
Find 5 Consecutive Integers Such That
The First Is Divisible By 2 The Second
Is Divisible By 3 The Third
Find 5 Consecutive Integers Such That The First Is Divisible By 2 The Second
Is Divisible By 3 The Third is a fascinating problem in number theory that
explores the relationships between integers and their divisibility
properties. This type of problem is often encountered in mathematics
competitions, algebra exercises, and number puzzles, as it challenges problem
solvers to analyze patterns, formulate equations, and reason logically about
divisibility constraints.

In this comprehensive article, we will delve into the problem's details,
explore various approaches to find solutions, analyze the structure of such
integers, and provide step-by-step methods to identify the five consecutive
integers satisfying the given divisibility conditions. Whether you are a
student seeking to improve your problem-solving skills or a math enthusiast
interested in number theory, this guide will offer valuable insights and
detailed explanations.

---

Understanding the Problem

The problem essentially asks us to find five integers, say \( n, n+1, n+2,
n+3, n+4 \), such that:

- The first integer \( n \) is divisible by 2.
- The second integer \( n+1 \) is divisible by 3.
- The third integer \( n+2 \) is divisible by some specified number (say 4,
or possibly another number if the problem is extended).
- ... and so on for the remaining integers.

However, the problem as stated appears to be incomplete in the
prompt—specifically, it begins with "Find 5 Consecutive Integers Such That
The First Is Divisible By 2 The Second Is Divisible By 3 The Third", but does
not specify the divisibility conditions for the third, fourth, and fifth
integers.

Assumption and Clarification:

Most similar problems involve conditions such as:

- The first integer divisible by 2.
- The second divisible by 3.



- The third divisible by 4.
- The fourth divisible by 5.
- The fifth divisible by 6.

This pattern is common because it creates a sequence of constraints that are
manageable and interesting to analyze.

---

Common Variations of the Problem

Let's explore the typical variants of this problem to understand its scope:

Variant 1: Divisibility Conditions Increasing
Sequentially

Find five consecutive integers \( n, n+1, n+2, n+3, n+4 \) such that:

- \( n \) is divisible by 2.
- \( n+1 \) is divisible by 3.
- \( n+2 \) is divisible by 4.
- \( n+3 \) is divisible by 5.
- \( n+4 \) is divisible by 6.

Variant 2: Specific Divisibility Pattern

Find five consecutive integers such that:

- \( n \) is divisible by 2.
- \( n+1 \) is divisible by 3.
- \( n+2 \) is divisible by 7.
- \( n+3 \) is divisible by 8.
- \( n+4 \) is divisible by 9.

The specific divisibility numbers change depending on the problem goals. For
this article, we'll focus on the first variant, as it is classic and
illustrative of the techniques involved.

---

Mathematical Approach to the Problem



To find the five consecutive integers satisfying the divisibility conditions,
we need to formulate the problem mathematically.

Setting Up the Equations

Assuming the following conditions:

1. \( n \equiv 0 \pmod{2} \)
2. \( n+1 \equiv 0 \pmod{3} \)
3. \( n+2 \equiv 0 \pmod{4} \)
4. \( n+3 \equiv 0 \pmod{5} \)
5. \( n+4 \equiv 0 \pmod{6} \)

Our goal is to find integers \( n \) satisfying all these congruences
simultaneously.

Expressing the Conditions

From the above:

- \( n \equiv 0 \pmod{2} \)
- \( n \equiv -1 \equiv 2 \pmod{3} \)
- \( n \equiv -2 \equiv 2 \pmod{4} \)
- \( n \equiv -3 \equiv 2 \pmod{5} \)
- \( n \equiv -4 \equiv 2 \pmod{6} \)

Notice that:

- \( n \equiv 0 \pmod{2} \)
- \( n \equiv 2 \pmod{3} \)
- \( n \equiv 2 \pmod{4} \)
- \( n \equiv 2 \pmod{5} \)
- \( n \equiv 2 \pmod{6} \)

The key insight is that for the second through fifth conditions, \( n \equiv
2 \pmod{k} \), with \( k \) being 3, 4, 5, and 6.

---

Solving the System of Congruences

To find solutions, we can use the Chinese Remainder Theorem (CRT) or
systematic substitution.



Step 1: Combine the congruences for \( n \equiv 2
\pmod{3}, \pmod{4}, \pmod{5}, \pmod{6} \)

Since all these congruences specify that \( n \equiv 2 \) mod various
numbers, we seek a number \( n \) such that:

\[
n \equiv 2 \pmod{\text{lcm}(3,4,5,6)}.
\]

Calculate the least common multiple (LCM):

- \(\text{LCM}(3,4) = 12\)
- \(\text{LCM}(12,5) = 60\)
- \(\text{LCM}(60,6) = 60\)

Thus,

\[
n \equiv 2 \pmod{60}
\]

---

Step 2: Incorporate the condition \( n \equiv 0
\pmod{2} \)

But \( n \equiv 0 \pmod{2} \) and \( n \equiv 2 \pmod{60} \) must both hold.

Since \( n \equiv 2 \pmod{60} \), then \( n \) is of the form:

\[
n = 60k + 2
\]

for some integer \( k \).

Now, check if \( n \equiv 0 \pmod{2} \):

\[
n = 60k + 2 \equiv 0 \pmod{2}
\]

Since 60k is divisible by 2, and 2 is divisible by 2, the sum is divisible by
2. Therefore, for all integer \( k \), \( n = 60k + 2 \) is even, satisfying
the first condition.



---

Solutions and General Form

The general solution for \( n \) that meets the divisibility pattern is:

\[
n = 60k + 2
\]

where \( k \) is an integer \( \geq 0 \).

The five consecutive integers are:

\[
n, n+1, n+2, n+3, n+4
\]

which becomes:

\[
\boxed{
\begin{aligned}
n &= 60k + 2 \\
n+1 &= 60k + 3 \\
n+2 &= 60k + 4 \\
n+3 &= 60k + 5 \\
n+4 &= 60k + 6
\end{aligned}
}
\]

Now, verify the divisibility conditions for these specific integers:

- \( n = 60k + 2 \): divisible by 2? Yes, since \( 60k \) is divisible by 2,
and 2 is even.
- \( n+1 = 60k + 3 \): divisible by 3? \( 60k \) divisible by 3, and 3
divides 3, so yes.
- \( n+2 = 60k + 4 \): divisible by 4? \( 60k \) divisible by 4? Since 60 is
divisible by 4 (since \( 4 \times 15 = 60 \)), yes.
- \( n+3 = 60k + 5 \): divisible by 5? \( 60k \) divisible by 5? Yes, because
60 is divisible by 5.
- \( n+4 = 60k + 6 \): divisible by 6? \( 60k \) divisible by 6? Yes, because
60 is divisible by 6.

Thus, all five conditions are satisfied for any integer \( k \geq 0 \).

---



Examples of Specific Solutions

Let's compute specific solutions for small values of \( k \):

| \(k\) | \( n = 60k + 2 \) | Consecutive Integers | Divisibility Checks |
|-------|------------------|---------------------|---------------------

Frequently Asked Questions

How can I find five consecutive integers where the
first is divisible by 2, the second by 3, and the
third by a specific number?
You can set up equations based on the divisibility conditions and test
consecutive integers systematically or use modular arithmetic to identify the
pattern that satisfies all the divisibility requirements simultaneously.

What is the general approach to solving a problem
involving consecutive integers with specific
divisibility conditions?
The typical approach involves expressing the integers algebraically, applying
divisibility rules (like modular arithmetic), and solving the resulting
system of equations or inequalities to find all possible sets of integers.

Can you give an example of five consecutive integers
where the first is divisible by 2, the second by 3,
and the third by 4?
Yes. For example, the integers 14, 15, 16, 17, 18 satisfy: 14 is divisible by
2, 15 by 3, and 16 by 4.

Why is modular arithmetic useful in solving
divisibility problems involving consecutive
integers?
Modular arithmetic simplifies checking divisibility conditions by reducing
numbers modulo the divisor, making it easier to identify patterns and solve
for integers that meet all the given divisibility constraints simultaneously.

How do I verify if a set of five consecutive



integers meets all the divisibility conditions?
You check each integer against its respective divisibility condition—e.g.,
first divisible by 2, second by 3, and so on—by dividing and confirming that
the remainders are zero as specified.

Are there infinitely many solutions for five
consecutive integers with these divisibility
conditions?
It depends on the specific divisibility conditions. For some sets, solutions
may be infinite, often forming a pattern or sequence, while for others,
solutions might be limited or nonexistent.

What tools or methods can help in solving such
divisibility problems efficiently?
Tools include modular arithmetic, algebraic equations, systems of
congruences, and sometimes programming scripts to automate testing possible
integers within a range.

How can I extend this problem to find longer
sequences of consecutive integers with similar
divisibility patterns?
You can formulate the problem as a set of simultaneous divisibility
conditions and use mathematical tools like the Chinese Remainder Theorem or
modular systems to identify longer sequences that satisfy all the given
divisibility constraints.

Additional Resources
Find 5 Consecutive Integers Such That The First Is Divisible By 2 The Second
Is Divisible By 3 The Third: An In-Depth Exploration of Consecutive Integer
Divisibility Patterns

---

Introduction

In the realm of number theory and elementary mathematics, the study of
integers and their divisibility properties has long intrigued mathematicians,
educators, and students alike. Among these intriguing problems is the
challenge to find a sequence of consecutive integers that fulfill specific
divisibility criteria. A particularly interesting case is to identify five
consecutive integers where each adheres to a particular divisibility pattern:
the first divisible by 2, the second by 3, the third by a designated number,



and so forth.

This article provides a comprehensive exploration of such problems, focusing
on the specific case where we seek five consecutive integers such that:

- The first is divisible by 2
- The second is divisible by 3
- The third is divisible by a particular number (to be specified)
- The fourth and fifth possibly follow additional divisibility patterns

Our goal is to analyze the underlying principles, methods for solving such
problems, and their broader implications in number theory. We will also
explore example solutions, generalizations, and potential applications, all
presented in a clear, structured manner.

---

Understanding Consecutive Integers and Divisibility Patterns

The Nature of Consecutive Integers

Consecutive integers are numbers that follow one after another without gaps.
For example, 17, 18, 19, 20, 21 form a sequence of five consecutive integers.

One fundamental property of consecutive integers is that they are mutually
coprime in pairs, which makes their divisibility properties both interesting
and complex. Since their prime factors differ, the chance of multiple
integers in a sequence sharing common divisors is limited, but carefully
selecting such sequences can satisfy specific divisibility constraints.

Divisibility Patterns and Constraints

Divisibility patterns involve understanding which integers are divisible by
certain numbers. For example:

- An integer divisible by 2 is even.
- An integer divisible by 3 is a multiple of 3.
- Similarly, divisibility by other numbers involves factors in the prime
factorization.

In the context of a sequence of consecutive integers, the challenge is to
identify positions where these divisibility properties occur simultaneously
or in a particular pattern.

---

The Specific Problem: Finding Five Consecutive Integers with Prescribed
Divisibility Properties

Restating the Problem



The core problem can be formulated as:

> Find five consecutive integers \( n, n+1, n+2, n+3, n+4 \) such that:
> - \( n \equiv 0 \pmod{2} \)
> - \( n+1 \equiv 0 \pmod{3} \)
> - \( n+2 \equiv 0 \pmod{k} \) (for some integer \( k \))
> - The remaining two integers follow similar divisibility conditions,
possibly by other numbers.

This problem can be generalized or tailored to specific divisibility
conditions, and solving it involves modular arithmetic, the Chinese Remainder
Theorem, and sometimes computational algorithms.

Why Is This Problem Interesting?

Such problems are significant because they:

- Demonstrate the interplay between modular arithmetic and number theory.
- Provide concrete examples of how to construct sequences with specific
properties.
- Have applications in cryptography, coding theory, and algorithm design.
- Offer educational insights into properties of numbers and their
relationships.

---

Analytical Approach to the Problem

Modular Arithmetic Foundations

The key mathematical tool for solving these types of problems is modular
arithmetic, which simplifies the process of dealing with divisibility
conditions.

For a sequence of consecutive integers \( n, n+1, ..., n+4 \), the
divisibility conditions can be expressed as:

- \( n \equiv 0 \pmod{2} \)
- \( n+1 \equiv 0 \pmod{3} \)
- \( n+2 \equiv 0 \pmod{k} \)

and so forth.

Applying the Chinese Remainder Theorem (CRT)

The Chinese Remainder Theorem (CRT) helps find solutions to systems of
congruences when the moduli are pairwise coprime. For example, if we want \(
n \) to satisfy multiple divisibility conditions:

- \( n \equiv a \pmod{m} \)
- \( n \equiv b \pmod{n} \)



CRT allows us to find a unique solution modulo the product \( m \times n \),
provided \( m \) and \( n \) are coprime.

Constructing a Solution

Suppose we want to find five consecutive integers with the following
properties:

1. \( n \equiv 0 \pmod{2} \)
2. \( n+1 \equiv 0 \pmod{3} \)
3. \( n+2 \equiv 0 \pmod{4} \)
4. \( n+3 \equiv 0 \pmod{5} \)
5. \( n+4 \equiv 0 \pmod{6} \)

These conditions translate into:

- \( n \equiv 0 \pmod{2} \)
- \( n \equiv -1 \pmod{3} \)
- \( n \equiv -2 \pmod{4} \)
- \( n \equiv -3 \pmod{5} \)
- \( n \equiv -4 \pmod{6} \)

Simplifying:

- \( n \equiv 0 \pmod{2} \)
- \( n \equiv 2 \pmod{3} \)
- \( n \equiv 2 \pmod{4} \)
- \( n \equiv 2 \pmod{5} \)
- \( n \equiv 2 \pmod{6} \)

Notice that some congruences are redundant because if \( n \equiv 2 \pmod{6}
\), then \( n \equiv 2 \pmod{2} \), which contradicts \( n \equiv 0 \pmod{2}
\). So, this particular set is inconsistent, illustrating the importance of
selecting compatible congruences.

In practice, choosing compatible moduli and congruences is key to solving the
problem systematically.

---

Examples and Practical Solutions

A Worked-Out Example

Let's consider a more straightforward set of conditions:

- \( n \equiv 0 \pmod{2} \)
- \( n+1 \equiv 0 \pmod{3} \)

From the first condition:



- \( n \equiv 0 \pmod{2} \)

From the second condition:

- \( n \equiv -1 \pmod{3} \Rightarrow n \equiv 2 \pmod{3} \)

Now, solving the system:

\[
\begin{cases}
n \equiv 0 \pmod{2} \\
n \equiv 2 \pmod{3}
\end{cases}
\]

Using the Chinese Remainder Theorem, since 2 and 3 are coprime, the combined
modulus is 6:

- Find \( n \equiv x \pmod{6} \) satisfying both:

\( n \equiv 0 \pmod{2} \Rightarrow n \equiv 0, 2, 4 \pmod{6} \)

\( n \equiv 2 \pmod{3} \Rightarrow n \equiv 2, 5 \pmod{6} \)

Matching these:

- \( n \equiv 0 \pmod{6} \) and \( n \equiv 2 \pmod{6} \) do not match.

- \( n \equiv 2 \pmod{6} \) satisfies both conditions.

Thus, \( n \equiv 2 \pmod{6} \), meaning:

- \( n = 6k + 2 \), for some integer \( k \).

The sequence of five integers starting from \( n \) would be:

\[
6k + 2, \quad 6k + 3, \quad 6k + 4, \quad 6k + 5, \quad 6k + 6
\]

Check their divisibility:

- \( 6k + 2 \): divisible by 2, as \( 6k \) is divisible by 2.

- \( 6k + 3 \): divisible by 3, as \( 6k \) is divisible by 3.

- \( 6k + 4 \): divisible by 2, but not necessarily by 4 unless \( k \) is
even.

This demonstrates how systematic analysis using modular arithmetic can
identify sequences with specific divisibility properties.



Generalization and Algorithmic Approaches

In more complex cases, especially when multiple conditions are involved,
algorithmic or computational methods are employed:

- Search algorithms: Brute-force searches over a range of \( n \) values.
- Constraint satisfaction: Using constraint programming to find solutions
satisfying all divisibility conditions.
- Mathematical software: Tools like Wolfram Mathematica, SageMath, or
Python's SymPy to automate calculations.

---

Broader Implications and Applications

Educational Significance

Problems involving consecutive integers and divisibility serve as excellent
pedagogical tools.
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