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Consider The Linear Transformation T : R4 R3 Defined ByT (x, Y, Z, W) = (x Y
+ W, 2x + Y + Z, 2y 3w).Let us explore this linear transformation in detail,
examining its properties, matrix representation, kernel, image, and
applications. Understanding such transformations is fundamental in linear
algebra, providing insights into how vectors are mapped between spaces and
how these mappings can be characterized and utilized in various mathematical
and real-world contexts.

---

Understanding the Linear Transformation T

Definition and Notation

In the given transformation, T maps vectors from R⁴ to R³, specifically:

\[
T : \mathbb{R}^4 \to \mathbb{R}^3
\]
\[
T(x, y, z, w) = (x y + w, 2x + y + z, 2y + 3w)
\]

Here, each input vector \((x, y, z, w) \in \mathbb{R}^4\) is transformed into
a vector in \(\mathbb{R}^3\) via the specified rule.

Note: The original description has some notation inconsistencies (e.g.,
lowercase \(y, z, w\) vs. uppercase \(Y, Z, W\)). For clarity, we will assume
the variables are \(x, y, z, w\).

---

Matrix Representation of T



Constructing the Matrix

A linear transformation from \(\mathbb{R}^4\) to \(\mathbb{R}^3\) can be
represented by a \(3 \times 4\) matrix \(A\), such that:

\[
T(\mathbf{x}) = A \mathbf{x}
\]
where \(\mathbf{x} = (x, y, z, w)^T\).

To find \(A\), examine the images of the standard basis vectors:

1. \(T(1,0,0,0)\):

\[
(1\cdot0 + 0, 2\cdot1 + 0 + 0, 2\cdot0 + 3\cdot0) = (0, 2, 0)
\]

2. \(T(0,1,0,0)\):

\[
(0\cdot1 + 0, 2\cd0 + 1 + 0, 2\cdot1 + 3\cd0) = (0, 1, 2)
\]

3. \(T(0,0,1,0)\):

\[
(0\cdot0 + 0, 2\cdot0 + 0 + 1, 2\cdot0 + 3\cdot0) = (0, 1, 0)
\]

4. \(T(0,0,0,1)\):

\[
(0\cdot0 + 1, 2\cdot0 + 0 + 0, 2\cdot0 + 3\cdot1) = (1, 0, 3)
\]

Hence, the matrix \(A\) is constructed by placing these images as columns:

\[
A = \begin{bmatrix}
0 & 0 & 0 & 1 \\
2 & 1 & 1 & 0 \\
0 & 2 & 0 & 3
\end{bmatrix}
\]

---



Analyzing the Transformation

Kernel of T (Null Space)

The kernel of \(T\) is the set of all vectors \(\mathbf{x}\) such that
\(T(\mathbf{x}) = \mathbf{0}\).

Set:

\[
A \mathbf{x} = \mathbf{0}
\]

which leads to the system:

\[
\begin{cases}
0x + 0y + 0z + 1w = 0 \\
2x + y + z + 0w = 0 \\
0x + 2y + 0z + 3w = 0
\end{cases}
\]

From the first equation:

\[
w = 0
\]

Substitute into the third:

\[
2y + 3(0) = 0 \Rightarrow 2y = 0 \Rightarrow y = 0
\]

Now, from the second:

\[
2x + 0 + z = 0 \Rightarrow z = -2x
\]

Since \(w=0\) and \(y=0\), the free variable is \(x\). Let \(x = t\), then:

\[
z = -2t
\]

Thus, the kernel is:



\[
\text{Ker}(T) = \left\{ (t, 0, -2t, 0) \mid t \in \mathbb{R} \right\}
\]

or equivalently:

\[
\text{Ker}(T) = \text{span} \left\{ (1, 0, -2, 0) \right\}
\]

Key Point: The kernel is a one-dimensional subspace of \(\mathbb{R}^4\).

---

Image of T (Range)

The image of \(T\) is the span of the columns of \(A\):

\[
\text{Im}(T) = \text{span}\left\{ (0, 2, 0), (0, 1, 2), (0, 1, 0), (1, 0, 3)
\right\}
\]

Determine the dimension of the image by checking the rank of \(A\).

- Columns:

\[
\mathbf{c}_1 = \begin{bmatrix} 0 \\ 2 \\ 0 \end{bmatrix}, \quad
\mathbf{c}_2 = \begin{bmatrix} 0 \\ 1 \\ 2 \end{bmatrix}, \quad
\mathbf{c}_3 = \begin{bmatrix} 0 \\ 1 \\ 0 \end{bmatrix}, \quad
\mathbf{c}_4 = \begin{bmatrix} 1 \\ 0 \\ 3 \end{bmatrix}
\]

Check linear independence:

- \(\mathbf{c}_2\) and \(\mathbf{c}_3\):

\[
\mathbf{c}_3 = \frac{1}{2} \mathbf{c}_2 \text{? No, since } (0,1,0) \neq
\frac{1}{2}(0,2,2) = (0,1,1)
\]

Actually, observe:

\[
\mathbf{c}_2 - \mathbf{c}_3 = (0, 1-1, 2-0) = (0,0,2) \neq 0
\]



So, \(\mathbf{c}_2\) and \(\mathbf{c}_3\) are linearly independent.

Similarly, check if \(\mathbf{c}_4\) can be expressed as a combination of the
others:

Suppose:

\[
\mathbf{c}_4 = a \mathbf{c}_1 + b \mathbf{c}_2 + c \mathbf{c}_3
\]

which implies:

\[
(1, 0, 3) = a(0, 2, 0) + b(0, 1, 2) + c(0, 1, 0)
\]

Component-wise:

- \(x\)-component:

\[
1 = 0a + 0b + 0c \Rightarrow 1 = 0
\]

Contradiction, so \(\mathbf{c}_4\) is linearly independent of the others.

Therefore, the rank of \(A\) is 3, indicating that the image is a 3-
dimensional subspace of \(\mathbb{R}^3\), i.e., all of \(\mathbb{R}^3\).

Conclusion: The transformation \(T\) is onto (surjective).

---

Properties of the Transformation T

Linearity

The transformation \(T\) is linear because it can be represented by matrix
multiplication and satisfies:

- Additivity: \(T(\mathbf{u} + \mathbf{v}) = T(\mathbf{u}) + T(\mathbf{v})\)
- Homogeneity: \(T(c \mathbf{v}) = c T(\mathbf{v})\)

for all \(\mathbf{u}, \mathbf{v} \in \mathbb{R}^4\) and scalars \(c \in
\mathbb{R}\).



Kernel and Image Summary

- Kernel: \(\text{span} \{ (1, 0, -2, 0) \}\), a 1-dimensional subspace.
- Image: \(\mathbb{R}^3\), the entire codomain.

Rank-Nullity Theorem

Applying the rank-nullity theorem:

\[
\dim(\mathbb{R

Frequently Asked Questions

What is the linear transformation T : R^4 → R^3
defined by T(x, y, z, w) = (x y + w, 2x + y + z, 2y
- 3w)?
T maps a 4-dimensional vector (x, y, z, w) to a 3-dimensional vector where
the components are (x y + w, 2x + y + z, 2y - 3w).

How can we represent the linear transformation T as
a matrix?
T can be represented by a 3×4 matrix A such that T(v) = A·v, where v is in
R^4. The matrix A is:
[[x, y, 0, 1],
[2, 1, 1, 0],
[0, 2, 0, -3]].

What is the matrix form of T based on the given
transformation?
The matrix form of T is:

[[1, 1, 0, 1],
[2, 1, 1, 0],
[0, 2, 0, -3]].

Is the transformation T linear, and how can we
verify it?
Yes, T is linear. To verify, we check that T preserves addition and scalar



multiplication, which follows from the fact that T is defined by linear
combinations of the input variables.

How do we find the kernel (null space) of T?
To find the kernel, solve T(x, y, z, w) = (0, 0, 0). This results in the
system:
x y + w = 0
2x + y + z = 0
2 y - 3 w = 0
Solve these equations to find all (x, y, z, w) that map to zero.

What is the rank of the matrix representing T, and
how does it relate to the dimension of the image?
The rank of the matrix is the number of linearly independent rows (or
columns). Calculating the rank helps determine the dimension of T's image
(range). For this matrix, the rank is 3, indicating that T maps onto a 3-
dimensional subspace of R^3.

Can T be invertible, and under what conditions?
Since T maps from R^4 to R^3, it cannot be invertible as a linear
transformation between these spaces (dim domain > dim codomain). However, T
is surjective onto its image if the rank is 3, but not invertible as a map
from R^4 to R^3 because it's not a square matrix.

Additional Resources
Consider The Linear Transformation T : R4 R3 Defined By T(x, Y, Z, W) = (xY +
W, 2x + Y + Z, 2Y - 3W). Let’s explore the mathematical structure,
properties, and implications of this transformation in detail.

---

Introduction to Linear Transformations

Linear transformations serve as foundational tools in linear algebra, mapping
vectors from one vector space to another while preserving the operations of
vector addition and scalar multiplication. They are represented by matrices,
and understanding their structure is crucial for numerous applications—from
computer graphics to systems engineering.

In this context, the transformation T maps 4-dimensional real vectors
(elements of R^4) into 3-dimensional vectors (elements of R^3). The specific
form of T involves both linear and nonlinear elements, notably the product
term xY in the first component, which introduces a subtlety in classifying T
as purely linear.



---

Analyzing the Transformation T

Defining the Transformation

The transformation is given as:

T(x, Y, Z, W) = (xY + W, 2x + Y + Z, 2Y - 3W)

Here, each component of the output vector depends on the input components in
a particular way:

- The first component combines a product of x and Y with W.
- The second component is a linear combination of x, Y, and Z.
- The third component combines Y and W linearly with specific coefficients.

Noticing the Nonlinearity

A key initial observation is the presence of the term xY in the first
component. Since linear transformations are defined to satisfy the property
T(a u + b v) = a T(u) + b T(v), the inclusion of a product of input
components (xY) violates this property.

Conclusion: T, as defined, is not a linear transformation in the strict
mathematical sense because it contains a nonlinear term.

---

Clarifying the Nature of T: Is It a Linear Transformation?

Formal Definition of Linearity

A transformation T: R^n → R^m is linear if, for all vectors u, v in R^n and
all scalars α in R:

- T(u + v) = T(u) + T(v)
- T(αu) = αT(u)

Testing T for Linearity

Let’s examine whether T preserves these properties:

1. Additivity: Is T(u + v) = T(u) + T(v)?
2. Homogeneity: Is T(αu) = αT(u)?

Given T's form, the product term xY implies that:

- T(u + v) will contain products like (x + x')(Y + Y'), which expand into xY
+ x'Y + xY' + x'Y', not matching the sum T(u) + T(v).



Hence, T fails the additivity test because of the nonlinear product term.

Result: T is a quadratic (or nonlinear) transformation, not a linear one.

---

Decomposing the Transformation: Linear and Nonlinear Components

Isolating the Nonlinear Part

The transformation can be viewed as comprising:

- A nonlinear component: xY
- A linear component: W, 2x + Y + Z, 2Y - 3W

Expressed as:

T(x, Y, Z, W) = (xY, 2x + Y + Z, 2Y - 3W) + (W, 0, 0)

But this breakdown still includes the nonlinear term xY.

Alternative Perspective: Affine Transformation?

An affine transformation is a linear transformation combined with a
translation. Since T is nonlinear, it cannot be affine unless the nonlinear
term is eliminated or treated separately.

---

Exploring the Matrix Representation: Can We Approximate T?

Linear Approximation

In some contexts, one might consider the linear part of T by ignoring the
nonlinear component:

- Focus on the linear terms:

- Second component: 2x + Y + Z
- Third component: 2Y - 3W

- First component's linear part: W

This yields a linear transformation L: R^4 → R^3, represented by the matrix:

| x | Y | Z | W |
|---|---|---|---|
| 0 | 0 | 0 | 1 | (from W in first component)
| 2 | 1 | 1 | 0 | (second component)
| 0 | 2 | 0 | -3| (third component)



Expressed as a matrix:

| 0 | 0 | 0 | 1 |
| 2 | 1 | 1 | 0 |
| 0 | 2 | 0 | -3|

This matrix maps the input vector (x, Y, Z, W) to the linear part of T's
output.

Limitations of the Approximation

While this matrix provides a linear "shadow" of T, it does not capture the
nonlinear behavior contributed by the xY term. Therefore, it only offers
partial insight into T’s structure.

---

Investigating the Range and Kernel of T

Range of T

The range (or image) of T includes all vectors in R^3 that can be expressed
as T(x, Y, Z, W) for some input vector.

Given the nonlinearity, the set of all possible outputs is constrained by the
nonlinear term xY, which can produce a wide variety of outputs depending on x
and Y.

Key questions:

- Can all vectors in R^3 be attained?
- Is the range a subspace?

The presence of the product term complicates these questions, but one can
analyze specific cases:

- Fixing W, Z, Y, and varying x and W, the first component can produce a wide
range of values depending on x and Y.
- The second and third components are linear, contributing to the overall
coverage.

Kernel of T

The kernel (or null space) consists of all input vectors that map to the zero
vector:

T(x, Y, Z, W) = (0, 0, 0)

This leads to the system:

1. xY + W = 0



2. 2x + Y + Z = 0
3. 2Y - 3W = 0

Since the first equation involves a product, solving for the kernel requires
case-by-case analysis:

- If W = 0, then xY = 0, which implies either x = 0 or Y = 0.
- The remaining equations can then be solved accordingly.

---

Practical Implications and Applications

Nonlinear Transformations in Data Science

Although classical linear algebra focuses on linear transformations, many
real-world systems involve nonlinear mappings similar to T. Understanding
their structure helps in:

- Feature engineering
- Nonlinear data transformations
- Machine learning models where nonlinear activation functions are used

Engineering and Physics

In physics or engineering, such transformations can model systems where
variables interact multiplicatively, such as in certain control systems or
material stress analyses.

---

Concluding Remarks

While the transformation T defined by T(x, Y, Z, W) = (xY + W, 2x + Y + Z, 2Y
- 3W) encapsulates a blend of linear and nonlinear elements, it serves as a
compelling example of how nonlinearities influence the structure and
properties of transformations. Recognizing that T is not purely linear
prompts us to broaden our perspective—embracing quadratic and nonlinear
mappings—and appreciate their roles in advanced mathematics and applied
sciences.

Understanding the limits of linear approximations, the structure of the range
and kernel, and the implications of nonlinear components equips
mathematicians and practitioners alike with the tools to analyze complex
systems, both theoretical and practical. As we continue to explore such
transformations, their rich structure offers insights into the multifaceted
relationships that govern the mathematical modeling of the world around us.
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