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When analyzing investment portfolios, understanding the relationship between
different securities is crucial for effective risk management and optimal
asset allocation. In particular, the concept of correlation plays a vital
role in diversifying risk and enhancing returns. Among the various types of
correlations, perfect negative correlation represents a unique scenario where
two securities move exactly in opposite directions. This article explores the
implications of having two risky securities, K and L, that are perfectly
negatively correlated, with a focus on the expected return of security K. We
will delve into the mathematical and practical aspects of such relationships,
their impact on portfolio variance, and the strategic considerations for
investors.

Understanding Perfect Negative Correlation in
Securities

Defining Correlation and Its Significance

Correlation measures the degree to which two securities move in relation to
each other. It is quantified using the correlation coefficient (p), which
ranges between -1 and +1:

e +1: Perfect positive correlation — securities move exactly in the same
direction.

e 0: No correlation — securities move independently.

e -1: Perfect negative correlation — securities move exactly in opposite
directions.

Perfect negative correlation (p = -1) indicates that when one security's
return increases, the other's decreases proportionally, and vice versa. This
relationship has profound implications for portfolio diversification and risk
reduction.



Implications of Perfect Negative Correlation for
Portfolio Construction

Portfolios comprising securities with perfect negative correlation can, under
certain conditions, eliminate overall risk:

1. Risk Offset: Gains in one security offset losses in the other, reducing
portfolio volatility.

2. Potential for Zero Variance: When weighted appropriately, the combined
portfolio can have zero variance, implying no risk.

3. Enhanced Return-Risk Tradeoff: Investors can achieve higher returns for
lower risk levels by exploiting this relationship.

While perfect negative correlation is rare in real markets, understanding its
theoretical implications provides valuable insights into risk management.

Expected Rate of Return of Security K

Fundamentals of Expected Return

The expected rate of return (E[R]) for a security is a key metric that
estimates the average return an investor can anticipate over time,
considering all possible outcomes and their probabilities:

E[R] = X (Probability of each outcome x Return in each outcome)

For security K, this expected return is often derived from historical data,
analyst forecasts, or modeled projections based on fundamental factors.

Factors Influencing K's Expected Return

Several factors affect the expected return of security K:

e Market Conditions: Overall economic health, interest rates, inflation,
and market sentiment.

e Company Performance: Earnings growth, management effectiveness,
competitive position.

e Risk Premium: Investors' compensation for bearing risk, which varies
with market volatility.



e Asset Class Characteristics: Equity, debt, or hybrid securities have
different return profiles.

The expected return provides a benchmark for assessing whether an investment
aligns with an investor's risk appetite and financial goals.

Mathematical Relationship Between Securities K
and L

Portfolio Variance with Perfect Negative Correlation

When constructing a portfolio with securities K and L, the variance (risk) of
the portfolio depends on:

1. The individual variances of K and L.
2. The correlation coefficient (p) between them.

3. The weights assigned to each security in the portfolio.

The variance of a two-asset portfolio is given by:
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In the case of perfect negative correlation (p = -1), the covariance term
becomes negative enough to potentially offset the variances of individual
securities, reducing overall portfolio risk.

Achieving Zero Variance in the Portfolio
For securities K and L with perfect negative correlation, the portfolio can
be constructed to have zero variance if the weights satisfy:

WOk = W G,
This condition ensures that the fluctuations of one security are exactly

offset by the other, creating a riskless combination within the parameters of
their variances.



Implications for Expected Returns and Portfolio
Strategies

Expected Return of the Portfolio

The expected return of a two-security portfolio is a weighted average:
E[R,] = wE[R(] + wE[R]]

Given the weights and individual expected returns, investors can tailor
portfolios to meet specific return objectives while managing risk.

Optimizing the Portfolio with Perfect Negative
Correlation

The presence of perfect negative correlation allows for:

1. Risk Minimization: Adjusting weights to minimize variance, potentially
reaching zero risk.

2. Return Enhancement: Combining securities with different expected returns
to optimize the risk-return tradeoff.

3. Hedging Strategies: Using negatively correlated securities to hedge
against adverse market movements.

Investors must consider the expected returns of both securities in the
portfolio to ensure the combined return aligns with their investment goals.

Practical Considerations and Limitations

Rarity of Perfect Negative Correlation

While theoretical models assume perfect negative correlation, in reality,
such relationships are rare or unstable over time:

e Correlations tend to fluctuate due to changing market dynamics.

e Perfect negative correlation may only exist over certain periods or
under specific conditions.



Therefore, relying solely on perfect negative correlation for risk management
can be risky without ongoing monitoring.

Market Risks and External Factors
External shocks, systemic risks, and macroeconomic changes can alter the
correlation structure:

e Shifts in economic policy, geopolitical events, or technological
disruptions.

e Changes in industry dynamics affecting the securities' relationships.

Investors should incorporate these considerations into their risk assessments
and diversify beyond just two securities.

Limitations of Using Perfect Negative Correlation in
Practice

While theoretically appealing, practical limitations include:
1. Difficulty in identifying securities with exact negative correlations.
2. Potential for correlation breakdown during extreme market conditions.

3. Over-reliance on historical data which may not predict future
relationships accurately.

Hence, it's essential to complement correlation-based strategies with other
risk management techniques.

Conclusion

Understanding the dynamics of two perfectly negatively correlated risky
securities, K and L, offers valuable insights into portfolio construction and
risk mitigation. When K has an expected rate of return, and its relationship
with L is perfectly negative, investors have the opportunity to create
portfolios with minimized or even zero risk, depending on the weights
assigned. The key to leveraging this relationship lies in accurately
estimating expected returns, variances, and correlation, then applying
mathematical principles to optimize the portfolio.

However, practical application requires caution due to the rarity and



instability of perfect negative correlations in real markets. Investors
should view this concept as a theoretical ideal that guides diversification
strategies rather than an infallible rule. By combining rigorous analysis
with a diversified approach, investors can better manage risk, enhance
returns, and achieve more stable investment outcomes.

In summary, the interplay between the expected return of security K and its
perfect negative correlation with security L underscores the importance of
correlation analysis in portfolio management. While perfect negative
correlation offers optimal risk reduction, real-world complexities
necessitate a comprehensive approach that considers changing market
conditions, correlation stability, and broader diversification principles.

Frequently Asked Questions

What does it mean for two securities to be perfectly
negatively correlated?

Perfect negative correlation means that the returns of the two securities
move exactly in opposite directions; when one increases, the other decreases
proportionally, with a correlation coefficient of -1.

How can combining two perfectly negatively
correlated securities like K and L impact portfolio
risk?

Combining such securities can eliminate or significantly reduce portfolio
risk through perfect hedging, as gains in one security offset losses in the
other, potentially resulting in a risk-free portfolio.

If security K has an expected rate of return, what
is the expected return of a portfolio consisting of
K and L with weights w and (1-w)?

The expected return of the portfolio is a weighted average: E(Rp) = w E(R K)
+ (1 - w) E(RL). If L has a known expected return, it can be calculated
accordingly; if not, additional information is needed.

Can a portfolio of two perfectly negatively
correlated securities have zero risk?

Yes, if the weights are chosen such that the portfolio's variance is zero,
the combined risk can be eliminated, resulting in a risk-free portfolio
despite individual securities being risky.



What are the practical challenges of investing in
perfectly negatively correlated securities like K
and L?

Perfect negative correlation is rare in practice; finding such securities 1is
difficult, and their correlation may not remain perfect over time due to
changing market conditions, limiting real-world applicability.

How does perfect negative correlation affect the
efficient frontier in portfolio theory?

Perfect negative correlation allows for constructing portfolios with minimal
or zero risk for a given expected return, expanding the efficient frontier
and enabling optimal risk-return trade-offs.

Additional Resources
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Introduction

In the realm of financial investment, understanding the behavior and
relationships between different securities is paramount to constructing
optimal portfolios. Among various relationships, correlation plays a crucial
role in diversification strategies and risk management. This article
investigates the intriguing case of two risky securities—K and L-that exhibit
perfect negative correlation. Specifically, we examine the implications when
Security K has a specified expected rate of return, and how their perfect
negative correlation influences portfolio risk, return, and the potential for
risk mitigation.

Background: The Fundamentals of Correlation in Finance

Correlation quantifies the degree to which two securities move in relation to
each other. It ranges from +1 to -1:

- +1 (Perfect Positive Correlation): Securities move exactly in the same
direction.

- 0 (No Correlation): Movements are unrelated.

- -1 (Perfect Negative Correlation): Securities move in exactly opposite
directions.

Understanding these relationships is critical because they determine how



combining different assets affects overall portfolio risk:

- Combining assets with positive correlation tends to increase overall risk.
- Combining assets with negative correlation can reduce risk, sometimes
dramatically.

The Concept of Perfect Negative Correlation
Defining Perfect Negative Correlation

When two securities, K and L, are perfectly negatively correlated
(correlation coefficient, p = -1), their price movements are perfectly
inverse. Mathematically, this can be expressed as:

\[ \text{Cov}(K, L) = -\sigma K \sigma L \]
where:

- \( \sigma K \) and \( \sigma L \) are the standard deviations of K and L,
respectively.

In such a scenario, the securities' returns are perfectly inversely related,
meaning that when one security's return increases, the other's decreases
proportionally, and vice versa.

Implications for Portfolio Construction

The profound implication of perfect negative correlation is the potential to
eliminate or minimize portfolio risk through appropriate weighting. As long
as the securities are not perfectly correlated by coincidence, combining them
can result in a portfolio with lower volatility than either security
individually.

Setting the Stage: Security K and Expected Return
Let us consider the key assumptions and parameters:

- Security K is a risky asset with an expected rate of return \( E(R K) \).
- Security L also has some expected return \( E(R L) \).

- The two securities are perfectly negatively correlated (\( \rho {K,L} = -1
\)).

The focus is to analyze the properties of such a pair, especially under the
constraint that K's expected return is specified, and to explore how the
combination impacts the overall portfolio.



Theoretical Framework
Portfolio Return and Variance

Suppose an investor creates a portfolio with weights \( w K \) in Security K
and \( w L \) in Security L, with:

\[ WK +wlL=1\]
The expected return of this portfolio:

\ [
E(RP) =wK E(RK) +w L E(RL)
\1

The variance of the portfolio's return:

\ [
\sigma P2 = w K*2 \sigma K*2 + w L"2 \sigma L2 + 2 w K w L \text{Cov}(K, L)
\]

Given perfect negative correlation:

\ [
\text{Cov} (K, L) = -\sigma K \sigma L
\1

Thus, the variance simplifies to:

\[

\sigma P2 = w K"2 \sigma K*"2 + w L"2 \sigma L™2 - 2 w K w L \sigma K
\sigma L

\]

Achieving Zero Portfolio Variance
The Perfect Hedge

One of the most striking features of perfect negative correlation is the
ability to construct a riskless portfolio. To find the weights that eliminate
risk:

\ [
\sigma P2 = 0
\1

which implies:

\ [



w_K~2 \sigma K*2 + w L"2 \sigma L"2 - 2 w K w L \sigma K \sigma L = 0
\]

Dividing through by \( \sigma K \sigma L \):

\ [

w K2 \frac{\sigma K}{\sigma L} + w L"2 \frac{\sigma L}{\sigma K} - 2 w K w L
=0

\1

Alternatively, for simplicity, express the weights such that:

\ [
wlL=1-wkK
\]
Substituting:
\[

\sigma P"2 = 0 \Rightarrow (w K \sigma K - w L \sigma L)"2 = 0
\]

which leads to:

\[
w K \sigma K = w L \sigma L
\]

or

\ [
w L = \frac{\sigma K}{\sigma L} w K
\1

Since \(wK +wlL=1\):

\ [
w_ K + \frac{\sigma K}{\sigma L} w K =1
\1]

\ [
w K \left( 1 + \frac{\sigma K}{\sigma L} \right) =1
\1

\ [

w K = \frac{1}{1 + \frac{\sigma K}{\sigma L}} = \frac{\sigma L}{\sigma K +
\sigma L}

\1]

Similarly,



\ [
w L = \frac{\sigma K}{\sigma K + \sigma L}
\1]

This indicates that, with perfect negative correlation, an appropriate
weighting can produce a riskless portfolio with:

\ [
\sigma P = 0
\1]

and its expected return:

\ [
E(RP) =w K E(RK) +w L E(RL)
\1]

which can be tailored based on the investor's return objectives.

Critical Implications and Limitations
Theoretical Riskless Portfolio with Risky Securities

The possibility of constructing a risk-free portfolio solely from risky
securities is both groundbreaking and counterintuitive. Under perfect
negative correlation, the diversification benefit extends to the point of
eliminating all risk, akin to riskless assets.

Key points:

- This portfolio is not riskless in the traditional sense, as it involves two
inherently risky securities.

- The risk mitigation relies on perfect inverse movements, a phenomenon rare
in real markets.

- The expected return of this riskless portfolio is a weighted average of the
two securities' returns.

Practical Considerations

Despite the theoretical elegance, several limitations hinder real-world
applicability:

- Perfect negative correlation is rare: Most securities are positively
correlated or only negatively correlated to some degree.

- Impact of estimation errors: Small deviations from perfect correlation can
reintroduce risk.

- Market frictions: Transaction costs and liquidity issues can impair the
construction of such portfolios.

- Dynamic correlations: Correlation coefficients are not static; they



fluctuate over time.

The Special Case: Security K with a Known Expected Return

Assuming Security K has an expected return \( E(R K) \), and Security L's
expected return \( E(R L) \) is known, the investor can leverage the perfect
negative correlation to:

- Construct a riskless hedge: by choosing weights \( w K \) and \( w L \) as
above.
- Achieve desired return levels: by adjusting weights accordingly.

Example:
Suppose:
- \( \sigma K = 20\% \)
- \( \sigma L = 30\% \)

- \( E(R_K) = 8\% \)
- \( E(R.L) = 12\% \)

The weights to eliminate risk:

\ [

K = \frac{\sigma L}{\sigma K + \sigma L} = \frac{30}{20 + 30} =
\frac{30}{50} =

\1]

\ [

wl=0.4

\1]

The expected return of this riskless portfolio:

\
E(R P) = 0.6 \times 8\% + 0.4 \times 12\% = 4.8\% + 4.8\% = 9.6\%
\1

This portfolio combines risk and return in a way that minimizes risk to zero,
yielding an expected return of 9.6%.

Broader Implications for Investors and Portfolio Managers
Diversification and Hedging Strategies

The case of perfect negative correlation offers insights into the power of
diversification:



- It illustrates the theoretical maximum benefit of diversification.

- It highlights the importance of identifying assets with strong inverse
relationships.

- It informs strategies such as pairs trading and hedge fund strategies that
exploit inverse movements.

Limitations in Real Markets

While the theoretical framework is elegant, real markets seldom offer perfect
negative correlations. The practical approach involves:

- Identifying securities with high negative correlation.

- Using statistical tools to estimate and monitor correlations.

- Recognizing that correlations change over time, requiring dynamic
adjustments.

Risk Management and Regulatory Considerations

Constructing such portfolios can:

- Reduce overall risk, potentially stabilizing returns.

- Pose systemic risks if many such perfect hedges are employed, leading to
market distortions.

- Require careful regulatory oversight to prevent overly aggressive risk
mitigation strategies.

Conclusion

The theoretical exploration of considering two perfectly negatively
correlated risky securities, K and L, reveals
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