FIND THE VoLuMes OF THE SoLips GENERATED By ReVOLVING
THE RegioNs BounDeD BY THE GRAPHS OF THE EQUATIONS

Fino THe VoLUMES OF THE SoLibs GENERATED BY RevoLVING THe ReGions BounDeD By THE GRAPHS OF THE EQUATIONS
IS A FUNDAMENTAL CONCEPT IN CALCULUS THAT COMBINES THE STUDY OF FUNCTIONS, AREAS, AND THREE-DIMENSIONAL SHAPES.
THIS TOPIC IS ESSENTIAL FOR UNDERSTANDING HOW TO DETERMINE THE VOLUME OF SOLID OBJECTS FORMED WHEN A PLANAR
REGION IS ROTATED AROUND A SPECIFIC AXIS. WHETHER YOU'RE A STUDENT PREPARING FOR EXAMS OR A PROFESSIONAL DEALING
WITH VOLUME CALCULATIONS IN ENGINEERING OR PHYSICS, MASTERING THIS CONCEPT IS CRUCIAL. IN THIS COMPREHENSIVE GUIDE,
WE'LL EXPLORE THE METHODS, FORMULAS, AND APPLICATIONS INVOLVED IN CALCULATING THE VOLUMES OF SOLIDS GENERATED
BY REVOLVING REGIONS BOUNDED BY GRAPHS OF EQUATIONS.

UNDERSTANDING THE CONCEPT OF SOLID OF REVOLUTION

WHAT Is A SoLID oF REVOLUTION?

A SOLID OF REVOLUTION IS A THREE-DIMENSIONAL OBJECT OBTAINED BY ROTATING A TWO-DIMENSIONAL REGION AROUND A
SPECIFIED AXIS. FOR EXAMPLE, ROTATING A REGION BOUNDED BY CURVES Y = F(X) AND Y = G(X) ABOUT THE X-AXIS OR Y-
AXIS CREATES A THREE-DIMENSIONAL SHAPE LIKE A CONE, CYLINDER, OR MORE COMPLEX FORMS SUCH AS TOROIDS OR
HEMISPHERES.

WHY AREe SoLibs OF REVOLUTION IMPORTANT?

SOLIDS OF REVOLUTION APPEAR FREQUENTLY IN REAL-WORLD APPLICATIONS, INCLUDING:
- MANUFACTURING (E.G., CREATING BOTTLES, VASES, AND PIPES)

- PHYsics (£.G., CALCULATING MOMENTS OF INERTIA)

- ENGINEERING DESIGN (E.G., ANALYZING COMPONENTS WITH ROTATIONAL SYMMETRY)

- MATHEMATICS (E.G., SOLVING VOLUME PROBLEMS INVOLVING COMPLEX REGIONS)

METHODS FOR FINDING VOLUMES OF SOLIDS OF REVOLUTION

THERE ARE PRIMARILY TWO METHODS USED TO FIND THE VOLUME OF SOLIDS GENERATED BY REVOLVING A REGION BOUNDED BY
CURVES:

- Disk MeTHoD

- SHELL METHOD

EACH METHOD IS SUITABLE FOR DIFFERENT TYPES OF PROBLEMS DEPENDING ON THE AXIS OF ROTATION AND THE SHAPE OF THE
REGION.

Disk MeTHOD

THE DISK METHOD INVOLVES SLICING THE SOLID PERPENDICULAR TO THE AXIS OF REVOLUTION, RESULTING IN A SERIES OF DISKS
(CIRCLES). THE VOLUME IS THEN OBTAINED BY INTEGRATING THE AREA OF THESE DISKS ALONG THE AXIS.

ForMULA (AROUND THE X-AXIS):

\[

V =\, \InT_{a}"{8} [F(x)]"2 DX
\]

WHERE:

- \(F(x)\) IS THE RADIUS OF THE DISK AT POINT X,



- \([A, ]\) IS THE INTERVAL OVER WHICH THE REGION EXTENDS.

\WHEN TO UsE:
- \W/HEN REVOLVING AROUND THE X-AXIS OR Y-AXIS.
- THE REGION IS DESCRIBED AS Y = F(x) (or x = 6(¥)).

SHELL METHOD

THE SHELL METHOD INVOLVES SLICING THE SOLID PARALLEL TO THE AXIS OF REVOLUTION, FORMING CYLINDRICAL SHELLS. THE
VOLUME IS CALCULATED BY INTEGRATING THE LATERAL SURFACE AREA OF THESE SHELLS.

ForMULA (AROUND THE Y-AXIS):

\[

V =2\, \INT_{A}"{8} x \cpoT F(x) bx
\]

WHERE:

- \(x\) IS THE RADIUS OF THE SHELL,
- \(F(x)\) IS THE HEIGHT OF THE SHELL.

\WHEN TO USE:
- \W/HEN REVOLVING AROUND THE Y-AXIS OR OTHER VERTICAL/HORIZONTAL LINES.
- THE REGION IS DESCRIBED AS X = G(Y).

STeP-BY-STEP PROCESS FOR CALCULATING VOLUMES

TO ACCURATELY DETERMINE THE VOLUME OF A SOLID OF REVOLUTION, FOLLOW THESE STEPS!

1. IDENTIFY THE REGION

- SKETCH THE REGION BOUNDED BY THE GIVEN CURVES.
- DETERMINE THE POINTS OF INTERSECTION TO FIND LIMITS OF INTEGRATION.

2. CHooOSE THE AXIS OF REVOLUTION

- DECIDE WHETHER THE REGION IS REVOLVED ABOUT THE X=AXIS, Y-AXIS, OR ANY OTHER LINE.
- THE CHOICE INFLUENCES THE METHOD AND FORMULA USED.

3. DECIDE ON THE METHOD

- USE THE DISK METHOD IF THE SLICES ARE PERPENDICULAR TO THE AXIS.
- USE THE SHELL METHOD IF THE SLICES ARE PARALLEL TO THE AXIS.

4. SET UP THE INTEGRAL

- WRITE THE INTEGRAL BASED ON THE CHOSEN METHOD.
- EXPRESS THE RADIUS OR HEIGHT IN TERMS OF THE VARIABLE OF INTEGRATION.

5. COMPUTE THE INTEGRAL

- EVALUATE THE INTEGRAL ANALYTICALLY.



- CHECK FOR POSSIBLE SIMPLIFICATIONS OR SUBSTITUTIONS.

6. INTERPRET THE RESULT

- ENSURE THE VOLUME MAKES SENSE IN CONTEXT.
- CONSIDER UNITS AND PHYSICAL MEANING.

ExAMPLES oF CALCULATING VOLUMES

ExAMPLE 1: REVOLVING A REGION ABOUT THE X-AXIS
SUPPOSE THE REGION BOUNDED BY Y = ><2 AND Y = 4 IS REVOLVED ABOUT THE X-AXIS.
SOLUTION:

- THE INTERSECTION POINTS ARE AT X = -2 AND X = 2 (SINCE X2 = 4).
- USING THE DISK METHOD:

\[

V =\, \InT_{-23"{23 [4]"2 - [x"2]"2 DX

\]

- SIMPLIFY AND EVALUATE:

\[

V = \pi \InT_{-23"{23 (16 - x*4) bx

\]

CALCULATION:

\[

V = \pi \LerT[ 16X - \rRAC{X"5}{5}\ricHT]_{-23"{2}
\]

- PLuG INLIMITS:

\[

V = \pi \LerT[(16 \TiMes 2) - \rrac{(2)"53}{5]} - (16 \TiMes -2) + \rrac{(-2)"53{5}\rIGHT]
\]

\[

V = \pi \LerT[32 - \rrRAC{32}{53} + 32 - \rrac{-32}{5}\riGHT] = \PI \LerT[32 - \FrAC{32}{5} + 32 +
\FrrAC{323}{5}\rIGHT]

\]

- COMBINE:

\[

V =\pi (64 + 0) = 64\pi

\]

Tre voLume I1s \(64\pi1\) cusic UNITS.

ExAMPLE 2: REVOLVING A REGION ABOUT THE Y-AXIS USING SHELL METHOD

CONSIDER THE REGION BETWEEN Y = X AND Y = O/ FROM X = 0 To X = 4. REVOLVE AROUND THE Y-AXIS.

SOLUTION:

- THE HEIGHT OF EACH SHELL:
\[

F(x) = \sqrT{x}

\]

- SHELL RADIUS:

\[

X



\]

- THE VOLUME:

\[

V =2\, \INT_{0}"{4} x \cpoT \sq@rT{x} ox = 2\pi \InT_{03"{4} x*{3/23} bx
\]

- INTEGRATE:

\[

V = 2\pi \LerT[\rrAc{2}{5} x*{5/2}\riGHT]_0"4

\]

- EVALUATE:

\[

V = 2\pi \Times \rrac{2}{5} \TimMes (4)*{5/2}

\]

- SIMPLIFY:

\[

~{5/23 = ()™23 \1imes (4)M1/2} =16 \TiMes 2 = 32

\]

- FINAL VOLUME:

\[

V = 2\pi \1imes \rrac{2}{5} \TiMes 32 = \rrac{4\rPi}{53 \TiMes 32 = \rrac{128\PI}{5}
\]

THe voLuMe I1s \(\rrac{128\rP1I{53\) cugic UNITS.

APPLICATIONS AND REAL-\Y ORLD EXAMPLES

CALCULATING THE VOLUME OF SOLIDS OF REVOLUTION IS NOT MERELY AN ACADEMIC EXERCISE, IT HAS NUMEROUS PRACTICAL
APPLICATIONS:

¢ MANUFACTURING: DESIGNING OBJECTS LIKE BOTTLES, GLASSES, OR MECHANICAL PARTS WITH ROTATIONAL SYMMETRY.

® ARCHITECTURE: CREATING DOMES, ARCHES, AND OTHER CURVED STRUCTURES.

® MEDICINE: MODELING BIOLOGICAL STRUCTURES SUCH AS BLOOD VESSELS OR ORGANS FOR IMAGING AND SURGICAL
PLANNING.

o PHysics: CALCULATING MOMENTS OF INERTIA FOR ROTATIONAL BODIES.

o ENVIRONMENTAL SCIENCE: ESTIMATING VOLUMES OF NATURAL FORMATIONS LIKE LAKES OR GLACIERS BASED ON CROSS-
SECTIONAL DATA.

Key TAKEAWAYS AND TIPS

- ALWAYS SKETCH THE REGION AND IDENTIFY THE BOUNDARIES CLEARLY.

- DETERMINE THE POINTS OF INTERSECTION TO SET ACCURATE LIMITS OF INTEGRATION.

- CHOOSE THE METHOD (DISK OR SHELL) BASED ON THE AXIS OF REVOLUTION AND THE SHAPE OF THE REGION.
- EXPRESS THE RADIUS OR HEIGHT IN TERMS OF THE VARIABLE OF INTEGRATION.

- SIMPLIFY THE INTEGRAL BEFORE EVALUATION TO FACILITATE CALCULATION.

- DOUBLE-CHECK UNITS AND INTERPRETATIONS OF THE RESULTING VOLUME.



CoNcCLUSION

(UNDERSTANDING HOW TO FIND THE VOLUMES OF SOLIDS GENERATED BY REVOLVING REGIONS BOUNDED BY GRAPHS OF
EQUATIONS IS A VITAL SKILL IN CALCULUS, WITH BROAD APPLICATIONS ACROSS VARIOUS FIELDS. BY MASTERING THE DISK AND
SHELL METHODS, ANALYZING THE REGION CAREFULLY, AND SETTING UP ACCURATE INTEGRALS, YOU CAN CONFIDENTLY SOLVE
COMPLEX VOLUME PROBLEMS. PRACTICE WITH DIFFERENT FUNCTIONS AND AXES OF ROTATION WILL DEEPEN YOUR
UNDERSTANDING AND IMPROVE YOUR PROBLEM-SOLVING SKILLS. \W/HETHER YOU'RE DESIGNING PHYSICAL OBJECTS, ANALYZING
NATURAL PHENOMENA , OR EXPLORING MATHEMATICAL CONCEPTS, THESE TECHNIQUES FORM A CORNERSTONE OF INTEGRAL
CALCULUS AND THREE-DIMENSIONAL ANALYSIS.

FREQUENTLY AskeD QUESTIONS

How DO | DETERMINE THE VOLUME OF A SOLID GENERATED BY REVOLVING A REGION
AROUND A SPECIFIC AXIS?

To FIND THE VOLUME, IDENTIFY THE REGION BOUNDED BY THE GIVEN GRAPHS, CHOOSE THE APPROPRIATE METHOD (\X/ASHER, DISK
OR SHELL), SET UP THE INTEGRAL BASED ON THE AXIS OF REVOLUTION, AND EVALUATE IT ACCORDINGLY.

’

\WHAT IS THE DIFFERENCE BETWEEN THE DISK/ \WASHER METHOD AND THE SHELL METHOD
IN VOLUME CALCULATIONS?

THE DISK/\)VASHER METHOD INVOLVES INTEGRATING CROSS-SECTIONAL AREAS PERPENDICULAR TO THE AXIS OF REVOLUTION,
WHILE THE SHELL METHOD INVOLVES INTEGRATING CYLINDRICAL SHELLS PARALLEL TO THE AXIS. THE CHOICE DEPENDS ON THE
REGION’S SHAPE AND THE AXIS OF REVOLUTION FOR SIMPLICITY AND EFFICIENCY.

How po | DECIDE WHETHER TO USE THE DISK/ WASHER METHOD OR THE SHELL METHOD?

CONSIDER THE REGION'S ORIENTATION AND THE AXIS OF REVOLUTION. USE THE DISK/WASHER METHOD WHEN SLICES
PERPENDICULAR TO THE AXIS ARE EASIER TO EVALUATE, AND THE SHELL METHOD WHEN SHELLS PARALLEL TO THE AXIS SIMPLIFY
THE INTEGRAL, ESPECIALLY FOR REVOLUTIONS AROUND VERTICAL OR HORIZONTAL AXES.

\W/HAT ARE THE STEPS TO SET UP AN INTEGRAL FOR FINDING THE VOLUME OF A
REVOLVED REGION?

STEP 1: SKETCH THE REGION AND IDENTIFY THE BOUNDED AREA. STEP 2: DECIDE ON THE AXIS OF REVOLUTION. STEP 3: CHOOSE
THE APPROPRIATE METHOD (DISK/WASHER OR SHELL). STEP 4: EXPRESS THE RADIUS AND HEIGHT IN TERMS OF VARIABLES. STEP
5: WRITE THE INTEGRAL FOR THE VOLUME AND EVALUATE.

CAN | FIND THE VOLUME OF A SOLID GENERATED BY REVOLVING TWO DIFFERENT REGIONS
USING THE SAME METHOD?

YES, BUT YOU NEED TO SET UP SEPARATE INTEGRALS FOR EACH REGION AND THEN SUM OR SUBTRACT THEIR VOLUMES AS
NECESSARY, DEPENDING ON WHETHER THE REGIONS ARE OVERLAPPING OR ADJACENT.

\WHAT ARE COMMON PITFALLS WHEN CALCULATING VOLUMES OF SOLIDS OF
REVOLUTION?

COMMON MISTAKES INCLUDE INCORRECT LIMITS OF INTEGRATION, CHOOSING THE WRONG METHOD FOR THE GIVEN PROBLEM,
MISCALCULATING THE RADIUS OR HEIGHT FUNCTIONS, AND FORGETTING TO ACCOUNT FOR THE SHAPE OF THE CROSS-SECTIONS
OR THE PROPER ORIENTATION AROUND THE AXIS.



How DOES SYMMETRY HELP IN SIMPLIFYING VOLUME CALCULATIONS FOR SOLIDS OF
REVOLUTION?

SYMMETRY CAN REDUCE THE COMPLEXITY OF THE INTEGRAL BY ALLOWING YOU TO CALCULATE THE VOLUME OF A PART OF THE
REGION AND THEN MULTIPLY BY THE NUMBER OF SYMMETRIC PARTS, OR BY CHOOSING AN AXIS OF REVOLUTION THAT EXPLOITS
THE SYMMETRY TO SIMPLIFY THE INTEGRAL SETUP.

ARE THERE ONLINE TOOLS OR SOFTWARE THAT CAN HELP ME COMPUTE VOLUMES OF
SOLIDS GENERATED BY REVOLUTION?

YES, MANY GRAPHING CALCULATORS, COMPUTER ALGEBRA SYSTEMS (SUCH AS \WOLFRAMALPHA, GEOGEBRA, OR DESMOS),
AND MATHEMATICAL SOFTWARE LIKE MATLAB OR MATHEMATICA CAN ASSIST IN SETTING UP AND EVALUATING THESE
INTEGRALS EFFICIENTLY.

ADDITIONAL RESOURCES

V OLUMES OF SoLIDS GENERATED BY REVOLVING REGIONS BOUNDED BY GRAPHS OF EQUATIONS

W/HEN IT COMES TO UNDERSTANDING THREE-DIMENSIONAL OBJECTS IN CALCULUS, ONE OF THE MOST FASCINATING AND ELEGANT
METHODS INVOLVES REVOLVING A TWO-DIMENSIONAL REGION AROUND A SPECIFIED AXIS. THIS PROCESS RESULTS IN THE
FORMATION OF A SOLID, WHOSE VOLUME CAN OFTEN BE CALCULATED WITH A COMBINATION OF GEOMETRIC INTUITION AND
INTEGRAL CALCULUS. THIS ARTICLE DELVES DEEP INTO THE METHODOLOGY, TECHNIQUES, AND PRACTICAL CONSIDERATIONS FOR
DETERMINING THE VOLUMES OF SUCH SOLIDS, ESPECIALLY THOSE GENERATED BY REVOLVING REGIONS BOUNDED BY THE GRAPHS
OF EQUATIONS.

UNDERSTANDING THE CONCEPT; FROM REGIONS TO SoLIbs

BEFORE EXPLORING THE CALCULATION TECHNIQUES, IT IS CRUCIAL TO UNDERSTAND WHAT IT MEANS TO REVOLVE A REGION
BOUNDED BY CURVES.

REVOLVING A REGION INVOLVES TAKING A PLANAR AREA ENCLOSED BY ONE OR MORE CURVES AND ROTATING IT AROUND A LINE
(USUALLY THE X-AXIS, Y-AXIS, OR ANOTHER LINE). THE REVOLUTION GENERATES A THREE-DIMENSIONAL SOLID OBJECT. THE
MAIN CHALLENGE LIES IN ACCURATELY DETERMINING THE VOLUME OF THIS COMPLEX SHAPE, WHICH OFTEN CANNOT BE
STRAIGHTFORW ARDLY MEASURED BY SIMPLE GEOMETRIC FORMULAS.

Key ELEMENTS:
- BoUNDING CURVES: FUNCTIONS OR EQUATIONS THAT DEFINE THE LIMITS OF THE REGION.

- REvoLUTION AXIs: THE LINE ABOUT WHICH THE REGION IS ROTATED.
- ENCLOSED REGION: THE AREA BOUNDED BETWEEN THE CURVES AND THE AXES OR LINES.

MATHEMATICAL FOUNDATIONS AND TECHNIQUES

CALCULATING THE VOLUME OF A SOLID OF REVOLUTION RELIES HEAVILY ON INTEGRAL CALCULUS, SPECIFICALLY THE USE OF THE
DISK METHOD, W ASHER METHOD, AND CYLINDER METHOD. (UNDERSTANDING WHEN AND HOW TO USE EACH IS ESSENTIAL FOR
ACCURATE COMPUTATION.



THe Disk METHOD

DESCRIPTION:

THE DISK METHOD IS APPLICABLE WHEN THE REGION IS REVOLVED AROUND AN AXIS, AND THE CROSS-SECTIONS PERPENDICULAR
TO THE AXIS ARE DISkS (CIRCLES). T IS IDEAL WHEN THE REGION IS BOUNDED ON ONE SIDE BY A CURVE AND THE OTHER BY THE
AXIS OF REVOLUTION.

ForMULA:
IF\Cy =r(x) \) 1s continuous on \([A, 8]\), AND THE REGION BETWEEN \( ¥ = 0 \) AnD \( ¥ = F(x) \) IS REVOLVED
ABOUT THE X-AXIS, THEN THE VoLUME \( V \) 1s:

\[
V =\, \INT_{a}*{B} [[(x)]"2 \, DX
\]

APPLICATION STEPS:

1. IDENTIFY THE REGION AND THE AXIS OF REVOLUTION.

2. EXPRESS THE BOUNDARY FUNCTIONS THAT DEFINE THE REGION.

3. DETERMINE THE LIMITS OF INTEGRATION BASED ON THE INTERSECTION POINTS OF THE CURVES.
4. SET UP THE INTEGRAL USING THE FORMULA FOR THE VOLUME OF DISKS.

5. COMPUTE THE INTEGRAL TO FIND THE VOLUME.

THe W ASHER METHOD

DESCRIPTION:
\W/HEN THE REGION IS BOUNDED BETWEEN TWo CURVES \( ¥ = F(x) \) anD \( ¥ = G(x) \), AND REVOLVED AROUND AN AXIS,
THE RESULTING SOLID OFTEN HAS A HOLLOW CENTER, RESEMBLING A WASHER OR ANNULUS.

FORMULA:

\[
V =\, \INT_{a}"{8} \LerT[ (R_{ouTer})"2 - (R_{iINnNEr})"2 \RIGHT] DX
\]

\WHERE:

- \(R_{outer} \) anD \( R_{INNER} \) ARE THE DISTANCES FROM THE AXIS OF REVOLUTION TO THE OUTER AND INNER
BOUNDARY CURVES, RESPECTIVELY.

APPLICATION STEPS:

1. IDENTIFY THE CURVES AND THEIR POSITIONS RELATIVE TO THE AXIS.

2. DETERMINE THE LIMITS OF INTEGRATION BASED ON THE INTERSECTION POINTS.

3. CALCULATE THE OUTER AND INNER RADII AS FUNCTIONS OF THE VARIABLE OF INTEGRATION.
4. SET UP THE INTEGRAL WITH THE DIFFERENCE OF SQUARED RADII.

5. EVALUATE THE INTEGRAL FOR THE VOLUME.

THE SHELL MeTHOD (CYLINDRICAL SHELLS)

DESCRIPTION:

AN ALTERNATIVE APPROACH, ESPECIALLY EFFECTIVE WHEN REVOLVING AROUND VERTICAL OR HORIZONTAL LINES, INVOLVES
MODELING THE VOLUME AS A SUM OF CYLINDRICAL SHELLS. THIS IS PARTICULARLY USEFUL WHEN INTEGRATING WITH RESPECT TO
THE VARIABLE PERPENDICULAR TO THE AXIS OF REVOLUTION.



FORMULA:

\[

V = 2\pi \inT_{a}"{8} \TexT{(rADIUS)} \TiMES \TEXT{(HEIGHT)} \, DX

\]

OR, FOR FUNCTIONS \( ¥ = F(x) \):

\[
V = 2\pi \INnT_{a}"{8} x \cpoT r(x) \, X
\]

APPLICATION STEPS:

1. IDENTIFY THE REGION AND THE AXIS OF REVOLUTION.

2. DETERMINE THE RADIUS OF EACH SHELL (DISTANCE FROM THE AXIS).

3. DETERMINE THE HEIGHT OF EACH SHELL (EXTENT OF THE REGION IN THE PERPENDICULAR DIRECTION).
4. SET UP THE INTEGRAL SUMMING ALL SHELLS.

5. COMPUTE THE INTEGRAL FOR THE VOLUME.

STeP-BY-STEP ExAMPLE: CALCULATING A VOLUME OF REVOLUTION

SuPPOSE:
You HAVE THE FUNCTIONS \( ¥ = x"2 \) anD \( ¥ = 4 \), wiTH THE ReGion BoUNDED BETWEEN \( x=0 \) anD \( x=2\).
YOU WANT TO FIND THE VOLUME OF THE SOLID GENERATED WHEN THIS REGION IS REVOLVED ABOUT THE X-AXIS.

STeP 1: VISUALIZE THE REGION
The pARABOLA \( ¥ = X2 \) anp THE LINE \( Y=4 \) encLosE A reGIoN FrRoM \( x=0\) To \( x=2 \).

STEP 2: DETERMINE THE METHOD
BECAUSE THE REGION IS BOUNDED ABOVE BY \( Y=4 \) AnD BELOW BY \( Y=X"2 \), AND WE'RE REVOLVING ABOUT THE X~
AXIS, THE WASHER METHOD IS APPROPRIATE.

S1ep 3: FIND THE RADII
- OuTer rADIUS (\( R_{ouTer} \)) corresponps To \( v=4 ), so \(R_{ouTer} = 4 \).
- Inner RADIUS (\( R_{inner} \)) corresponps To \( v=x"2 \), so \(R_{inner} = x"2 \).

STEP 4: SET UP THE INTEGRAL

\[

V = \pi \INT_{03"{23 \LerT[ (R_{ouTer})"2 - (R_{inner})"*2 \ricHT] DX = \p1 \INnT_{0}"{2} (472 - x"4) bx = \PI
\inT_{03*{23 (16 - x"4) bx

\]

STeP 5: CALCULATE THE INTEGRAL

\[

V = \pi \LerT[ 16X - \FrrAC{X"5}{ 5} \RIGHT] 072 = \pI \LerT( 16 \TiMes 2 - \rrac{2"53}{5} \riGHT) = \PI \LerT( 32
- \rrAC{32}{5} \ricHT) = \PI \LerT( \FrAC{1603}{5} - \rrac{323}{5} \riGHT) = \PI \TiMes \rrac{1283}{5} =
\rrac{128 \pPi}{53}

\]

RESULT:
Tre voLuMe of THE soLD I1s \( \soxep{\rrac{128 \riI}{5}} \) cusic uNITS.



PrACTICAL CONSIDERATIONS AND TIPS

CALCULATING VOLUMES OF SOLIDS GENERATED BY REVOLUTIONS INVOLVES CAREFUL ANALYSIS AND PRECISE SETUP. HERE ARE
SOME PRACTICAL TIPS:

- IDENTIFY THE AXIS OF REVOLUTION EARLY, AS THIS INFLUENCES THE CHOICE OF METHOD.

- SKETCH THE REGION AND THE RESULTING SOLID WHENEVER POSSIBLE TO VISUALIZE THE PROBLEM.

- DETERMINE INTERSECTION POINTS OF THE BOUNDING CURVES ACCURATELY TO ESTABLISH LIMITS.

- CHOOSE THE MOST EFFICIENT METHOD:

- USE THE DISK/\X/ASHER METHOD FOR AXES ALIGNED WITH THE COORDINATE AXES.

- USE THE SHELL METHOD WHEN REVOLVING AROUND LINES PARALLEL TO THE AXIS OR WHEN FUNCTIONS ARE EXPRESSED
CONVENIENTLY IN THE VARIABLE OF INTEGRATION.

- SIMPLIFY INTEGRALS BY SUBSTITUTION OR ALGEBRAIC MANIPULATION TO FACILITATE CALCULATION.

- CHECK THE BOUNDS FOR POTENTIAL OVERLAPS OR GAPS IN THE REGION.

ADVANCED ToPICS AND APPLICATIONS

BEYOND BASIC FUNCTIONS, THE METHODS EXTEND TO MORE COMPLEX SCENARIOS!

- REVOLVING REGIONS BOUNDED BY MULTIPLE CURVES, REQUIRING PIECEWISE INTEGRATION.

- SOLIDS WITH NON-UNIFORM CROSS-SECTIONS, INVOLVING MORE COMPLICATED INTEGRALS.

- APPLICATIONS IN ENGINEERING AND PHYSICS, SUCH AS CALCULATING THE VOLUME OF OBJECTS WITH ROTATIONAL SYMMETRY,
DESIGNING COMPONENTS LIKE TANKS AND PIPES, OR MODELING BIOLOGICAL STRUCTURES.

IN APPLIED SCIENCES, UNDERSTANDING THE VOLUME GENERATED BY SUCH REVOLUTIONS IS ESSENTIAL FOR:

- MATERIAL ESTIMATION IN MANUFACTURING.
- FLuip DYNAMICS, SUCH AS CALCULATING THE VOLUME OF TANKS OR RESERVOIRS.
- 3D MODELING AND COMPUTER GRAPHICS, WHERE ACCURATE VOLUME CALCULATIONS INFLUENCE RENDERING AND DESIGN.

CoNcCLUSION

THE PROCESS OF FINDING THE VOLUME OF SOLIDS GENERATED BY REVOLVING BOUNDED REGIONS DEFINED BY EQUATIONS IS A
CORNERSTONE OF INTEGRAL CALCULUS WITH BOTH THEORETICAL ELEGANCE AND PRACTICAL UTILITY. MASTERY OF THE DISK,
W ASHER, AND SHELL METHODS ALLOWS MATHEMATICIANS, ENGINEERS, AND SCIENTISTS TO ANALYZE AND DESIGN COMPLEX
SHAPES WITH PRECISION AND CONFIDENCE. W/ ITH A SOLID GRASP OF THESE TECHNIQUES, ONE CAN NOT ONLY SOLVE TEXTBOOK
PROBLEMS BUT ALSO TACKLE REAL-WORLD CHALLENGES INVOLVING THE CREATION AND ANALYSIS OF THREE-DIMENSIONAL
OBJECTS.

W/HETHER YOU'RE A STUDENT ENHANCING YOUR CALCULUS TOOLKIT OR A PROFESSIONAL APPLYING THESE PRINCIPLES IN

INNOVATIVE WAYS, UNDERSTANDING THESE METHODS IS INDISPENSABLE FOR NAVIGATING THE FASCINATING WORLD OF VOLUMES
OF REVOLUTION.
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