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Introduction

In the study of vector spaces, projections play a vital role in understanding
how vectors relate to subspaces. Specifically, the orthogonal projection of a
vector onto a subspace allows us to decompose vectors into components that
are parallel and perpendicular to that subspace. When working within
Euclidean spaces, the inner product provides a natural and powerful tool for
defining and computing these projections. This article explores how to find
the projections of a given vector onto two subspaces, denoted as \(
\text{Proj}_U v \) and \( \text{Proj}_V v \), where \( U \) and \( V \) are
subspaces of the Euclidean space. Additionally, we will sketch the geometric
visualization of these projections and analyze their relationships.

---

Understanding the Euclidean Inner Product

Definition of the Euclidean Inner Product

The Euclidean inner product (also called the dot product in \(\mathbb{R}^n\))
for vectors \( \mathbf{a}, \mathbf{b} \in \mathbb{R}^n \) is defined as:

\[
\mathbf{a} \cdot \mathbf{b} = a_1b_1 + a_2b_2 + \dots + a_nb_n
\]

This inner product induces notions of length and angle, essential for
defining orthogonality and projections.

Properties of the Inner Product

- Linearity: \( \mathbf{a} \cdot (\mathbf{b} + \mathbf{c}) = \mathbf{a} \cdot
\mathbf{b} + \mathbf{a} \cdot \mathbf{c} \)
- Symmetry: \( \mathbf{a} \cdot \mathbf{b} = \mathbf{b} \cdot \mathbf{a} \)
- Positive-definiteness: \( \mathbf{a} \cdot \mathbf{a} \geq 0 \), with
equality iff \( \mathbf{a} = \mathbf{0} \)

---



Orthogonal Projections in Euclidean Space

Definition of Orthogonal Projection

Given a subspace \( U \subseteq \mathbb{R}^n \) and a vector \( v \in
\mathbb{R}^n \), the orthogonal projection of \( v \) onto \( U \), denoted
as \( \text{Proj}_U v \), is the vector in \( U \) that is closest to \( v
\). It satisfies:

\[
v - \text{Proj}_U v \perp U
\]

meaning the difference \( v - \text{Proj}_U v \) is orthogonal to every
vector in \( U \).

Computing the Projection

The method of computing \( \text{Proj}_U v \) depends on the basis of \( U
\). If \( U \) has an orthonormal basis \( \{ \mathbf{u}_1, \dots,
\mathbf{u}_k \} \), then:

\[
\text{Proj}_U v = \sum_{i=1}^k (\mathbf{v} \cdot \mathbf{u}_i) \mathbf{u}_i
\]

If the basis is not orthonormal, we typically use the Gram-Schmidt process to
orthonormalize it before applying the above formula.

---

Finding Projvu and Projuv

Suppose we are given the vector \( v \in \mathbb{R}^n \) and two subspaces \(
U \) and \( V \). Our goal is to find:

- \( \text{Proj}_U v \)
- \( \text{Proj}_V v \)

Step-by-step Procedure

1. Identify the subspaces \( U \) and \( V \):
These could be spanned by given vectors \( \{ \mathbf{u}_1, \dots,
\mathbf{u}_k \} \) for \( U \), and similarly for \( V \).

2. Orthonormalize the bases:
Use Gram-Schmidt to convert the spanning vectors into orthonormal bases \( \{
\mathbf{u}_i^ \} \) and \( \{ \mathbf{v}_j^ \} \).

3. Compute the projections:
- For \( U \):



\[
\text{Proj}_U v = \sum_{i} (\mathbf{v} \cdot \mathbf{u}_i^) \mathbf{u}_i^
\]
- For \( V \):
\[
\text{Proj}_V v = \sum_{j} (\mathbf{v} \cdot \mathbf{v}_j^) \mathbf{v}_j^
\]

---

Geometric Visualization and Sketching the Graphs

Visual Interpretation in \(\mathbb{R}^2\) or \(\mathbb{R}^3\)

While high-dimensional visualization is complex, in two or three dimensions,
the projections can be visualized as follows:

- Projection onto a line:
The projection of point \( v \) onto a line \( U \) is the foot of the
perpendicular from \( v \) onto \( U \). This point lies on \( U \) and
minimizes the distance \( \|v - \text{Proj}_U v\| \).

- Projection onto a plane:
Similar logic applies, where \( \text{Proj}_V v \) is the closest point in
the plane \( V \) to \( v \).

Sketching the Projections

1. Plot the vector \( v \).
2. Draw the subspace \( U \) (a line or plane).
3. Find the foot of the perpendicular from \( v \) to \( U \); this is \(
\text{Proj}_U v \).
4. Repeat the process for \( V \) to find \( \text{Proj}_V v \).

Analyzing Spatial Relationships

- Angles between projections:
The angles between \( v \), \( \text{Proj}_U v \), and \( \text{Proj}_V v \)
give insight into their relative orientations.

- Difference vectors:
The vectors \( v - \text{Proj}_U v \) and \( v - \text{Proj}_V v \) are
orthogonal to \( U \) and \( V \), respectively.

---

Practical Examples

Example 1: Projection onto a Line in \(\mathbb{R}^2\)

Suppose \( v = (3, 4) \), and \( U \) is the line spanned by \( \mathbf{u} =



(1, 0) \).

- Since \( \mathbf{u} \) is already orthonormal, the projection is:

\[
\text{Proj}_U v = (\mathbf{v} \cdot \mathbf{u}) \mathbf{u} = (3 \times 1 + 4
\times 0) (1, 0) = 3 (1, 0) = (3, 0)
\]

- The vector component orthogonal to \( U \) is \( (0, 4) \).

Example 2: Projection onto a Plane in \(\mathbb{R}^3\)

Suppose \( v = (1, 2, 3) \), and \( V \) is spanned by \( \mathbf{v}_1 = (1,
0, 0) \) and \( \mathbf{v}_2 = (0, 1, 0) \).

- These vectors are orthonormal basis for the xy-plane.
- The projection:

\[
\text{Proj}_V v = (v \cdot v_1) v_1 + (v \cdot v_2) v_2 = (1 \times 1 + 2
\times 0 + 3 \times 0)(1, 0, 0) + (1 \times 0 + 2 \times 1 + 3 \times 0)(0,
1, 0)
\]

\[
= (1)(1, 0, 0) + (2)(0, 1, 0) = (1, 0, 0) + (0, 2, 0) = (1, 2, 0)
\]

- The projection onto the xy-plane effectively "drops" the z-component.

---

Summary and Key Takeaways

- The Euclidean inner product enables straightforward computation of
orthogonal projections.
- To find \( \text{Proj}_U v \) and \( \text{Proj}_V v \), identify bases for
the subspaces, orthonormalize, then compute the sum of scalar products scaled
by basis vectors.
- Visualizing projections involves dropping perpendiculars from the vector \(
v \) onto the subspaces, which can be represented graphically in low
dimensions.
- Projections are fundamental in decomposing vectors, solving least squares
problems, and understanding geometric relationships in Euclidean spaces.

---

Conclusion

Understanding how to find projections onto subspaces using the Euclidean



inner product is foundational in linear algebra and vector calculus. It
allows us to

Frequently Asked Questions

What are Projvu and Projuv in the context of
Euclidean inner product spaces?
Projvu and Projuv are orthogonal projection operators onto the subspaces
spanned by vectors v and u, respectively. They project any vector onto these
subspaces based on the Euclidean inner product, facilitating decompositions
and analyses in vector spaces.

How do you compute the projection of a vector onto
another vector using the Euclidean inner product?
The projection of a vector x onto a vector v is given by: Proj_v(x) = (⟨x, v⟩
/ ⟨v, v⟩) v, where ⟨·,·⟩ denotes the Euclidean inner product. This formula
scales v by the component of x in the direction of v.

What is the difference between Find Projvu and Find
Projuv in projection calculations?
Find Projvu refers to projecting onto the subspace spanned by v (using v as
the direction), while Find Projuv involves projecting onto the subspace
spanned by u. The calculations differ based on which vector's subspace the
projection is onto, and the formulas are similar but with different vectors.

How can you sketch the graphs of Projvu and Projuv
in a 2D Euclidean space?
To sketch Projvu and Projuv, identify the vectors v and u, plot them, and
then draw their projections onto these vectors for a given point x. The
projections will lie along v and u respectively, and the original point x can
be connected to these projections to visualize the decomposition.

Why is the Euclidean inner product important in
finding projections and sketching their graphs?
The Euclidean inner product provides a measure of the component of one vector
in the direction of another, enabling the calculation of orthogonal
projections. It ensures that the projections are perpendicular to the
subspace, which is crucial for accurate graphing and analysis.



Can the projections Projvu and Projuv be combined or
compared? If so, how?
Yes, you can compare Projvu and Projuv by analyzing their effects on a vector
x, examining how different the projected components are, or by studying the
angle between v and u. Combining them involves considering their sum or
difference, which can reveal insights about the subspace structure or vector
decompositions.

Additional Resources
Find Projvu, Find Projuv, And Sketch A Graph Of Both Projvu And Projuv. Use
The Euclidean Inner Product.

The concepts of projections in vector spaces are fundamental to various
fields such as linear algebra, computer graphics, data science, and
engineering. When working within a Euclidean vector space, the notions of
projecting vectors onto subspaces—specifically onto a vector or a
subspace—are essential tools that facilitate understanding the structure of
data, solving systems of equations, and performing dimensionality reduction.
This article delves into the processes of finding projections (denoted as
Proju and Projv), analyzes their properties, and visualizes their effects
through graphical representations, all within the framework of the Euclidean
inner product.

---

Understanding Projections in Euclidean Space

What is a Projection?

In Euclidean space \(\mathbb{R}^n\), a projection refers to the operation of
mapping a vector onto a subspace such that the difference between the
original vector and its image (the projection) is orthogonal to that
subspace. More precisely, for a given vector \( \mathbf{w} \) and a subspace
\( W \), the projection of \( \mathbf{w} \) onto \( W \), denoted \(
\operatorname{Proj}_W(\mathbf{w}) \), is the vector in \( W \) closest to \(
\mathbf{w} \) with respect to the Euclidean norm.

When the subspace \( W \) is spanned by a single vector \( \mathbf{u} \), the
projection simplifies to a scalar multiple of \( \mathbf{u} \). Conversely,
projecting onto a subspace spanned by multiple vectors involves orthogonal
projections onto each component, often leveraging the Gram-Schmidt process
for orthogonalization.



---

Mathematical Foundations of Projection Using
the Euclidean Inner Product

The Euclidean Inner Product

The Euclidean inner product (also called the dot product) in \(\mathbb{R}^n\)
is defined as:

\[
\langle \mathbf{x}, \mathbf{y} \rangle = \sum_{i=1}^n x_i y_i
\]

for vectors \( \mathbf{x} = (x_1, x_2, ..., x_n) \) and \( \mathbf{y} = (y_1,
y_2, ..., y_n) \). This inner product induces the Euclidean norm:

\[
\|\mathbf{x}\| = \sqrt{\langle \mathbf{x}, \mathbf{x} \rangle}
\]

which measures the length of vectors.

Projection of a Vector onto a Single Vector

Given a non-zero vector \( \mathbf{u} \), the projection of a vector \(
\mathbf{w} \) onto \( \mathbf{u} \), denoted \(
\operatorname{Proj}_{\mathbf{u}}(\mathbf{w}) \), is given by:

\[
\boxed{
\operatorname{Proj}_{\mathbf{u}}(\mathbf{w}) = \left( \frac{\langle
\mathbf{w}, \mathbf{u} \rangle}{\langle \mathbf{u}, \mathbf{u} \rangle}
\right) \mathbf{u}
}
\]

This formula ensures that the projection is the closest point in the span of
\( \mathbf{u} \) to the vector \( \mathbf{w} \).

Projection onto a Subspace



For a subspace \( W \) spanned by vectors \( \{\mathbf{u}_1, \mathbf{u}_2,
..., \mathbf{u}_k \} \), the projection of a vector \( \mathbf{w} \) onto \(
W \) involves orthogonal projections onto each basis vector, assuming an
orthogonal basis:

\[
\operatorname{Proj}_W(\mathbf{w}) = \sum_{i=1}^k \left( \frac{\langle
\mathbf{w}, \mathbf{u}_i \rangle}{\langle \mathbf{u}_i, \mathbf{u}_i \rangle}
\right) \mathbf{u}_i
\]

If the basis isn't orthogonal, the process involves orthogonalization (via
Gram-Schmidt) before applying the projection formula.

---

Calculating
\(\operatorname{Proj}_u(\mathbf{w})\) and
\(\operatorname{Proj}_v(\mathbf{w})\)

Suppose we're given vectors \( \mathbf{u} \) and \( \mathbf{v} \), and an
arbitrary vector \( \mathbf{w} \) in \(\mathbb{R}^n\). Our goal is to find:

- \( \operatorname{Proj}_u(\mathbf{w}) \): the projection of \( \mathbf{w} \)
onto \( \mathbf{u} \).
- \( \operatorname{Proj}_v(\mathbf{w}) \): the projection of \( \mathbf{w} \)
onto \( \mathbf{v} \).

Step-by-step procedure:

1. Compute the inner products:
- \( \langle \mathbf{w}, \mathbf{u} \rangle \)
- \( \langle \mathbf{u}, \mathbf{u} \rangle \)
- \( \langle \mathbf{w}, \mathbf{v} \rangle \)
- \( \langle \mathbf{v}, \mathbf{v} \rangle \)

2. Calculate the projections:
- \( \operatorname{Proj}_u(\mathbf{w}) = \left( \frac{\langle \mathbf{w},
\mathbf{u} \rangle}{\langle \mathbf{u}, \mathbf{u} \rangle} \right)
\mathbf{u} \)
- \( \operatorname{Proj}_v(\mathbf{w}) = \left( \frac{\langle \mathbf{w},
\mathbf{v} \rangle}{\langle \mathbf{v}, \mathbf{v} \rangle} \right)
\mathbf{v} \)

3. Interpretation:
- These projections decompose \( \mathbf{w} \) into components parallel to \(
\mathbf{u} \) and \( \mathbf{v} \), which are crucial for understanding how



\( \mathbf{w} \) relates spatially to these directions.

---

Graphical Representation of Projections in 2D
and 3D

Visualizing projections helps build intuition about their geometric
significance. While precise plotting in higher dimensions is challenging, the
concepts are most accessible in two and three dimensions.

Graphing in Two Dimensions

Suppose \( \mathbf{u} \) and \( \mathbf{v} \) are vectors in
\(\mathbb{R}^2\), and \( \mathbf{w} \) is another vector. The steps to sketch
the projections are:

- Draw vectors \( \mathbf{u} \), \( \mathbf{v} \), and \( \mathbf{w} \)
originating from the same point.
- Compute \( \operatorname{Proj}_u(\mathbf{w}) \) and plot it along \(
\mathbf{u} \).
- Similarly, plot \( \operatorname{Proj}_v(\mathbf{w}) \) along \( \mathbf{v}
\).
- The vectors \( \mathbf{w} \), \( \operatorname{Proj}_u(\mathbf{w}) \), and
\( \operatorname{Proj}_v(\mathbf{w}) \) form a geometric structure
illustrating how \( \mathbf{w} \) decomposes relative to the basis vectors.

This visualization clarifies concepts like orthogonality, angles between
vectors, and how projections minimize distances.

Graphing in Three Dimensions

In \(\mathbb{R}^3\), the visualization extends to:

- Plotting the vectors in three-dimensional space.
- Showing the projection vectors as shadows of \( \mathbf{w} \) onto the
subspaces spanned by \( \mathbf{u} \) and \( \mathbf{v} \).
- Demonstrating the orthogonality by drawing the residual vectors orthogonal
to the subspace.

These visualizations reinforce the concept that projections are the closest
points in the subspace to the original vector, and they serve as foundational
tools in understanding least squares solutions and orthogonal decompositions.



---

Applications and Significance of Projections in
Various Fields

Projections are not merely theoretical constructs; they are instrumental in
numerous real-world applications:

- Data Science and Machine Learning: Dimensionality reduction techniques like
Principal Component Analysis (PCA) rely on projections onto principal axes to
simplify datasets.
- Computer Graphics: Rendering and shading computations involve projecting 3D
objects onto 2D screens.
- Signal Processing: Decomposing signals into orthogonal components for noise
reduction and feature extraction.
- Engineering: Structural analysis often involves projecting forces and
displacements onto relevant directions.

In each case, understanding how to compute and visualize projections using
the Euclidean inner product enables practitioners to analyze and interpret
complex systems efficiently.

---
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