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Understanding the structure and properties of graphs is fundamental in
discrete mathematics and graph theory. When analyzing a specific set of
graphs with a fixed vertex set, such as {1, 2, 3, 4}, the relations defined
among these graphs can reveal insights into their similarities, differences,
and various classifications. This article explores the profound concepts
surrounding the set of all graphs with vertices {1, 2, 3, 4}, focusing on the
relations defined among them, their properties, and their implications in
mathematical and computational contexts.

Overview of the Set of Graphs with Vertex Set
{1, 2, 3, 4}

Definition of the Set

The set under consideration, denoted as G, consists of all simple undirected
graphs whose vertices are exactly {1, 2, 3, 4}. Each element of G is a unique
graph characterized by its set of edges.

— Number of elements in G: Since each possible pair of vertices can either be
connected or not, the total number of graphs is:

2number of possible edges = 26 = 64

because with 4 vertices, the number of possible edges in a simple undirected
graph is C(4, 2) = 6.

- Examples of graphs in G:

— The empty graph (no edges)

— Complete graph K, (all possible edges)

- Path graphs, cycle graphs, star graphs, etc.

This diverse set provides a rich ground for defining and analyzing various
relations.

Understanding Relations on G

What Is a Relation?

In set theory, a relation R on a set G is a subset of the Cartesian product G
Xx G. It specifies a way in which elements of G are related to each other.



- Example: R could be the relation of graph isomorphism, where two graphs are
related if they are structurally identical.

— Other relations could include subgraph relation, adjacency of graphs under
certain transformations, or properties like being complementary.

Common Types of Relations in Graph Theory

Some well-studied relations on G include:

1. Isomorphism Relation (@): Two graphs G, and G, are related if there
exists a permutation of vertices that makes G; identical to G,.

2. Subgraph Relation (€): G; is related to G, if G; is a subgraph of G,.

3. Complement Relation: Two graphs are related if one is the complement of
the other.

4. Edge—-Related Relations: For example, graphs that differ by a single
edge.

In the context of the set with vertex set {1, 2, 3, 4}, these relations can
be explicitly examined and characterized.

Analyzing Specific Relations on the Set G

Graph Isomorphism Relation

The isomorphism relation is one of the most important in graph theory.

— Definition: G, = G, if there exists a permutation o of {1, 2, 3, 4} such
that edges in G,; correspond to edges in G, under o.

— Properties:
— Equivalence relation (reflexive, symmetric, transitive).
— Partitions G into equivalence classes called isomorphism classes.

- Implications:

— Counting distinct graph structures: Instead of considering all 64 graphs,
focus on the number of non-isomorphic graphs.

- For 4 vertices, the number of non-isomorphic simple graphs is known to be
11, a classic result in graph enumeration.

Subgraph Relation

This is a partial order on G.
— Definition: G; ¢ G, if all edges of G; are contained within G,.
- Properties:

- Reflexive: Every graph is a subgraph of itself.
- Antisymmetric: If G, ¢ G, and G, ¢ G,, then G, = G,.



- Transitive: If G, ¢ G, and G, ¢ G;, then G, < G;.

- Applications:
— Hierarchical classification of graphs.
- Studying properties like induced subgraphs.

Complement Relations

— Definition: The complement of a graph G, denoted G', has edges where G does
not, and vice versa.

— Properties:

- G' is also in G.

— The relation "G and G' are complements" is an involution (applying twice
yields the original graph).

— Use Cases:

— Analyzing properties like independence and clique number.
— Understanding dualities in graph properties.

Properties of Relations on G

Reflexivity, Symmetry, and Transitivity

These are fundamental properties used to classify relations:

Reflexivity
Does every element relate to itself? E.g., Is the relation of
isomorphism reflexive? Yes.

Symmetry

If G, is related to G,, is G, related to G,;? For isomorphism, yes.

Transitivity

If G, is related to G, and G, to G;, 1is G, related to G;? Yes, for
isomorphism.

The set of graphs under these relations often forms equivalence classes,
which are crucial in classification tasks.

Partial Orders and Equivalence Relations

— Relations like the subgraph relation form a partial order.
— Relations like isomorphism form an equivalence relation.



Understanding these properties allows mathematicians to structure the set G
into meaningful classifications.

Applications and Significance in Computer
Science

Graph Classification and Isomorphism Testing

— Efficient algorithms for graph isomorphism can identify when two graphs are
essentially the same.
- Classifying graphs up to isomorphism reduces complexity in graph databases.

Graph Enumeration and Enumeration of Non-Isomorphic
Graphs

— Counting non-isomorphic graphs helps in chemical graph theory, network
analysis, and combinatorics.

- For small vertex sets like {1, 2, 3, 4}, these enumerations are well-known
and serve as foundational examples.

Subgraph Detection and Pattern Matching

— Relations based on subgraphs underpin algorithms for pattern recognition in
networks.
— Critical in bioinformatics, social network analysis, and data mining.

Conclusion

The set of all graphs with the vertex set {1, 2, 3, 4} offers a compact yet
rich environment for exploring various relations in graph theory. By
examining relations such as isomorphism, subgraph inclusion, and
complementarity, we gain valuable insights into the structure and
classification of graphs. These concepts are not only fundamental in
theoretical mathematics but also have practical implications in computer
science, chemistry, and network analysis. Understanding the properties of
these relations—whether they form equivalence relations, partial orders, or
other structures—enables a systematic approach to graph classification,
enumeration, and analysis, making this an essential area of study in discrete
mathematics and combinatorics.

Frequently Asked Questions

What is the set of graphs with vertex set {1, 2, 3,
4}°?
The set consists of all possible simple graphs where the vertices are labeled

1, 2, 3, and 4, and edges can be any subset of the possible pairs among these
vertices.



How many graphs are there with vertex set {1, 2, 3,
417

There are 276 = 64 such graphs, since there are 6 possible edges among 4
vertices, and each can either be present or absent.

What does it mean to consider a relation on this set
of graphs?
Considering a relation means defining a specific property or rule that

relates two graphs within this set, such as isomorphism, edge inclusion, or
other graph properties.

Can you give an example of a relation on the set of
graphs with vertices {1, 2, 3, 4}~

Yes, one example is the relation 'has the same number of edges as,' which
relates two graphs if they have the same number of edges.

Is the relation 'Graph Gl is a subgraph of G2' on
this set reflexive?

Yes, because every graph is a subgraph of itself, making the relation
reflexive.

Is the relation 'Graph Gl is isomorphic to G2' on
this set symmetric?

Yes, because graph isomorphism is symmetric; if G1 is isomorphic to G2, then
G2 is isomorphic to G1.

What role does the concept of equivalence relations
play in this context?

An equivalence relation, such as isomorphism, partitions the set of graphs
into classes where graphs are considered equivalent if they share certain
properties, like structure.

How can the relation help in classifying graphs with
vertex set {1, 2, 3, 4}?
By defining relations like isomorphism or shared properties, we can group

graphs into classes, simplifying analysis and understanding of their
structural similarities.

What is the significance of analyzing relations on
the set of graphs with a fixed vertex set?
Analyzing relations helps in understanding the structural properties of

graphs, classification, and the relationships between different graph
configurations within the set.
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Introduction

In the fascinating realm of graph theory, understanding how graphs relate to
each other under various conditions is fundamental. Today, we focus on a
specific set of graphs and a corresponding relation defined on them. Consider
the set whose elements are all possible graphs with the vertex set {1, 2, 3,
4}. This set encompasses a rich collection of graphs, each distinguished by
their specific arrangements of edges. The core question revolves around a
particular relation on this set—what properties does this relation have, and
what insights can it provide into the structure of these graphs? Through this
exploration, we will uncover the mathematical nuances and implications of
such a relation, providing clarity and depth suitable for both newcomers and
seasoned mathematicians alike.

Understanding the Set of Graphs with Fixed
Vertices

Before delving into the relation itself, it's crucial to understand the
foundational set we're considering.

The Composition of the Set

- Vertex Set: The set under consideration is fixed at {1, 2, 3, 4}. Every
graph in this set shares these four vertices.

— Graph Variations: Since the vertices are fixed, the only difference between
the graphs lies in their edge configurations.

— Total Number of Graphs: For an undirected simple graph with no loops on 4
vertices, the total number of possible graphs is determined by the possible

edges:

— Number of potential edges: C(4, 2) = 6 (edges between every pair of
vertices).

— Each edge can be either present or absent, giving 2 options per edge.
- Total graphs: 276 = 64.

This enumeration reveals that the set contains exactly 64 elements—each a
distinct graph characterized by a unique subset of the 6 possible edges.



Types of Graphs in the Set

Within this comprehensive set, various types of graphs emerge:
- Empty Graph: No edges (all vertices isolated).
— Complete Graph: All edges present (K4).

— Partial Graphs: Graphs with some subset of edges, including trees, cycles,
and disconnected components.

Understanding this diversity provides a rich context for analyzing relations
defined on the set.

Defining the Relation on the Set of Graphs

The core of our discussion centers on a specific relation, which we will
denote as R, defined on the set of graphs with vertex set {1, 2, 3, 4}.

Formulating the Relation R

While the precise definition of R can vary, a common and illustrative example
in graph theory is the subgraph relation.

- Subgraph Relation (g): For two graphs G and H, G R H if and only if G is a
subgraph of H. That is:

— All edges of G are also edges of H.
— Vertices of G are the same as H (since the vertex set is fixed).

— Alternative Relation — Edge Inclusion: G R H if the set of edges in G is a
subset of the set of edges in H.

This relation is well-understood in graph theory and provides a fertile
ground for analysis.

Properties of the Relation

The subgraph relation has several notable properties:
— Reflexivity: Every graph is a subgraph of itself, so G R G holds for all G.

— Antisymmetry: If G R H and H R G, then G and H have exactly the same set of
edges, implying G = H.

- Transitivity: If G R H and H R K, then G R K, since the edge set of G is a
subset of H, which is a subset of K, thus G’s edges are a subset of K’s
edges.



Given these properties, the relation R, defined as the subgraph (edge subset)
relation, is a partial order on the set of graphs.

Analyzing the Structure of the Set Under the
Relation R

Understanding the nature of this partial order helps visualize the hierarchy
and relationships among the graphs.

The Lattice of Graphs

— Partially Ordered Set (Poset): The set of graphs with the relation R forms
a poset—meaning that not all elements are comparable, but the relation is
reflexive, antisymmetric, and transitive.

— Hasse Diagram: Visualizes the ordering, with minimal elements (graphs with
few edges) at the bottom and maximal elements (graphs with many edges) at the
top.

— Levels of the Poset:

— Level 0: The empty graph (no edges).

— Level 6: The complete graph (all possible edges).

— Intermediate levels: Graphs with varying numbers of edges.

— Implication: The poset captures how graphs grow from sparse to dense,
illustrating inclusion of edges.

Examples of Relations in the Poset

— The empty graph is related to all graphs containing edges.

- A graph with a single edge is related to graphs with more edges that
include that edge.

— The complete graph is related to all graphs with fewer edges, as it
contains all edges.

This hierarchical structure underpins many theoretical analyses, such as
enumeration, extremal problems, and understanding subgraph properties.

Applications and Significance of the Relation

Understanding the relation on this set isn't Jjust an abstract exercise; it



has practical relevance in various fields.

Graph Inclusion and Network Analysis

— Hierarchical Network Modeling: The partial order models how simpler
subnetworks relate to more complex networks, aiding in the analysis of
connectivity and robustness.

— Subgraph Counting: Determining how many graphs contain a particular
subgraph helps in motif detection and pattern recognition.

Theoretical Implications in Combinatorics

— Enumeration Problems: The partial order structure guides enumeration of
graphs with specific properties.

- Extremal Graph Theory: Analyzing minimal and maximal elements under the

relation informs extremal questions, such as the minimum number of edges
needed for certain properties.

Algorithmic Considerations

— Graph Isomorphism Testing: Understanding the hierarchy of graphs aids in
classifying graphs up to isomorphism.

— Subgraph Search Algorithms: The partial order guides efficient algorithms
for subgraph detection.

Beyond the Basic Subgraph Relation: Other
Possible Relations

While the subgraph relation is fundamental, other relations can also be
considered on the set of graphs with vertex set {1, 2, 3, 4}.

Isomorphism Relation

— Two graphs G and H are related if they are isomorphic.

— This relation partitions the set into equivalence classes, significantly
reducing complexity.

Edge Complementation

- G is related to its complement graph \ (\overline{G}\), which has exactly



those edges not in G.

- Studying such relations reveals symmetry properties.

Connectivity—-Based Relations

- Relations based on connectivity, such as graphs being connected or
disconnected, or having the same number of connected components.

Conclusion: The Power of Relations in Graph
Theory

The exploration of a set of graphs with a fixed vertex set and a relation
defined upon it exemplifies the depth and richness of graph theory. By
considering the set of all possible graphs on four vertices and analyzing the
subgraph relation, we uncover a structured hierarchy that illuminates how
simple components assemble into complex networks. This relation not only
fosters a better understanding of individual graphs but also facilitates the
study of their collective properties, hierarchies, and applications across
disciplines—be it computer science, biology, or social sciences.

Through such analyses, we appreciate the profound utility of relations in
organizing and comprehending the vast universe of graphs. They serve as
foundational tools for theoretical insights and practical algorithms alike,
shaping how we model and interpret interconnected systems. As graph theory
continues to evolve, the study of relations like the subgraph relation
remains central to unlocking new frontiers of knowledge and innovation.
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