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In control systems engineering, understanding the stability of a feedback system is crucial for
designing systems that perform reliably and predictably. When parameters such as gain \(K\) and a
system constant \(A\) influence the system's behavior, it becomes essential to determine the
conditions under which the system remains stable. This article aims to guide you through the
process of analyzing and deriving the stability conditions related to these parameters, ensuring that
the feedback system operates effectively within the desired parameters. We will explore the
fundamental concepts, mathematical tools, and practical steps involved in this analysis, providing a
comprehensive understanding for engineers, students, and practitioners alike.

Understanding Feedback System Stability

What Is a Feedback System?

A feedback system is a control system where a portion of the output signal is fed back to the input to
regulate the system’s behavior. This configuration is prevalent in various engineering applications,
including automation, robotics, and electronics. The primary goal is to maintain the desired output
despite disturbances or model uncertainties.

Importance of Stability

Stability in a feedback system ensures that the output eventually reaches a steady state after
disturbances and does not diverge or oscillate indefinitely. An unstable system can lead to
catastrophic failures, excessive oscillations, or damage to components, making stability analysis a
fundamental step in system design.

Mathematical Representation of the Feedback System

Suppose the system in question is described by the transfer function of the open-loop system and
feedback configuration. Typically, such a system can be represented as:

\[
T(s) = \frac{G(s)}{1 + G(s)H(s)}
\]

where:



-\(G(s)\) is the open-loop transfer function, which may depend on parameters \(K\) and \(A\).
-\(H(s)\) is the feedback transfer function.

For simplicity, consider a system with unity feedback (\(H(s) = 1\)), and the open-loop transfer
function is characterized by parameters \(K\) and \(A\).

Example System Transfer Function

Let’s assume the open-loop transfer function is:

\[

G(s) = \frac{K}{s(As + 1)}

\]

This form allows us to analyze the effect of \(K\) and \(A\) on stability via the characteristic equation.
Closed-Loop Characteristic Equation

The characteristic equation, obtained from the denominator of the closed-loop transfer function, is:

\[
1+G(s)=0
\]

or explicitly:

\[

1 + \frac{K}{s(As+ 1)} =0
\]

Multiplying through to clear denominators:

\[
s(As+1)+K=0
\]

which simplifies to:
\[
As™2+s+K=0
\]

This quadratic polynomial is central to stability analysis; the roots of this polynomial determine the
system’s stability.

Stability Analysis Using the Routh-Hurwitz Criterion

The Routh-Hurwitz criterion provides a systematic way to determine the stability of a system by
examining the signs and values of the coefficients of its characteristic polynomial.



Constructing the Routh Array

For the quadratic polynomial:

\[
As™2+s+K=0
\]

the coefficients are:

-\(a 2 =A)
-\(a_1 =1}
-\(a_ 0 =K\

The Routh array is constructed as follows:

| Degree | Coefficient 1 | Coefficient 2 |

| | | |

[ \(s™2)) [ \(AV) [\(1V) |

[\(s™1\) | \(\frac{A \times 1 - K \times 0} {A}\) | \(K\) |

Calculating the first element of the \(s™1\) row:

\[
\frac{A \times 1 - K\times 0}{A} =1
\]

So, the Routh array becomes:

| Degree |0 ] 1 |

Stability Conditions
For the system to be stable, all the first elements in each row of the Routh array must be positive:

-\(A>0))
-\(1 > 0\) (always true)
-\(K > 0\)

Thus, the stability conditions are:

\[

\boxed{

A > 0 \quad \text{and} \quad K > 0
}

\]

This indicates that both \(A\) and \(K\) must be positive for the system to be stable.



Generalizing Stability Conditions for Different System
Forms

The previous example was straightforward due to the quadratic nature of the characteristic
polynomial. However, many practical systems have higher-order transfer functions, requiring more
comprehensive analysis methods.

Using the Routh-Hurwitz Criterion for Higher-Order
Polynomials

For a characteristic polynomial of degree \(n\):

\[

ans™n+a {n-1}s™{n-1}+\dots+als+a 0=0
\]

the Routh array becomes larger, and stability conditions involve all the coefficients and their signs.
The system is stable if and only if all the leading principal minors of the Routh array are positive,
ensuring all roots have negative real parts.

Applying the Jury Test and Nyquist Criterion
In addition to Routh-Hurwitz, other methods like the Jury test and Nyquist criterion can be used for

stability analysis:

- Jury Test: Suitable for discrete-time systems, involving the evaluation of polynomial coefficients to
verify stability.
- Nyquist Criterion: Analyzes the frequency response to determine stability margins and robustness.

Both methods complement Routh-Hurwitz, especially when dealing with complex transfer functions
involving \(K\) and \(A)).

Influence of Parameters \(K\) and \(A\) on Stability

Understanding how parameters \(K\) and \(A\) affect stability is essential for system design.

Effect of Gain \(K\)

Increasing the gain \(K\) typically enhances the system's responsiveness but can push the system
towards instability. The stability condition derived earlier indicates that \(K\) must be positive;
however, too large a value can lead to pole shifting into the right-half of the s-plane, causing
instability.

Stability range for \(K\):



\[
0 <K<K {max}
\]

where \(K {max}\) depends on the specific system dynamics.

Effect of Parameter \(A\)

The parameter \(A\) influences the damping and the natural frequency of the system. A positive \(A))
ensures a proper quadratic form with potentially stable roots. If \(A\) is negative or zero, the system
may become unstable or ill-defined.

Stability condition for \(A\):

\[

A>0

\]

This ensures the quadratic polynomial’s leading coefficient is positive, maintaining system stability.

Practical Implications and Design Guidelines

To ensure the feedback system remains stable within the desired operational parameters, engineers
should consider the following guidelines:
e Maintain \(A > 0\) to ensure proper system damping and frequency response.

¢ Adjust \(K\) within the stability bounds determined by the Routh-Hurwitz analysis; avoid
excessively high gain that might cause oscillations or divergence.

e Perform parametric studies or simulations to identify the maximum allowable \(K\) for given
\(AV).

e Use frequency response methods like Nyquist plots to verify robustness margins when
parameters vary.

e Incorporate safety margins to account for modeling uncertainties and external disturbances.

Conclusion

Determining the stability conditions for parameters \(K\) and \(A)) in a feedback system involves
analyzing the characteristic polynomial derived from the system's transfer function. Using tools such
as the Routh-Hurwitz criterion provides a systematic approach to establish the parameter ranges



that ensure stability. The key takeaways are:

- Both \(A\) and \(K\) should be positive for basic stability.

- The maximum permissible \(K\) depends on the specific system dynamics and should be calculated
via stability criteria.

- Stability analysis should be complemented with simulation and robustness checks, especially for
complex or higher-order systems.

By carefully selecting and tuning these parameters within the derived stability conditions, engineers
can design feedback systems that are both responsive and stable, ensuring reliable operation across
various conditions and perturbations.

Frequently Asked Questions

What are the key stability conditions for the feedback system
involving parameters K and A?

The stability conditions depend on the characteristic equation derived from the system's transfer
function. Typically, for a system to be stable, all roots of the characteristic equation must have
negative real parts, which can be analyzed using Routh-Hurwitz criteria involving K and A.

How does the choice of K and A influence the stability of the
feedback system?

Parameters K and A directly affect the coefficients of the characteristic equation. Proper selection
ensures that the roots remain in the left-half of the s-plane. Generally, increasing K or A beyond
certain limits can lead to instability, so their values must satisfy specific inequalities derived from
stability criteria.

What is the role of the Routh-Hurwitz criterion in determining
the stability conditions for K and A?

The Routh-Hurwitz criterion provides a systematic way to determine whether all roots of the
characteristic equation have negative real parts. By constructing the Routh array with K and A as
variables, one can derive inequalities that define the stability region for these parameters.

Are there specific ranges of K and A that guarantee the
system's stability?

Yes, by analyzing the characteristic equation and applying stability criteria like Routh-Hurwitz, one
can identify ranges or regions for K and A where the system remains stable. These ranges are
typically expressed as inequalities or bounds on K and A.



How can pole-zero plots assist in understanding the stability
conditions related to K and A?

Pole-zero plots visually show the locations of system poles. By varying K and A and plotting the
poles, one can observe whether they lie in the left-half plane (stable) or move to the right-half plane
(unstable). This graphical approach helps in intuitively understanding the impact of K and A on
stability.

What steps should be followed to determine the stability
conditions for a given feedback system with parameters K and
A?

First, derive the characteristic equation of the closed-loop system in terms of K and A. Then, apply
stability criteria such as Routh-Hurwitz to find inequalities or regions where all roots have negative
real parts. Finally, verify these conditions through pole-zero analysis or simulation to confirm the
stability of the system.

Additional Resources
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Stable

Introduction

In control systems engineering, stability remains a fundamental criterion that dictates whether a
system will perform reliably over time or descend into undesirable behaviors such as oscillations or
divergence. Among the myriad of control system configurations, feedback systems hold a prominent
position due to their ability to regulate system outputs effectively. However, the stability of a
feedback system hinges critically on the parameters involved—particularly the gain \(K\) and system
constants such as \(A)).

This article embarks on a detailed exploration of the conditions under which a given feedback
system remains stable, focusing explicitly on the parameters \(K\) and \(A\). Through rigorous
mathematical analysis and classical control theory tools, it aims to elucidate the precise conditions
that guarantee system stability, providing valuable insights for engineers and researchers designing
robust control systems.

Theoretical Foundations of Feedback System Stability
Feedback System Overview
A typical feedback control system consists of a plant (or process) to be controlled, a controller,

sensors, and actuators. The core idea involves feeding a portion of the output back into the input to
correct deviations from a desired setpoint.



The general transfer function representation of a unity feedback control system is:

\[
T(s) = \frac{G(s)}{1 + G(s)H(s)}
\]

where:

-\(G(s)\) is the open-loop transfer function,

-\(H(s)\) is the feedback transfer function (often unity, i.e., \(H(s) = 1)),
-\(s\) is the complex frequency variable.

The system's stability depends on the locations of the poles of the closed-loop transfer function,
which are determined by the characteristic equation:

\[
1+ G(s)H(s) =0
\]

To analyze stability, classical tools such as the Routh-Hurwitz criterion, Nyquist plots, or root locus
methods are employed.

Defining the Specific Feedback System

Suppose the feedback system under consideration is characterized by the following transfer
functions:

- Plant transfer function: \(G(s) = \frac{A}{s + a}\)
- Feedback transfer function: \(H(s) = 1\)

Here, \(A\) and \(a\) are positive constants, and \(K\) is a proportional gain applied to the input or
within the plant.

Let’s consider a simplified configuration where the open-loop transfer function is:

\[
G {OL}(s) = K \times \frac{A}{s + a}
\]

Thus, the closed-loop transfer function becomes:

\[
T(s) = \frac{K \times \frac{A}{s + a} }{1 + K\times \frac{A}{s + a}} = \frac{KA}{s +a + KA}

\]

The characteristic equation is:

\[
s+a+KA=0

\]



Determining Stability Conditions
The above closed-loop characteristic equation simplifies to a first-order polynomial. The roots are:

\[
s=-(a+KA)
\]

Since the pole location depends directly on the sum \(a + K A)), the stability condition reduces to:

\[
a+KA>0

\]

Given that \(a > 0\) and \(A > 0\), the inequality always holds for any \(K \geq 0\). This indicates that,
in this simplified case, the system remains stable for all positive gains \(K\).

However, more complex feedback systems often involve higher-order dynamics, multiple feedback
paths, or nonlinearities, which complicate the stability analysis. For such systems, the characteristic
equation may be quadratic or higher degree polynomials, necessitating more comprehensive
stability criteria.

Analyzing a Second-Order Feedback System
System Description
Suppose the plant transfer function is:

\[
G(s) = \frac{A}{s"2 + 2 \zeta \omega n s + \omega n"2}
\]

where:
-\(\omega n\) is the natural frequency,
- \(\zeta\) is the damping ratio.

The open-loop transfer function with proportional gain \(K\) becomes:

\[
G {OL}(s) = K \times G(s) = \frac{K A}{s™2 + 2 \zeta \omega n s + \omega n"2}
\]

The characteristic equation of the closed-loop system (unity feedback) is:

\[
1 + G {OL}(s) = 0 \Rightarrow s~2 + 2 \zeta \omega n s + \omega n~2 + KA =10

\]



which simplifies to:

\[
s™2 + 2 \zeta \omega ns + (\omega n™2 + KA) =0
\]

Stability Conditions via Routh-Hurwitz Criterion

To ensure the roots of the characteristic polynomial have negative real parts, the Routh-Hurwitz
criterion requires all coefficients to be positive and the determinants to be positive.

The polynomial:

\[
s™2 + 2 \zeta \omega ns + (\omega n"2 + KA)

\]

has coefficients:

-\(1\) (for \(s™2\))

-\(2 \zeta \omega n\) (for \(s\))
-\(\omega n”2 + K A)) (constant term)

Since \(A, \omega n, \zeta > 0\), the coefficients are positive provided:

\[
\omega n”2+KA>0

\]

which is always true for \(K \geq 0\). Therefore, the stability depends primarily on the roots of the
polynomial:

\[
s~2 + 2 \zeta \omega n s + (\omega n"2 + K A)

\]

The roots are:

\[
s = -\zeta \omega n \pm \sqrt{\zeta”2 \omega n"2 - (\omega n"2 + K A)}
\]

For the roots to have negative real parts (i.e., for stability):

\[
\zeta > 0

\]
and

\[



\zeta”™2 \omega n"2 - (\omega n”~2 + K A) \geq 0
\]

which simplifies to:
\[
\zeta”™2 \omega n”2 \geq \omega n°2 + KA

\]

or

\[
K\leq \frac{\zeta™2 \omega n~2 - \omega n"2}{A}
\]

To have a positive upper bound, the numerator must be positive:
\[
\zeta”2 \omega n"2 - \omega n”~2 > 0 \Rightarrow \zeta™2 > 1

\]

But since the damping ratio \(\zeta\) is typically between 0 and 1 for underdamped systems, this
inequality cannot hold unless \(\zeta > 1\), which corresponds to an overdamped system.

Therefore, in typical underdamped systems (\(\zeta < 1\)), the roots are complex conjugates with
negative real parts, and the system remains stable for all \(K \geq 0\).

General Stability Conditions for Higher-Order Systems

For more complex transfer functions, the characteristic equation might be of degree \(n\):
\[

ans™n+a {n-1}s™{n-1} +\dots+a ls+a 0=0

\]

where coefficients \(a i\) depend on system parameters \(K\) and \(A\).

The Routh-Hurwitz criterion provides a systematic way to analyze stability:

- All leading principal minors of the Routh array must be positive.
- Conditions involve inequalities relating \(K\), \(A\), and other system parameters.

Key steps to determine stability include:
1. Formulate the characteristic polynomial as a function of \(K\) and \(A)).
2. Construct the Routh array based on the polynomial coefficients.

3. Identify the parameter ranges (values of \(K\) and \(A\)) that make all Routh array entries positive.



4. Derive explicit inequalities that specify the stability regions in the \((K, A)\) parameter space.

Practical Implications and Design Guidelines

Understanding the stability conditions concerning \(K\) and \(A)) is vital for control system design. In
practice:

- Gain Selection: The proportional gain \(K\) must be chosen within bounds that preserve system
stability. Excessively high gain can lead to oscillations or divergence, especially in systems with
higher-order dynamics.

- Parameter Tuning: System constants like \(A\) can be adjusted through hardware or software
modifications to ensure the stability margin is maintained.

- Robustness Considerations: Stability conditions derived for nominal parameters should be
supplemented with robustness analysis, considering parameter uncertainties and disturbances.

- Simulation and Experimental Validation: Before implementing control laws, simulations based on
the derived inequalities validate the stability regions.

Conclusion

Determining the stability condition(s) for parameters \(K\) and \(A\) in feedback systems requires a
meticulous approach grounded in control theory principles. In simple first-order systems, the
stability criterion is straightforward, often requiring only that the sum of system constants and gains
be positive. Conversely, higher-order systems necessitate detailed polynomial analysis via Routh-
Hurwitz or
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