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INTRODUCTION

CONSTRUCTING A POLYNOMIAL WITH SPECIFIC PROPERTIES IS A FUNDAMENTAL PROBLEM IN ALGEBRA AND POLYNOMIAL THEORY.
\WHEN GIVEN CERTAIN ZEROS, DEGREE, AND LEADING COEFFICIENT, THE TASK INVOLVES DETERMINING THE POLYNOMIAL'S EXPLICIT
FORM. IN THIS ARTICLE, WE WILL EXPLORE HOW TO FIND A DEGREE 4 POLYNOMIAL \( P(x) \) WITH REAL COEFFICIENTS, A
LEADING COEFFICIENT OF 3, AND zerOS AT \( 51'\) AnD \( 31'\). WE WILL SYSTEMATICALLY ANALYZE THE PROBLEM, CONSIDER
THE IMPLICATIONS OF THE ZEROS, AND DERIVE THE POLYNOMIAL STEP BY STEP.

(UNDERSTANDING THE PROBLEM
THe GiveN CONDITIONS

- DEGREE OF THE POLYNOMIAL: 4
- LEADING COEFFICIENT: 3

- Zeros: \( 51\) a0 \( 31'))

- COEFFICIENTS: REAL NUMBERS

Key CoNCEPTS

To SOLVE THIS PROBLEM, IT IS ESSENTIAL TO UNDERSTAND THE IMPLICATIONS OF THE ZEROS AND HOW THEY RELATE TO THE
FACTORS OF THE POLYNOMIAL:

- Zeros of A poLYNOMIAL: VALUES oF \( x \) wHere \( P(x) = 0'\).

- COMPLEX ZEROS AND CONJUGATE PAIRS: SINCE THE POLYNOMIAL HAS REAL COEFFICIENTS, COMPLEX ZEROS OCCUR IN
CONJUGATE PAIRS. THIS MEANS IF \( A + 81 \) IS A zErO, THEN \( A - BI'\) MUST ALSO BE A ZERO.

- DEGREE AND ZEROS: THE DEGREE OF THE POLYNOMIAL CORRESPONDS TO THE TOTAL NUMBER OF ZEROS (COUNTING
MULTIPLICITIES ). SINCE THE DEGREE IS 4, WE EXPECT FOUR ZEROS.

ZEROS AND THEIR CONJUGATES
GIVEN ZEROS:

-\ 51'\) (WHICH IS PURELY IMAGINARY)
-\( 31\) (ALSO PURELY IMAGINARY)

THEIR CONJUGATES ARE:

-\(-81'\)
-\(-31\)

THUSI THE ZEROS OF THE POLYNOMIAL ARE:

\[ \soxen{
\{ 51,-51, 31, -31'\}
JAY



STEP-BY-STEP SOLUTION
STeP 1: WRITE THE FACTORS CORRESPONDING TO THE ZEROS

EACH ZERO CORRESPONDS TO A FACTOR OF THE POLYNOMIAL:

-Zero AT (ST \):\N((x-5DV)
- Zero AT \C-51 \): \((x+ 5D \)
-Zero AT\C 3T\ \((x-3DV)
-Zero AT \C-31\):\((x+ 3D V)

STeEP 2: FORM THE POLYNOMIAL AS A PRODUCT OF FACTORS

THe poLYNOMIAL \( P(x) \) CAN BE EXPRESSED AS:

\[
P(x) =k \TiMes (x - 5)(x + 5)(x - 3D(x + 31)
\]

WHERE \( k \) IS THE LEADING COEFFICIENT, WHICH IS GIVEN AS 3.

THEREFORE,

\[

P(x) = 3 \TiMes (x - 5)(x + 51)(x - 3D(x + 31)
\]

STEP 3: SIMPLIFY THE FACTORS USING DIFFERENCE OF SQUARES

RECALL THAT:

\[
(a-B)(A+B)=A"2+8"2

\]

APPLYING THIS TO EACH PAIR:

-\((x-8D)(x + 8)=x"2+(5)"2=x"2+25)\)
-\((x-3D)(x+3)=x"2+(3)"2=x"2+9))

THus,

\[
P(x) =3 \TiMes (x*2 + 25)(x"2 + 9)
\]

STEP 4: EXPAND THE POLYNOMIAL
FirsT, MuLTIPLY \( (X2 + 25)\) anD \( (X2 + 9) \):

\[
(x"2 4+ 25)(x"2 + 9) =x"2 \TiMes x"2 + x*2 \TiMes @ + 25 \TiMes x*2 + 25 \TiMes 9
\]

SIMPLIFY:

\[
=x" + 9x™2 + 25x"2 + 225
\]



\[

=x"4 + (9x"2 + 25x"2) + 225
\]

\[

=x" + 34x"2 + 225

\]

Now, MULTIPLY BY THE LEADING COEFFICIENT \( 3 \):

\[
P(x) = 3 \TiMes [X"4 + 34x"2 + 225] = 3x™4 + 102x"2 + 675
\]

FINAL PoOLYNOMIAL EXPRESSION

THe poLYNoMIAL \( P(x) \) WITH THE SPECIFIED PROPERTIES IS:

\l

\BOXED{

\Boxep{P(x) = 3x"4 + 102x"2 + 675}
}

\]

THIS POLYNOMIAL HAS:
- DeGree 4
- LEADING COEFFICIENT 3

- Zeros AT \( &1, -51, 31, -31'\)
- REAL COEFFICIENTS

ADDITIONAL CONSIDERATIONS
CONFIRMING THE ZEROS

To VERIFY, SUBSTITUTE THE zErOS INTO \( P(x) \):

-AT\(x=51\):

\[

P(51) =3(50"4 + 102(5)"2 + 675
\]

CALCULATE EACH TERM:

-\((5D"2 =252 =25 \1iMes (-1) =-25\)
-\((B)"4 =[(B)"2)"2 = (-25)"2 =625 \)
SUBSTITUTE:

\[
P(51) = 3 \TiMes 625 + 102 \TiMes (-25) + 675 =1875- 2550+ 675=0
\]

SiMILARLY, For \( x = 31'\):



-\(@BN*2=-9\)

-\C@)"M=(-9"2=811\)

CALCULATE:

\[

P(3)=3\7TiMes 81 + 102 \1iMes (-9) + 675 =243 -918 + 675=0
\]

THUS, THE ZEROS CHECK OUT, CONFIRMING THE CORRECTNESS OF THE POLYNOMIAL.

APPLICATIONS OF THE POLYNOMIAL

UNDERSTANDING HOW TO CONSTRUCT SUCH POLYNOMIALS IS IMPORTANT IN VARIOUS MATHEMATICAL AND APPLIED FIELDS,
INCLUDING:

- COMPLEX ANALYSIS: STUDYING POLYNOMIALS WITH COMPLEX ZEROS

- CONTROL SYSTEMS: DESIGNING CHARACTERISTIC EQUATIONS WITH SPECIFIC ZEROS
- SIGNAL PROCESSING: ANALYZING FILTERS WITH CERTAIN FREQUENCY ZEROS

- ALGEBRAIC FACTORIZATION: FACTORING POLYNOMIALS WITH COMPLEX ZEROS

SUMMARY

IN THIS ARTICLE, WE HAVE DEMONSTRATED HOW TO FIND A DEGREE 4 POLYNOMIAL WITH REAL COEFFICIENTS, A LEADING
COEFFICIENT OF 3, AND ZEROS AT \( 51 \) AND \( 31'\). THE kEY STEPS INVOLVED:

1. RECOGNIZING THE CONJUGATE ZEROS DUE TO REAL COEFFICIENTS

2. FORMING FACTORS FROM THE ZEROS

3. SIMPLIFYING THE FACTORS USING THE DIFFERENCE OF SQUARES

4. MULTIPLYING THE FACTORS AND INCORPORATING THE LEADING COEFFICIENT

THE RESULTING POLYNOMIAL IS:

\[

\BOXED{

P(x) =3x"4 + 102x"2 + 675
}

\]

THIS CONSTRUCTION EXEMPLIFIES THE PROCESS OF DERIVING POLYNOMIALS WITH SPECIFIED COMPLEX ZEROS AND COEFFICIENTS,
A VITAL SKILL IN ALGEBRA AND RELATED MATHEMATICAL DISCIPLINES.

SEO Keyworbps

- POLYNOMIAL WITH COMPLEX ZEROS

- DEGREE 4 POLYNOMIAL WITH REAL COEFFICIENTS

- CONSTRUCT POLYNOMIAL FROM ZEROS

- FIND POLYNOMIAL WITH GIVEN ZEROS

- POLYNOMIAL WITH LEADING COEFFICIENT 3

- COMPLEX CONJUGATE ZEROS POLYNOMIAL

- How TO FIND POLYNOMIAL WITH SPECIFIED ZEROS

- POLYNOMIAL FACTORIZATION WITH IMAGINARY ZEROS



- ALGEBRAIC POLYNOMIAL CONSTRUCTION
- /EROES OF POLYNOMIAL WITH REAL COEFFICIENTS

CoNCLUSION

CONSTRUCTING A POLYNOMIAL WITH SPECIFIC ZEROS, DEGREE, AND COEFFICIENTS IS A FUNDAMENTAL SKILL IN ALGEBRA. By
UNDERSTANDING THE RELATIONSHIPS BETWEEN ZEROS AND FACTORS, ESPECIALLY FOR COMPLEX CONJUGATE ZEROS, ONE CAN
SYSTEMATICALLY DERIVE THE POLYNOMIAL'S EXPLICIT FORM. THE PROCESS ILLUSTRATED HERE PROVIDES A CLEAR
METHODOLOGY APPLICABLE TO SIMILAR PROBLEMS INVOLVING POLYNOMIAL CONSTRUCTION WITH COMPLEX ZEROS, REINFORCING
CORE ALGEBRAIC CONCEPTS AND EXPANDING PROBLEM~-SOLVING SKILLS.

FREQUENTLY AskeD QUESTIONS

\WHAT ARE THE ZEROS OF THE POLYNOMIAL P(X) WITH REAL COEFFICIENTS, DEGREE 4,
LEADING COEFFICIENT 3, AND ZEROS AT 51 AND 31?

THE ZEROS ARE AT 5I, ‘5I, 3I, AND ‘3I, SINCE COMPLEX ZEROS WITH REAL COEFFICIENTS COME IN CONJUGATE PAIRS.

How DO YOU CONSTRUCT THE POLYNOMIAL P(X) GIVEN THE ZEROS 51 AND 31 FOR A
DEGREE 4 POLYNOMIAL WITH LEADING COEFFICIENT 3°

FORM THE FACTORS (X - 51), (x + 51), (x = 31), AND (x + 31), THEN MULTIPLY ALL FACTORS AND MULTIPLY THE RESULTING
POLYNOMIAL BY 3 TO SET THE LEADING COEFFICIENT.

\W/HAT IS THE GENERAL FORM OF THE FACTORS FOR ZEROS AT 51 AND 3I1P

THe FACTORS ARE (X2 + 25) FOR THE ZEROS +51 AND (X2 + 9) FOR THE ZEROS £31.

How DO YOU FIND THE POLYNOMIAL P(X) GIVEN THE FACTORS FROM THE ZEROS 51 AND
3P

MULTIPLY THE FACTORS: P(x) = 3 (x*2 + 25) (x"2 + 9).

\WHAT IS THE EXPANDED FORM OF THE POLYNOMIAL P(X) WITH THE GIVEN ZEROS AND
LEADING COEFFICIENT?

ExPANDING, P(x) = 3(x"4 + 34x"2 + 225).

\WHY DO THE CONJUGATE ZEROS 51 AND -51, 31 AND -31, LEAD TO QUADRATIC
FACTORS IN THE POLYNOMIAL?

BECAUSE COMPLEX CONJUGATE ZEROS PRODUCE QUADRATIC FACTORS WITH REAL COEFFICIENTS, ENSURING THE POLYNOMIAL
REMAINS REAL.

How DO YOU VERIFY THAT THE POLYNOMIAL P(X) HAS THE SPECIFIED ZEROS AND
LEADING COEFFICIENT?

BY PLUGGING IN THE ZEROS INTO P(X) AND CONFIRMING IT EQUALS ZERO, AND CHECKING THE LEADING TERM OF THE EXPANDED
POLYNOMIAL IS 3%x"4.



\W/HAT IS THE IMPORTANCE OF THE LEADING COEFFICIENT BEING 3 IN THE POLYNOMIAL
CONSTRUCTION?

[T DETERMINES THE SCALE OF THE POLYNOMIAL; AFTER MULTIPLYING THE FACTORS, WE MULTIPLY THE ENTIRE POLYNOMIAL BY 3
TO ENSURE THE LEADING COEFFICIENT IS 3.

ADDITIONAL RESOURCES

Fino A PoLyNoMIAL P(x) W1TH ReaL CoEFFICIENTS HAVING A DEGREE 4, LEADING COEFFICIENT 3, AND ZEROS 51 AND 3|

\W/HEN TASKED WITH FINDING A POLYNOMIAL P(X) WITH REAL COEFFICIENTS, DEGREE 4/ LEADING COEFFICIENT 3/ AND ZEROS AT
51 AND 3I, IT’S IMPORTANT TO UNDERSTAND THE UNDERLYING PRINCIPLES THAT GUIDE POLYNOMIAL CONSTRUCTION, ESPECIALLY
WHEN COMPLEX ZEROS ARE INVOLVED. THIS PROBLEM COMBINES KNOWLEDGE OF COMPLEX CONJUGATE ROOTS, POLYNOMIAL
DEGREE, AND LEADING COEFFICIENT DETERMINATION, MAKING IT A RICH EXAMPLE OF ALGEBRAIC REASONING AND POLYNOMIAL
THEORY IN ACTION.

(UNDERSTANDING THE PROBLEM: KEY COMPONENTS AND CONSTRAINTS
BEFORE DIVING INTO THE CONSTRUCTION PROCESS, LET'S CLARIFY WHAT THE PROBLEM ASKS:

- DEGREE OF THE POLYNOMIAL: 4

- LEADING COEFFICIENT: 3

- Zeros (RooTS): 51 AND 31

- COEFFICIENTS: REAL (MEANING THE POLYNOMIAL MUST HAVE REAL COEFFICIENTS, WHICH GOVERNS THE NATURE OF COMPLEX
ROOTS)

WHY Focus oN THESE COMPONENTS?
(UNDERSTANDING EACH COMPONENT HELPS US BUILD A STEP-BY-STEP APPROACH:

- THE DEGREE (4) INDICATES THE POLYNOMIAL IS A QUARTIC, WHICH HAS FOUR ROOTS (COUNTING MULTIPLICITIES).

- THE zEROS AT 51 AND 31 ARE COMPLEX ROOTS, AND BECAUSE THE COEFFICIENTS ARE REAL, THEIR CONJUGATES MUST ALSO BE
ROOTS.

- THE LEADING COEFFICIENT (3) INFLUENCES THE POLYNOMIAL'S OVERALL SCALE BUT DOES NOT AFFECT THE ROOTS’ POSITIONS.

STeP 1: IDENTIFYING THE RooTs AND THEIR CONJUGATES

SINCE THE POLYNOMIAL HAS REAL COEFFICIENTS, ANY COMPLEX ROOTS MUST COME IN CONJUGATE PAIRS. THIS IS A
FUNDAMENTAL PROPERTY:

- IF A+ BIIS A ROOT, THEN A - BI IS ALSO A ROOT.
- For zerOS AT 51 AND 31, THE CONJUGATES ARE -51 AND -31 RESPECTIVELY.

RooTs SUMMARY:
- GIVEN ROOTS: 51, 31
- CONJUGATE ROOTS: -51, 3|

RooTs LisT:
1. 5
2. -5l
3. 31
4. -3



SINCE THE DEGREE IS 4/ AND ALL FOUR ROOTS ARE ACCOUNTED FOR, THE POLYNOMIAL CAN BE CONSTRUCTED BY COMBINING
THESE ROOTS.

STeP 2: CONSTRUCTING THE PoLYNOMIAL FrRoM RooTs

A PoLYNOMIAL WITHROOTS \(R_1,R_2,R_3,R_4 \) CAN BE EXPRESSED AS:
\[P(x)=a(x-r_1D(x-r_2)(x-r_3)x-r_4)\]

WHERE \( A \) IS THE LEADING COEFFICIENT.

GIVEN THE ROOTS, THE FACTORS ARE:

\[
P(x)=a(x-5)(x+5)(x-3D(x+ 31)
\]

NoTE: WE INCLUDE BOTH ROOTS AND THEIR CONJUGATES TO ENSURE REAL COEFFICIENTS.

STEP 3: SIMPLIFY THE FACTORS USING DIFFERENCE OF SQUARES

RECALL THAT:

\[
(x-B)(x +B1)=x"2+8"2

\]

APPLYING THIS TO EACH PAIR:

-\((x-8D)(x + 8)=x"2+(5)"2=x"2+25)\)
-\((x-3D)(x+3)=x"2+(3)"2=x"2+9))

THIS SIMPLIFIES THE POLYNOMIAL TO:

\[
P(x)=a(X"2+25)(x"2+9)
\]

STEP 4: INCORPORATE THE LEADING COEFFICIENT

THE PROBLEM STATES THAT THE LEADING COEFFICIENT IS 3. SINCE THE CURRENT PRODUCT HAS A LEADING COEFFICIENT OF | (AS
THE FACTORS ARE MONIC QUADRATIC POLYNOMIALS), WE SET:

\[
A=3
\]
THUS, THE POLYNOMIAL IS:

\[
P(x)=3(x"2+25)(x"2+9)
\]



STep 5: EXPAND THE PoLyYNOMIAL

To FIND THE EXPLICIT FORM OF \( P(x) \), EXPAND THE FACTORS:
\[ (X2 +25)(x"2 + 9)\]

APPLYING THE DISTRIBUTIVE PROPERTY:

\[

x*2 \TiMES X2 = x4
\]

\[

x"2 \TIMES 9 = 9x"2
\]

\[

25 \TiMes X2 = 252
\]

\[

25 \TiMes 9 = 225

\]

ADDING THESE:

\[
XM+ X2 + 25xM2 + 225 = x4 + (9x"2 + 25x"2) + 225 = x4 + 34x"2 + 225
\]

Now, MULTIPLY BY 3:

\[
P(x) = 3 \TiMes (x4 + 34x"2 + 225) = 3x™4 + 102x"2 + 675
\]

FINAL PoLYNOMIAL:

\l

\BOXED{

\TexTBF{P(X) = 3x"4 + 102x"2 + 6753
}

\]

THIS POLYNOMIAL HAS:
- DeGree 4
- LEADING COEFFICIENT 3

- Zeros AT \( &1, -51, 31, -31'\)
- REAL COEFFICIENTS

ADDITIONAL INSIGHTS AND CHECKS

VERIFYING THE RooTs:
- SuesTITUTING \( X = 51')):



\l
P(51) = 3(6)"4 + 102(51)"2 + 675
\]

CALCULATE EACH TERM:

\[

(60)"2 =25"2=25(-1)=-25

\]

\[

(504 =[(5)"2]*2 = (-25)"2 = 625
\]

PLUG BACK IN:

\[
P(51) = 3 \TiMes 625 + 102 \TiMes (-25) + 675 =1875- 2550+ 675=0

\]

SIMILARLY, For \( x = 31 \):

\l

(BN"2=-9

\]

\[

(BN"4 =(-9)"2 =181
\]

THEN:

\[
P(3)=3\7TiMes 81 + 102 \1iMes (-9) + 675 =243 -918 + 675=0
\]

THUS, THE ROOTS CHECK OUT.

GRAPHICAL INTERPRETATION:

THE POLYNOMIAL'S GRAPH WILL REFLECT SYMMETRY ABOUT THE Y-AXIS (EVEN FUNCTION), GIVEN THE ONLY EVEN POWERS OF
\( x \). THE ROOTS AT PURELY IMAGINARY POINTS INDICATE THE POLYNOMIAL CROSSES THE X-AXIS AT THESE COMPLEX
CONJUGATE POINTS IN THE COMPLEX PLANE, BUT DOES NOT HAVE REAL ROOTS.

SuUMMARY: CONSTRUCTING THE PoLYNOMIAL STEP-BY-STEP

1. IDENTIFY THE ROOTS: 51 AND 3.

2. DETERMINE CONJUGATE ROOTS: -51 AND -3I.

3. EXPRESS THE POLYNOMIAL AS A PRODUCT OF FACTORS: \( (x - 5D)(x + 5)(x - 3D(x + 31) \).
4. SIMPLIFY USING DIFFERENCE OF SQUARES: \( (X2 + 25)(x"2 + 9) \).

5. INCORPORATE THE LEADING COEFFICIENT: MULTIPLY BY 3.

6. EXPAND TO OBTAIN THE EXPLICIT PoOLYNOMIAL: \( P(x) = 3x™4 + 102x"2 + 675 \).

FINAL THOUGHTS AND BROADER APPLICATIONS

THIS PROBLEM EXEMPLIFIES HOW COMPLEX ROOTS INFLUENCE POLYNOMIAL STRUCTURE, ESPECIALLY UNDER THE CONSTRAINT OF
REAL COEFFICIENTS. THE KEY STEPS INVOLVE RECOGNIZING CONJUGATE PAIRS, LEVERAGING ALGEBRAIC IDENTITIES TO SIMPLIFY,
AND ENSURING THE LEADING COEFFICIENT ALIGNS WITH THE PROBLEM'S SPECIFICATIONS.



IN REAL-WORLD APPLICATIONS, SUCH POLYNOMIALS CAN MODEL SYSTEMS WITH OSCILLATORY OR WAVE-LIKE BEHAVIOR,
WHERE COMPLEX ROOTS CORRESPOND TO OSCILLATIONS, DAMPING, OR RESONANCE PHENOMENA. (UNDERSTANDING HOW TO
CONSTRUCT SUCH POLYNOMIALS IS FUNDAMENTAL IN FIELDS LIKE ENGINEERING, PHYSICS, AND APPLIED MATHEMATICS.

IN CONCLUSION, BY FOLLOWING A SYSTEMATIC APPROACH—IDENTIFYING ROOTS, LEVERAGING CONJUGATE RELATIONSHIPS,
SIMPLIFYING, AND EXPANDING—YOU CAN CONSTRUCT A POLYNOMIAL THAT SATISFIES ALL THE CONDITIONS: DEGREE 4, REAL
COEFFICIENTS, LEADING COEFFICIENT 3/ AND ZEROS AT THE SPECIFIED COMPLEX POINTS.
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