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Understanding how the changing dimensions of a geometric shape affect its area is a
fundamental concept in calculus, particularly in related rates problems. One common
scenario involves a square whose side length is increasing over time, and we are
interested in determining how quickly its area is changing at a specific moment. In this
article, we will explore the problem: "Each edge of a square is increasing at a rate of 5
cm/sec. At what rate is the area increasing when each side measures a certain length?"
We will break down the problem, explain the related calculus concepts, and walk through
the step-by-step solution.

Understanding the Problem: Related Rates in
Geometry

What Are Related Rates?

Related rates are a type of problem in calculus where two or more quantities are changing
with respect to time. The goal is to find the rate at which one quantity changes based on
the known rate of change of another. These problems are common in real-world
applications, including physics, engineering, and everyday scenarios involving moving
objects or changing dimensions.

The Scenario: A Square With Increasing Side Lengths

In our problem, the key elements are:

e Each side of the square is increasing at a constant rate of 5 centimeters per second
(cm/sec).

e We need to find the rate at which the area of the square is increasing at a particular
instant, i.e., when each side measures a certain length.



Mathematical Modeling of the Problem

Defining Variables
Let:

e \('s(t) \) be the length of one side of the square at time \( t \), measured in
centimeters.

¢ \( A(t) \) be the area of the square at time \( t \), measured in square centimeters
(cm?).

Known Rate: Side Length Increasing

Given:

\[
\frac{ds}{dt} = 5 \text{ cm/sec}

\]
which indicates that the side length increases by 5 centimeters every second.

Expressing Area in Terms of Side Length

Since the area of a square is the side length squared:

\[
A(t) = s(t)"2
\]

Our goal is to find \( \frac{dA}{dt} \), the rate at which the area is increasing, when \( s(t)
= s\) (a specific length).

Applying Calculus: Deriving the Rate of Change of
Area

Using the Chain Rule

To find \( \frac{dA}{dt} \), differentiate both sides of \( A(t) = s(t)"2\) with respect to \( t
\):

\[

\frac{dA}{dt} = 2s \frac{ds}{dt}

\]

This formula relates the rate of change of the area to the current side length and the rate



at which the side length is increasing.

Calculating the Rate at a Specific Length

Suppose we want to find \( \frac{dA}{dt} \) when each side measures \( s \) centimeters.
Using the known \( \frac{ds}{dt} = 5 \text{ cm/sec} \):

\[
\frac{dA}{dt} = 2s \times 5 = 10s
\]

Thus, the rate at which the area increases depends on the current length of the side.

Example: Calculating the Rate of Area Increase at
a Specific Side Length

Case 1: When Each Side Is 10 cm

If\(s =10 \text{ cm} \):

\[

\frac{dA}{dt} = 10 \times 10 = 100 \text{ cm} "~ 2/\text{sec}

\]

So, when each side is 10 cm, the area increases at 100 square centimeters per second.

Case 2: When Each Side Is 20 cm

If\(s = 20 \text{ cm} \):
\[
\frac{dA}{dt} = 10 \times 20 = 200 \text{ cm} "~ 2/\text{sec}

\]
The area is increasing faster as the side length grows because the rate depends on \( s \).

General Formula and Interpretation

Rate of Area Increase as a Function of Side Length

The formula:

\[

\boxed{
\frac{dA}{dt} = 10s
}

\]
means that the rate at which the area increases is directly proportional to the current



length of the side.

Implications for Real-World Applications

This relationship is useful in various scenarios, such as:
e Designing expanding materials or structures that grow uniformly.

e Monitoring the growth of biological tissues or colonies that expand in a square
shape.

e Evaluating the change in surface area of objects during manufacturing processes.

Summary and Key Takeaways

Main Points to Remember

¢ Related rates problems involve differentiating quantities with respect to time to
understand how their rates of change are related.

e In the case of a square with side length \( s(t) \), the area \( A(t) \) is \( s(t)"~2\).

e The derivative of the area with respect to time is \( \frac{dA} {dt} = 2s \frac{ds}{dt}
\).

e Given the rate of side length increase (\( \frac{ds}{dt} \)), you can find how quickly
the area increases at any moment by plugging in the current side length \( s \) into
the formula.

Final Thoughts

Understanding related rates is a powerful tool in calculus that helps solve a wide array of
problems involving changing quantities. In this specific case, knowing that each side of a
square increases at 5 cm/sec allows us to determine the rate of change of the area at any
given side length, providing valuable insights into the growth dynamics of geometric
shapes.

Additional Tips for Solving Related Rates



Problems

Identify the Known and Unknown Quantities

Start by listing all variables and their rates of change.

Draw a Diagram

Visual aids can help clarify the relationships between the quantities involved.

Write an Equation Connecting Quantities

Express the quantities mathematically to relate their rates.

Differentiate Implicitly with Respect to Time

Apply derivatives to the equation to find the relationship between the rates.

Substitute Known Values

Plug in the current measurements and rates to compute the unknown rate.

Conclusion

The problem of determining how quickly the area of a square increases when its sides are
expanding at a known rate exemplifies the practical application of calculus concepts in
related rates. By understanding how to model the problem mathematically, applying
differentiation, and interpreting the results, you can solve complex problems involving
changing dimensions efficiently and accurately. Whether in academics, engineering, or
real-world applications, mastering these techniques enhances problem-solving skills and
deepens understanding of the dynamic nature of geometric and physical systems.

Frequently Asked Questions

Each edge of a square is increasing at a rate of 5
cm/sec. At what rate is the area of the square increasing
when each side is 10 cm?

The area is increasing at a rate of 100 cm?/sec.



If each side of a square increases at 5 cm/sec, how do
you find the rate at which the area is increasing when
the side length is 's' cm?

The rate of change of area is given by dA/dt = 2s ds/dt. Substituting ds/dt = 5 cm/sec gives
dA/dt = 10s cm?/sec.

What is the formula to determine the rate of change of
area for a square with increasing sides?

dA/dt = 2s ds/dt, where s is the side length of the square.

When each edge of a square grows at 5 cm/sec, what is
the instantaneous rate of change of the area when the
side length is 15 cm?

The area increases at a rate of 2 15 5 = 150 cm?/sec.

How does the rate of change of the area depend on the
side length of the square?

It depends linearly on the side length, with dA/dt = 2s ds/dt.

If the side length of a square is 8 cm and increasing at 5
cm/sec, what is the rate at which the area is increasing?

The area is increasing at 2 8 5 = 80 cm?/sec.

Why does the rate of change of the area depend on the
current side length of the square?

Because the area of a square is proportional to the square of its side length, so the rate of
change depends on the current size.

When each side of a square is 12 cm and increasing at 5
cm/sec, what is the rate of change of the area?

The area increases at 2 12 5 = 120 cm?/sec.

Can the rate at which the area of a square increases be
constant if the sides are growing at a fixed rate?

No, because the rate of area increase depends on the side length; as the side length
changes, so does the rate of area increase.



What is the general approach to find the rate at which
the area of a square is increasing given the rate of side
length increase?

Use differentiation: dA/dt = 2s ds/dt, substituting the given ds/dt and current s to find
dA/dt.

Additional Resources

Each Edge Of A Square Is Increasing At A Rate Of 5 Cm/sec. At What Rate Is The Area
Increasing When Each

Understanding how the area of a square changes as its sides grow is a classic problem in
related rates, a fundamental concept in calculus. When each edge of a square is increasing
at a certain rate, determining how quickly the area is increasing involves applying
derivatives to relate the rate of change of the side length to the rate of change of the area.
This detailed guide explores the process step-by-step, providing clarity on the underlying
mathematics and offering practical insights into related rates problems.

Introduction: The Significance of Related Rates in Calculus

Related rates problems are an essential aspect of differential calculus, dealing with
situations where two or more related quantities change over time. These problems often
involve a real-world context—such as the growth of a square's side length—and require
finding the rate at which a dependent quantity, like area, changes with respect to time.

The problem statement: Each edge of a square is increasing at a rate of 5 cm/sec. At what
rate is the area increasing when each side is of a certain length? encapsulates this concept
perfectly. It challenges us to connect the rate of change of the side length to the rate of
change of the area, using derivatives and the chain rule.

Setting Up the Problem: Variables and Known Data

Before delving into calculus, it’s crucial to define our variables and understand the known
data:

- Let s represent the length of a side of the square (in centimeters).
- Let A represent the area of the square (in square centimeters).
- Time is denoted by t (in seconds).

Given data:

- The rate of increase of each side: ds/dt = 5 cm/sec.

- The goal: Find dA/dt, the rate at which the area is increasing, when the side length s is a
specific value or in general.



Mathematical Relationships: Connecting Side Length and Area

The key relationship between the side length and the area of a square is straightforward:
A=g2

This formula indicates that the area depends on the square of the side length. To find the

rate at which the area increases (dA/dt), we differentiate both sides of this equation with
respect to time t.

Applying Differentiation: Deriving the Related Rates Formula
Differentiating A = s2 with respect to t:
dA/dt = 2s ds/dt

This derivative tells us how the area is changing at any instant, based on the current side
length s and the rate at which the side length is increasing, ds/dt.

Key insight: The rate of change of the area depends on both the current side length and
the rate at which the side length is increasing.

Calculating the Rate of Area Increase: Step-by-Step

Step 1: Identify the side length at the moment of interest

The problem states: "At what rate is the area increasing when each..." (assuming a specific
side length is given). For illustration, suppose the side length s is 10 cm at the moment in
question.

Step 2: Plug in known values into the related rates formula

Given:

-s=10cm

- ds/dt = 5 cm/sec

Calculate:
-dA/dt =2 105 = 100 cm?/sec

Interpretation: When each side of the square is 10 cm long, and the sides are increasing at
5 cm/sec, the area of the square is increasing at a rate of 100 square centimeters per

second.

Step 3: General formula



If the side length s varies, the general rate at any instant is:
dA/dt = 2s ds/dt

where s is the side length at that moment.

Visualizing the Problem: Graphical and Conceptual Insights

Visualizing the problem helps reinforce understanding:

- Imagine a square growing uniformly on all sides.

- As the sides lengthen, the square gets larger.

- The area increases more rapidly as the square gets bigger because the rate of change
depends on s.

Graphical representation:

- Plot A vs. t: The area curve will be quadratic, since A = s? and s increases linearly over
time.

- Plot s vs. t: A straight line with slope 5 cm/sec, since ds/dt is constant.

This visualization reveals why the rate of change of the area increases as s increases.

Exploring Different Scenarios: Variable Side Lengths
Scenario 1: When the side length is small (e.g., 2 cm)

dA/dt =2 2 5 = 20 cm?/sec

The area is increasing but at a slower rate because s is small.
Scenario 2: When the side length is larger (e.g., 20 cm)

dA/dt = 2 20 5 = 200 cm?/sec

The area increases faster as the square gets bigger.

Practical Applications and Relevance
Related rates problems like this are common in various fields:

- Engineering: Monitoring the growth of materials or structures.

- Physics: Understanding motion where dimensions change over time.
- Biology: Modeling growth patterns.

- Economics: Analyzing expanding areas or capacities.



Understanding how to derive and interpret these rates is crucial for modeling real-world
dynamic systems.

Summary of Key Takeaways

- The relationship between the side length s and area A of a square is A = s2.

- The rate at which the area increases when sides are growing at ds/dt is dA/dt = 2s ds/dt.
- At any instant, knowing the current side length allows precise calculation of how quickly
the area is increasing.

- As the size of the square increases, the rate at which the area increases also increases,
illustrating the quadratic growth nature.

Final Remarks: Solving Related Rates Problems Effectively
To master related rates problems:

1. Identify all variables and their relationships.

2. Differentiate with respect to time using the chain rule.
3. Substitute known values at the instant of interest.

4. Interpret the result in the context of the problem.

By understanding these steps and the underlying calculus principles, you can solve a wide
array of dynamic problems involving changing dimensions—Ilike the increasing edge of a
square—and their respective rates of change.

In conclusion, when each edge of a square is increasing at a rate of 5 cm/sec, the rate at
which the area is increasing depends directly on the current side length. Specifically,
dA/dt = 2s 5, which simplifies to 10s. As the square grows, the area’s rate of increase
accelerates, exemplifying the power and elegance of related rates in calculus.
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