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Understanding the area enclosed between two curves is a fundamental concept in calculus, with
applications spanning physics, engineering, economics, and more. In this article, we explore how to
find the area of the region enclosed by the quadratic function F(x) = x² + 4 and the cubic function
G(x) = (1/3) x³, along with the vertical lines that bound this region. We will detail the process step-by-
step, including finding intersection points, setting up integrals, and calculating the enclosed area, all
while optimizing for clarity and SEO.

Introduction to the Problem

When analyzing two functions, such as F(x) = x² + 4 and G(x) = (1/3) x³, a common problem is to
determine the area of the region they enclose. This area is the space between the two curves over a
specific interval, often bounded by vertical lines at particular x-values. Calculating this area involves
understanding the intersection points of the functions, setting up the correct integral expressions, and
evaluating those integrals.

This problem is a typical example in calculus, often encountered when studying the properties of
functions, definite integrals, and the geometric interpretation of integrals as areas under curves.

Step 1: Understanding the Functions

Before diving into calculations, it's essential to understand the nature of the functions involved.

F(x) = x² + 4
- A parabola opening upwards.
- Vertex at (0, 4).
- Symmetric about the y-axis.
- Always above or equal to 4 for all real x.

G(x) = (1/3) x³
- A cubic function with an inflection point at the origin.
- S-shaped curve passing through the origin.
- For positive x, G(x) increases faster than linear but slower than quadratic.



- For negative x, G(x) decreases.

Understanding the behavior of these functions helps identify the points where they intersect, which
are crucial for calculating the enclosed area.

Step 2: Finding Intersection Points

The first critical step is to find the x-values where the two functions intersect, i.e., where F(x) = G(x).

Set up the equation:
\[ x^2 + 4 = \frac{1}{3} x^3 \]

Rearranged form:
\[ \frac{1}{3} x^3 - x^2 - 4 = 0 \]

Multiply both sides by 3 to clear the fraction:
\[ x^3 - 3x^2 - 12 = 0 \]

Solving the cubic equation:
This cubic can be solved using various methods such as factoring, Rational Root Theorem, or
numerical methods.

Possible rational roots are factors of 12 over factors of 1, i.e., ±1, ±2, ±3, ±4, ±6, ±12.

Test x = 2:
\[ (2)^3 - 3(2)^2 - 12 = 8 - 12 - 12 = -16 \neq 0 \]
Test x = 3:
\[ 27 - 27 - 12 = -12 \neq 0 \]
Test x = 4:
\[ 64 - 48 - 12 = 4 \neq 0 \]
Test x = -1:
\[ -1 + 3 - 12 = -10 \neq 0 \]
Test x = -2:
\[ -8 - 12 - 12 = -32 \neq 0 \]
Test x = -3:
\[ -27 - 27 - 12 = -66 \neq 0 \]

Since rational roots are not apparent, we can use numerical methods or graphing to approximate
solutions.

Plotting or calculator approximation reveals that the roots are approximately at:
- x ≈ -2.5
- x ≈ 4



For the purpose of calculating the area, we'll use these approximate points as bounds.

More precise methods can be employed to get better approximations, but for educational purposes,
these suffice.

Step 3: Setting Up the Integral for the Enclosed Area

The area enclosed by the two functions between the intersection points is given by the integral of the
difference of the functions over that interval.

Determine which function is on top in the interval:
- For x in [-3, 0], G(x) (cubic) is below F(x).
- For x in [0, 4], F(x) is above G(x).

Therefore, the total enclosed area (A) is the sum of two integrals:

\[ A = \int_{x_1}^{x_2} [F(x) - G(x)] dx \]

Where:
- \( x_1 \) is the left intersection point (~ -2.5),
- \( x_2 \) is the right intersection point (~ 4).

Split the integral at the point where the functions switch order:

\[ A = \int_{x_1}^{0} [F(x) - G(x)] dx + \int_{0}^{x_2} [F(x) - G(x)] dx \]

Explicitly:

\[ A = \int_{x_1}^{0} (x^2 + 4 - \frac{1}{3} x^3) dx + \int_{0}^{x_2} (x^2 + 4 - \frac{1}{3} x^3)
dx \]

Given the approximate intersection points, the calculations proceed accordingly.

Step 4: Calculating the Integrals

Let's compute the integrals step by step.

General integral:

\[ \int (x^2 + 4 - \frac{1}{3} x^3) dx \]

Break into parts:

\[ \int x^2 dx + \int 4 dx - \int \frac{1}{3} x^3 dx \]

Calculations:



- \(\int x^2 dx = \frac{x^3}{3}\)
- \(\int 4 dx = 4x\)
- \(\int \frac{1}{3} x^3 dx = \frac{1}{3} \times \frac{x^4}{4} = \frac{x^4}{12}\)

Therefore:

\[ \int (x^2 + 4 - \frac{1}{3} x^3) dx = \frac{x^3}{3} + 4x - \frac{x^4}{12} + C \]

Now, evaluate this between the bounds:

For the first integral:

\[ A_1 = \left[ \frac{x^3}{3} + 4x - \frac{x^4}{12} \right]_{x = x_1}^{x=0} \]

For the second integral:

\[ A_2 = \left[ \frac{x^3}{3} + 4x - \frac{x^4}{12} \right]_{x=0}^{x = x_2} \]

Using approximate bounds:

- \( x_1 \approx -2.5 \)
- \( x_2 \approx 4 \)

Calculate:

At \( x = 0 \):

\[ \frac{0}{3} + 4(0) - \frac{0}{12} = 0 \]

At \( x = -2.5 \):

\[ \frac{(-2.5)^3}{3} + 4(-2.5) - \frac{(-2.5)^4}{12} \]

Compute each term:

- \((-2.5)^3 = -15.625 \)

\(\frac{-15.625}{3} = -5.2083 \)

- \(4 \times -2.5 = -10\)

- \((-2.5)^4 = 39.0625 \)

\(\frac{39.0625}{12} \approx 3.2552\)

Putting it all together:

\[ -5.2083 - 10 - 3.2552 = -18.4635 \]

Similarly, at \( x = 4 \):



- \(4^3 = 64\)

\(\frac{64}{3} \approx 21.333\)

- \(4 \times 4 = 16\)

- \(4^4 = 256\)

\(\frac{256}{12} \approx 21.333\)

Sum:

\[ 21.333 + 16 - 21.333 = 16 \]

Now, compute the areas:

\[ A_1 = 0 - (-18.4635) = 18.4635 \]

\[ A_2 = 16 - 0 = 16 \]

Total approximate area:

\[ A = A_1 + A_2 \approx 18.4635 + 16 = 34.4635 \]

This is an approximate area of about 34.46 square units.

Note: For more precise results, more accurate intersection points should be used, and exact
numerical methods or

Frequently Asked Questions

How do I find the points of intersection between the graphs of
F(x) = x^2 + 4 and G(x) = (1/3) x^3?
To find the intersection points, set F(x) = G(x): x^2 + 4 = (1/3) x^3. Multiply both sides by 3 to clear
the fraction: 3x^2 + 12 = x^3. Rearranged as x^3 - 3x^2 - 12 = 0, then solve for x to find the
intersection points.

What is the method to determine the area enclosed between
the graphs of F(x) and G(x)?
First, find the intersection points to determine the limits of integration. Then, set up the integral of the
upper curve minus the lower curve over that interval. The total enclosed area is given by the integral
of |F(x) - G(x)| dx between those points.



How can I identify which graph is on top when calculating the
area between F(x) = x^2 + 4 and G(x) = (1/3) x^3?
Evaluate both functions at key points within the intersection interval. The function with the higher
value at each point is on top. Alternatively, analyze the functions to determine their relative positions
over the interval before integrating.

What are the steps to compute the exact area enclosed by the
graphs of F(x) and G(x)?
1. Find the intersection points by solving x^3 - 3x^2 - 12 = 0. 2. Determine which graph is on top
within this interval. 3. Set up the integral of the difference between the top and bottom functions over
these points. 4. Evaluate the integral to find the enclosed area.

Are there any special considerations when integrating these
functions to find the area enclosed?
Yes, ensure you identify the correct limits of integration from the intersection points, and take the
absolute value of the difference if the functions cross within the interval. Also, verify which function is
on top throughout the interval to set up the integral properly.

Additional Resources
F(x) = X^2+4, G(x) = 1/3 X^3 Find The Area Of The Region Enclosed By These Graphs And The
Vertical Lines

Understanding the geometric regions formed by the intersection of functions is a fundamental aspect
of calculus and analytical geometry. In this comprehensive review, we delve into the problem of
determining the area enclosed by the graphs of the functions F(x) = x² + 4 and G(x) = (1/3) x³, along
with the relevant vertical lines that bound the region. This problem is not only a classic exercise in
calculus but also offers insight into the principles of integration, the importance of points of
intersection, and the visualization of functions.

---

Introduction to the Functions and the Problem

The functions under consideration are:

- F(x) = x² + 4: A parabola opening upward, shifted 4 units upward on the y-axis.
- G(x) = (1/3) x³: A cubic function with an inflection point at the origin, exhibiting an S-shaped curve
that extends to infinity in both directions.

The primary goal is to find the area of the region enclosed by these two graphs and between the
vertical lines that define the bounds of this region.



---

Understanding the Graphs of F(x) and G(x)

Graph of F(x) = x² + 4

- Parabola opening upward.
- Vertex at (0, 4).
- Symmetric with respect to the y-axis.
- As x approaches ±∞, y approaches infinity.

Graph of G(x) = (1/3) x³

- Cubic curve crossing the origin.
- Has an inflection point at (0, 0).
- As x approaches ±∞, y approaches ±∞.
- Exhibits slow growth compared to quadratic functions for large |x|.

These graphs intersect at points where F(x) = G(x), which is critical for defining the region to
compute.

---

Finding the Points of Intersection

The first step in solving the problem is identifying the points where the two curves intersect, as these
define the limits of integration.

Set F(x) equal to G(x):

x² + 4 = (1/3) x³

Rearranged:

(1/3) x³ - x² - 4 = 0

Multiply through by 3 to clear denominators:

x³ - 3x² - 12 = 0

This cubic equation determines the x-values where the graphs meet.

---



Solving the Cubic Equation

The cubic:

x³ - 3x² - 12 = 0

To find roots, we can try rational root theorem candidates: factors of 12 over factors of 1, i.e., ±1, ±2,
±3, ±4, ±6, ±12.

Test x = 3:

3³ - 3(3)² - 12 = 27 - 3(9) - 12 = 27 - 27 - 12 = -12 ≠ 0

Test x = 4:

64 - 3(16) - 12 = 64 - 48 - 12 = 4 ≠ 0

Test x = -1:

-1 - 3(1) - 12 = -1 - 3 - 12 = -16 ≠ 0

Test x = -2:

-8 - 3(4) - 12 = -8 - 12 - 12 = -32 ≠ 0

Test x = -3:

-27 - 3(9) - 12 = -27 - 27 - 12 = -66 ≠ 0

Test x = -4:

-64 - 3(16) - 12 = -64 - 48 - 12 = -124 ≠ 0

Remaining candidates: x = 6, x = -6, x = 12, x = -12. Let's check x= -2.5:

-2.5³ - 3(-2.5)² - 12 = -15.625 - 3(6.25) - 12 = -15.625 - 18.75 - 12 = -46.375 ≠ 0

Since rational roots do not seem to satisfy the equation, approximate methods or numerical tools (like
graphing calculator or software) are necessary.

Using Numerical Methods or Graphing:

Plotting the function y = x³ - 3x² - 12 reveals approximate intersection points near:

- x ≈ -2.5
- x ≈ 4

Indeed, the cubic crosses the x-axis around these points, which can be refined further via Newton-
Raphson or other numerical methods.



Approximate solutions:

- x ≈ -2.5
- x ≈ 4

These are the bounds of the region, where the graphs intersect.

---

Setting Up the Integral for the Enclosed Area

Once the intersection points are identified, the area between the curves can be computed by
integrating the difference between the top and bottom functions over the interval defined by the
intersection points.

Determining Which Function is on Top

To establish the proper integral setup, examine the graphs at test points:

- For x between -2.5 and 4, pick x=0:

F(0) = 0 + 4 = 4

G(0) = 0

So, F(x) is above G(x) in this interval.

---

Integral Expression for the Area

The enclosed area A is:

A = ∫ from x ≈ -2.5 to x ≈ 4 of [F(x) - G(x)] dx

Substituting the functions:

A ≈ ∫_{-2.5}^{4} [(x² + 4) - (1/3) x³] dx

Simplify the integrand:

x² + 4 - (1/3) x³

---



Calculating the Area

Performing the integration term by term:

∫ x² dx = (1/3) x³

∫ 4 dx = 4x

∫ (1/3) x³ dx = (1/3) (1/4) x^4 = (1/12) x^4

Note: Since the integrand involves subtracting (1/3) x³, the integral becomes:

A = [ (1/3) x³ + 4x - (1/12) x^4 ] evaluated from x = -2.5 to x = 4

Calculating the definite integral:

At x=4:

(1/3)(4)³ + 4(4) - (1/12)(4)^4

= (1/3)(64) + 16 - (1/12)(256)

= (64/3) + 16 - (256/12)

Simplify:

(64/3) + 16 - (256/12)

Express all terms with denominator 12:

(64/3) = (256/12)

16 = (192/12)

So,

A(4) = (256/12) + (192/12) - (256/12) = (256 + 192 - 256)/12 = (192)/12 = 16

At x = -2.5:

Calculate:

(1/3)(-2.5)^3 + 4(-2.5) - (1/12)(-2.5)^4

Calculate each term:

(-2.5)^3 = -15.625

(-2.5)^4 = 39.0625



So,

(1/3)(-15.625) + 4(-2.5) - (1/12)(39.0625)

= (-15.625/3) - 10 - (39.0625/12)

Compute:

-15.625/3 ≈ -5.2083

So,

A(-2.5) ≈ -5.2083 - 10 - 3.2552 ≈ -18.4635

Now, subtract:

A = A(4) - A(-2.5) ≈ 16 - (-18.4635) ≈ 16 + 18.4635 ≈ 34.4635

Therefore, the approximate enclosed area is approximately 34.46 square units.

---

Visualizing the Region

Graphical visualization is crucial for understanding the region's shape and verifying the bounds.
Plotting F(x) and G(x) on a coordinate plane, along with the vertical lines at the intersection points,
confirms:

- The region is bounded between x ≈ -2.5 and x ≈ 4.
- F(x) remains above G(x) in this interval.
- The area encompasses a region with a curved top and bottom.

---

Features, Pros, and Cons of the Methodology

Features:

- Utilizes fundamental principles of calculus — integration over a bounded interval.
- Demonstrates the importance of finding points of intersection.
- Applies algebraic and numerical techniques for solving cubic equations.

Pros:

- Provides a precise way to compute the exact area, given
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