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In the realm of linear algebra, understanding the properties of mappings
between vector spaces is fundamental. The mapping given here, T : R² → R,
defined by T((x₁, x₂)) = (x₁, x₂), appears straightforward but warrants a
detailed examination to determine whether it is a linear transformation. This
article explores this mapping comprehensively, beginning with the precise
definition of the transformation, followed by a rigorous proof of linearity,
including the verification of two critical properties: additivity and scalar
multiplication. This exploration not only elucidates the characteristics of T
but also reinforces the foundational concepts underlying linear
transformations.

Understanding the Mapping T

Definition of the Mapping
The given mapping T operates from the vector space R², which consists of all
ordered pairs of real numbers, to R. The definition is explicitly given as:

For any vector (x₁, x₂) in R², T((x₁, x₂)) = (x₁, x₂).

At first glance, this resembles the identity map on R², but the key point
here is that the codomain is R rather than R². Given the expression, it
appears that T maps from R² to R, but the notation suggests a possible typo
or ambiguity: perhaps the intended mapping is from R² to R², or perhaps the
target space is R. For clarity, we proceed assuming the mapping is from R² to
R², with T((x₁, x₂)) = (x₁, x₂), i.e., the identity transformation. If the
intended target is R, then T would have to produce a scalar, but since the
formula produces a pair, the most consistent interpretation is that T maps R²
to R², with T((x₁, x₂)) = (x₁, x₂). For the purpose of this article, we
assume the latter, as it aligns with the notation and the structure of the
transformation.



Clarifying the Transformation
Assuming T : R² → R² with T((x₁, x₂)) = (x₁, x₂), it is essentially the
identity map on R². The identity transformation is a fundamental example in
linear algebra, serving as a baseline for understanding more complex
mappings. To analyze whether T is a linear transformation, we need to verify
the two defining properties of linearity:

Additivity: T(u + v) = T(u) + T(v) for all u, v in R².1.

Homogeneity (scalar multiplication): T(cu) = cT(u) for all u in R² and2.
all scalars c in R.

Part A: Showing T Is a Linear Transformation

Step 1: Verify Additivity
Let u = (u₁, u₂) and v = (v₁, v₂) be arbitrary vectors in R². Their sum is:

u + v = (u₁ + v₁, u₂ + v₂)

Applying T to u + v:

T(u + v) = T((u₁ + v₁, u₂ + v₂)) = (u₁ + v₁, u₂ + v₂)

Applying T separately to u and v and then adding:

T(u) + T(v) = (u₁, u₂) + (v₁, v₂) = (u₁ + v₁, u₂ + v₂)

Since T(u + v) = T(u) + T(v), the additivity property holds.

Step 2: Verify Homogeneity (Scalar Multiplication)
Let c be an arbitrary scalar in R, and u = (u₁, u₂) be an arbitrary vector in
R². Then:

cu = (cu₁, cu₂)

Applying T to cu:

T(cu) = T((cu₁, cu₂)) = (cu₁, cu₂)

On the other hand, c times T(u) is:



c T(u) = c (u₁, u₂) = (c u₁, c u₂)

Since T(cu) = c T(u), the homogeneity property is satisfied.

Conclusion of Part A
Because T satisfies both additivity and homogeneity, we conclude that the
mapping T : R² → R², defined by T((x₁, x₂)) = (x₁, x₂), is a linear
transformation. This is consistent with the fact that the identity map
preserves all linear structure and is a prototypical example of a linear
transformation.

Part B: Additional Properties and Implications

Identity Transformation and Its Significance
The transformation T described here is essentially the identity map on R²,
which is a fundamental linear transformation. Its properties include:

Preservation of vector addition and scalar multiplication

Having the identity matrix as its standard matrix representation

Being invertible, with its inverse also being the identity map

Matrix Representation of T
Since T is the identity map, its matrix representation with respect to the
standard basis is the 2×2 identity matrix:

[1 0]
[0 1]

This matrix acts on vectors in R² via standard matrix-vector multiplication,
confirming the linearity of T.

Implications of Linearity
Understanding that T is linear has several consequences:

It simplifies the analysis of T's behavior on arbitrary vectors



It allows us to leverage matrix algebra to study transformations

It confirms that T is a structure-preserving map between vector spaces

Summary and Final Remarks
In this article, we thoroughly examined the mapping T : R² → R² defined by
T((x₁, x₂)) = (x₁, x₂). By verifying the fundamental properties of additivity
and scalar homogeneity, we demonstrated that T is indeed a linear
transformation. Recognized as the identity map, T exemplifies the
quintessential linear transformation that preserves the structure of the
vector space R². Understanding such mappings is crucial in the broader
context of linear algebra, as they serve as building blocks for more complex
transformations and applications across mathematics and engineering fields.

Frequently Asked Questions

What is the definition of a linear transformation
from R² to R²?
A linear transformation T from R² to R² is a function that satisfies two
properties for all vectors u, v in R² and scalar c: T(u + v) = T(u) + T(v)
and T(cu) = cT(u).

Given T((x₁, x₂)) = (x₁, x₂), how can we verify that
T is a linear transformation?
To verify, check if T preserves addition and scalar multiplication: for any
vectors u, v and scalar c, see if T(u + v) = T(u) + T(v) and T(cu) = cT(u).
Since T is the identity map, these properties hold, confirming linearity.

What is the significance of the mapping T((x₁, x₂))
= (x₁, x₂) in terms of linear transformations?
This mapping is the identity transformation on R², which is a fundamental
example of a linear transformation that preserves vector addition and scalar
multiplication.

How do you prove that T((x₁, x₂)) = (x₁, x₂) is
linear using matrix representation?
Express T as a matrix, which in this case is the identity matrix I₂. Since
matrix multiplication by I₂ preserves addition and scalar multiplication, T



is linear.

Are there any other properties that confirm T is a
linear transformation?
Yes, T maps the zero vector to itself, T(0,0) = (0,0), which is consistent
with the properties of linear transformations. Additionally, T's behavior
matches that of a linear operator.

Additional Resources
Consider The Mapping T : R² → R² Such That T((x₁, x₂)) = (x₁, x₂).
This seemingly simple transformation holds a wealth of mathematical
significance, especially when exploring the fundamental properties of linear
transformations in vector spaces. Understanding whether such a mapping is
linear, and why, is central to grasping the structure and behavior of linear
operators, which are foundational in fields spanning from pure mathematics to
applied sciences like engineering, computer graphics, and data analysis.

In this comprehensive guide, we will delve into the details of the mapping T,
analyze its properties, and demonstrate why it qualifies as a linear
transformation. From the formal definitions to step-by-step proofs, this
discussion aims to clarify the mechanics and importance of such mappings
within the context of linear algebra.

---

Understanding the Mapping T

Let’s begin by clearly defining the mapping T: T: ℝ² → ℝ² such that:

\[ T((x_1, x_2)) = (x_1, x_2) \]

In essence, T takes a vector in the 2-dimensional real coordinate space and
returns the same vector. This is often referred to as the "identity
transformation" in linear algebra, because it maps every vector onto itself.

---

Why Study the Linearity of T?

Before jumping into the proof, it's important to understand the significance
of linearity:

- Linearity preserves vector addition and scalar multiplication, which are
key operations in vector spaces.
- Demonstrating that T is linear confirms it respects the structure of the
space, making it a linear operator.
- Such transformations form the building blocks for more complex mappings



like rotations, reflections, and projections.

---

Formal Definition of a Linear Transformation

A transformation \( T: V \to W \) (where V and W are vector spaces over the
same field, here ℝ) is linear if and only if it satisfies two properties for
all vectors \( \mathbf{u}, \mathbf{v} \in V \) and all scalars \( c \in
\mathbb{R} \):

1. Additivity:
\[ T(\mathbf{u} + \mathbf{v}) = T(\mathbf{u}) + T(\mathbf{v}) \]

2. Homogeneity (Scalar Multiplication):
\[ T(c \mathbf{u}) = c T(\mathbf{u}) \]

In the context of T, our goal is to verify these properties explicitly.

---

Step-by-Step Demonstration That T Is a Linear Transformation

1. Show Additivity

Let \( \mathbf{u} = (u_1, u_2) \) and \( \mathbf{v} = (v_1, v_2) \) be
arbitrary vectors in ℝ².

Applying T to the sum:

\[
T(\mathbf{u} + \mathbf{v}) = T((u_1 + v_1, u_2 + v_2))
\]

By the definition of T:

\[
T((u_1 + v_1, u_2 + v_2)) = (u_1 + v_1, u_2 + v_2)
\]

Now, compute \( T(\mathbf{u}) + T(\mathbf{v}) \):

\[
T(\mathbf{u}) + T(\mathbf{v}) = (u_1, u_2) + (v_1, v_2) = (u_1 + v_1, u_2 +
v_2)
\]

Since both expressions are identical, we conclude:

\[
T(\mathbf{u} + \mathbf{v}) = T(\mathbf{u}) + T(\mathbf{v})



\]

Result: The transformation T preserves vector addition.

---

2. Show Homogeneity (Scalar Multiplication)

Let \( c \in \mathbb{R} \) and \( \mathbf{u} = (u_1, u_2) \in ℝ^2 \).

Applying T to \( c \mathbf{u} \):

\[
T(c \mathbf{u}) = T((c u_1, c u_2))
\]

Using the definition of T:

\[
T((c u_1, c u_2)) = (c u_1, c u_2)
\]

Now, compute \( c T(\mathbf{u}) \):

\[
c T(\mathbf{u}) = c (u_1, u_2) = (c u_1, c u_2)
\]

Both sides are equal, thus:

\[
T(c \mathbf{u}) = c T(\mathbf{u})
\]

Result: The transformation T respects scalar multiplication.

---

3. Conclusion of Linearity

Since T satisfies both additivity and homogeneity for all vectors \(
\mathbf{u}, \mathbf{v} \) and all scalars \( c \), T is a linear
transformation.

---

Additional Properties of the Identity Transformation

The identity transformation is one of the fundamental linear operators with
some key properties:



- Preserves all vectors: It maps every vector onto itself.
- Is linear by definition: As shown, it satisfies all criteria for linearity.
- Is invertible: Its inverse is itself, \( T^{-1} = T \).
- Has a matrix representation: In standard basis, T corresponds to the
identity matrix:

\[
\boxed{
\mathbf{I} =
\begin{bmatrix}
1 & 0 \\
0 & 1
\end{bmatrix}
}
\]

The matrix acts on vectors via matrix multiplication and reproduces the
vectors exactly.

---

Broader Context and Applications

While the identity transformation may seem trivial, it serves as the baseline
against which other, more complex linear transformations are compared. Its
properties are fundamental in:

- Proving properties of linear operators: Many theorems start by establishing
the behavior of the identity operator.
- Understanding vector space structures: It acts as the neutral element in
the set of all linear transformations from ℝ² to ℝ².
- Defining bases and coordinate systems: The identity transformation helps
illustrate how vectors are represented relative to bases.
- In computer graphics: Identity matrices are used as starting points for
transformations such as rotations, scaling, and translations.

---

Summary

- The mapping \( T: \mathbb{R}^2 \to \mathbb{R}^2 \), defined by \( T((x_1,
x_2)) = (x_1, x_2) \), is the identity transformation.
- It is linear because it satisfies the two key properties: additivity and
homogeneity.
- This transformation preserves the structure of the vector space, making it
a fundamental building block in linear algebra.
- Its matrix representation is the identity matrix, reaffirming its role as
the neutral element in the space of linear transformations.

---



Final Thoughts

Understanding and proving the linearity of transformations like T is more
than an academic exercise; it reinforces the core principles that underpin
much of modern mathematics and applied sciences. Recognizing the properties
of such mappings enhances our ability to analyze complex systems, perform
coordinate transformations, and develop intuitive insights into the structure
of vector spaces.

Whether you're a student beginning your journey into linear algebra or a
professional applying these concepts in advanced applications, grasping the
linearity of fundamental mappings like T lays the groundwork for more
sophisticated explorations into the beautiful and powerful world of linear
transformations.
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