed



guide will walk you through the key ideas, calculations, and implications of
such an experiment.

Introduction to the Scenario

Imagine an urn filled with 10 balls, each uniquely numbered from 1 to 10. You
perform an experiment where you draw a ball, note its number, and then
without replacing it back into the urn, you draw again. You repeat this
process a total of 4 times, leading to a sequence of four draws, each with
its own probability considerations.

This process raises several natural questions:

- What is the total number of possible outcomes?

— What is the probability of drawing a specific sequence of numbers?

— How many different combinations of balls can be drawn?

— What are the probabilities associated with particular events, such as
drawing all even numbers or avoiding certain numbers?

This article aims to answer these questions by exploring the combinatorial
and probabilistic framework underpinning this problem.

Fundamental Concepts
Before delving into calculations, let's clarify some key concepts.
Sampling Without Replacement

Sampling without replacement means that once a ball is drawn, it is not put
back into the urn. Consequently:

— The total number of remaining balls decreases by one after each draw.

— The probability of drawing a specific ball changes after each draw.

— The sequence of draws 1is dependent; earlier draws influence the
probabilities of later draws.

Sample Space and Outcomes

The total sample space consists of all possible sequences of 4 draws, where
each sequence is an ordered list of 4 distinct numbers selected from 1 to 10.

Types of Events

Events can be:

- Specific sequences (e.g., drawing balls 3, 7, 2, 9 in that order).
— Sets of sequences sharing certain properties (e.g., all sequences
containing only even numbers).

- Particular outcomes (e.g., the first ball is 5).

Understanding how to count and assign probabilities to these events requires
combinatorial reasoning.

Total Number of Possible Outcomes

Ordered Sequences Without Replacement



Since each draw is sequential and the order matters, the total number of
possible outcomes corresponds to the number of permutations of 10 balls taken
4 at a time:

Number of possible sequences = P (10, 4) = 10 x 9 x 8 x 7 = 5040

This calculation accounts for all possible ordered sequences where no ball
repeats.

Explanation

— The first draw: 10 options.

— The second draw: 9 remaining options.
— The third draw: 8 remaining options.

— The fourth draw: 7 remaining options.

Multiplying these gives the total number of ordered outcomes.

Probabilities of Specific Outcomes
Drawing a Particular Sequence

Suppose you want the probability of drawing a specific sequence of 4 balls,
for example, balls numbered 2, 5, 7, and 9 in that exact order.

Calculation:

Since all sequences are equally likely, and total sequences are 5040, the
probability of any specific sequence is:

P (sequence) = 1 / 5040

Drawing a Sequence with Certain Properties

Suppose you're interested in the probability that the sequence contains
exactly two even numbers and two odd numbers in any order.

Step 1: Count the number of sequences satisfying this property.
Step 2: Divide by the total number of sequences (5040).

Let's perform these steps.

Counting Sequences with Exactly Two Even and Two Odd Numbers
Step 1: Determine the number of such sequences

— There are 5 even numbers in the urn: 2, 4, 6, 8, 10.
- There are 5 odd numbers: 1, 3, 5, 7, 9.

Number of ways to choose 2 even numbers:

C(5, 2) =10



Number of ways to choose 2 odd numbers:
cC(5, 2) =10

Total ways to select the set of 4 balls with exactly 2 even and 2 odd
numbers:

Number of combinations = C(5, 2) x C(5, 2) = 10 x 10 = 100

But, since the sequence order matters, for each combination of 4 balls, the
number of arrangements is:

Number of arrangements per combination = 4! / (2! x 2!) = 6
Total number of sequences with exactly 2 even and 2 odd balls:

Number of sequences = 100 x 6 = 600

Step 2: Calculate the probability

Probability = number of favorable sequences / total sequences = 600 / 5040 =~
0.119

This means there's approximately an 11.9% chance that a randomly drawn
sequence contains exactly two even and two odd numbers.

Probabilities of Specific Events

Drawing No Repeated Numbers

Since sampling is without replacement, each sequence contains distinct
numbers. The probability of drawing any set of 4 distinct balls is uniform
across all sequences.

Drawing All Balls Greater Than 5

Suppose you want to find the probability that all four balls drawn are
numbered greater than 5 (i.e., from 6 to 10).

— Number of balls greater than 5: 5 (6, 7, 8, 9, 10)

Number of ways to choose 4 balls from these 5:

Number of sequences:

Each combination can be arranged in 4! = 24 ways.
Total favorable sequences:

Total = 5 x 24 = 120

Probability:



P = 120 / 5040 = 1/42 ~ 0.0238

Approximately a 2.38% chance that all four balls are greater than 5.

Expected Values and Averages

Expected Value of a Draw

Since each number from 1 to 10 is equally likely to be drawn at any position
in the process (given the symmetry), the expected value of a single randomly
selected ball (without replacement) is:
E=(1+2+ ... +10) / 10 = 55/ 10 = 5.5

Expected Sum of the Four Draws

Because the draws are without replacement, the expected sum of the 4 drawn
numpbers is:

E(sum) = 4 x E(single draw) = 4 x 5.5 = 22

Variations and Extended Analyses
Drawing with Replacement

If the process involved replacing the ball after each draw, the calculations
would differ:

- Total sequences: 1074 = 10,000
— Probabilities of specific sequences: 1 / 10,000
— Independence of draws simplifies calculations.

Drawing a Specific Number of a Certain Type

For example, the probability of drawing exactly three even numbers in four
draws can be computed by combining combinatorial counts with probability
calculations.

Practical Implications and Applications

Understanding such probability distributions has practical applications in
various fields:

— Games of Chance: Analyzing the odds of specific outcomes.

— Quality Control: Sampling without replacement from a batch.

— Computer Algorithms: Random selection processes.

— Educational Settings: Teaching basic combinatorics and probability theory.

Summary and Key Takeaways

— The total number of possible ordered sequences of 4 draws from 10 balls
without replacement is 5040.



— The probability of any specific sequence is 1/5040.

- Counting sequences with specific properties involves combinatorial
calculations, such as choosing subsets and arranging them.

— Probabilities for events like "sequence contains exactly 2 even and 2 odd
numbers" can be derived systematically.

- Expectations such as the average value of a draw or sum provide insights
into the typical outcomes of the process.

Final Thoughts

The scenario of drawing balls from an urn without replacement illustrates
core principles of probability and combinatorics. By carefully enumerating
possible outcomes and applying the rules of counting, you can analyze complex
events and derive meaningful probabilities. Such analyses underpin many real-
world applications, from statistical sampling to game theory, and deepen your
understanding of how chance operates in structured scenarios.

Whether for academic pursuits or practical decision-making, mastering the
principles outlined in this guide equips you with a robust framework to
approach similar probabilistic challenges.
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