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Understanding the principles of rotation matrices in three-dimensional space
is fundamental in fields such as robotics, computer graphics, aerospace
engineering, and physics. In this article, we will explore how to perform a
simple rotation about the Y-axis, specifically for an angle of 20 degrees,
and how to apply this to a position vector B = {1, 0, 1} T. By the end of
this guide, you will understand the mathematical formulation, perform the
calculations step-by-step, and see practical demonstrations of the process.

Basics of Rotation About the Y Axis

What Is a Rotation in 3D Space?

A rotation in three-dimensional space involves turning an object or a point
around a specified axis by a given angle. These rotations preserve the shape
and size of the object but change its orientation.

Rotation Axes and Their Matrices

In 3D coordinate systems, rotations are often performed about the three
principal axes:

e X-axis
e Y-axis

e 7-axis

Each axis has a corresponding rotation matrix. Our focus here is on rotation
about the Y-axis, which is commonly used to simulate horizontal turning or
yaw movements.

Rotation Matrix About the Y Axis



Mathematical Formulation

The standard rotation matrix for an angle 6 (in degrees or radians) about the
Y-axis 1is:

\[ R _y(\theta) = \begin{bmatrix}

\cos \theta & 0 & \sin \theta \\

0&1&0\\

-\sin \theta & 0 & \cos \theta
\end{bmatrix} \]

This matrix, when multiplied by a position vector, rotates the point around
the Y-axis by the angle 6.

Converting Degrees to Radians

Since trigonometric functions in most mathematical tools and programming
languages use radians, convert degrees to radians:

\[ \theta {radians} = \theta {degrees} \times \frac{\pi}{180} \1]
For 6 = 20 degrees:

\[ \theta {radians} = 20 \times \frac{\pi}{180} = \frac{\pi}{9} \approx
0.3491 \text{ radians} \]

Step-by-Step Calculation of A P

Given Data

e Rotation angle, 6 = 20°

e Position vector, B = {1, 0, 1} T

Compute Rotation Matrix for 6 = 20°

Using the formulas:

\ [
\cos 20™\circ \approx 0.9397, \quad \sin 20™\circ \approx 0.3420
\1]

The rotation matrix becomes:

\[



R y(20™\circ) = \begin{bmatrix}
0.9397 & 0 & 0.3420 \\

0 &1 & 0 \\

-0.3420 & 0 & 0.9397
\end{bmatrix}

\1

Apply the Rotation Matrix to Vector B
The rotated vector, A P, is obtained via matrix multiplication:
\ [

A P =R y(20™\circ) \times B
\1]

Expressed as:

\ [
A P x
\1

(0.9397) (1) + (0)(0) + (0.3420)(1) = 0.9397 + 0 + 0.3420 = 1.2817

\ [
APy

\1]

(0)(1) + (1)(0) + (0)(1) =0 +0 +0 =0

\ [
AP z
\]

(-0.3420) (1) + (0)(0) + (0.9397)(1) = -0.3420 + 0 + 0.9397 = 0.5977

Thus, the new position vector after rotation is:

\ [

\boxed{

A P =1\{1.2817, \, 0, \, 0.5977\}
}

\1]

Practical Demonstration and Applications

Implementation in Programming Languages

This calculation can be implemented in Python, MATLAB, or other programming
languages. For example, in Python:

" python
import math

Define the angle in degrees and convert to radians



theta deg = 20
theta rad = math.radians(theta deg)

Define the rotation matrix about Y axis

Ry =1

[math.cos(theta rad), 0, math.sin(theta rad)],
[0, 1, O],

[-math.sin(theta rad), 0, math.cos(theta rad)]
]

Define the vector B
B=1[1, 0, 1]

Perform matrix multiplication

AP x =R y[0][0]B[0] + R_y[0][1]B[1] + R y[8][2]B[2]
APy =R y[1][0]B[@] + R_y[1][1]B[1] + R_y[1][2]B[2]
AP z =R y[2][0]B[@] + R y[2][1]B[1] + R_y[2][2]B[2]

AP=[APX, APy, AP 7]
print("Rotated Vector A P:", A P)

This code outputs the same rotated vector, confirming the manual
calculations.

Applications in Robotics and Computer Graphics

- Robotics: Adjusting the orientation of robotic arms or mobile robots
- Computer Graphics: Rotating objects within a 3D scene
- Aerospace Engineering: Simulating spacecraft or aircraft maneuvering

Summary and Key Takeaways

e Rotation about the Y-axis is achieved using a specific rotation matrix
involving sine and cosine of the angle.

e Converting degrees to radians is essential for accurate calculations in
most programming environments.

e Applying the rotation matrix to a vector involves matrix multiplication,
resulting in a new position vector with rotated coordinates.

e This process is fundamental in multiple engineering and graphics
applications, enabling precise control over object orientation.



Conclusion

Performing a simple rotation about the Y-axis involves understanding the
rotation matrix, converting angles appropriately, and applying matrix
multiplication to the vector of interest. In our example, rotating the vector
B=4{1, 0, 1} by 20° yields the new position A P = {1.2817, 0, 0.5977}.
Mastery of these concepts enables professionals and students alike to
manipulate objects and coordinate systems effectively in three-dimensional
space.

If you'd like to explore further, consider experimenting with different
angles or axes, or implementing these calculations within programming
environments for real-time applications.

Frequently Asked Questions

What is the significance of the rotation matrix
about the Y-axis for a vector in 3D space?

The rotation matrix about the Y-axis transforms a vector by rotating it
around the Y-axis by a specified angle, enabling the study of object
orientation and movement in 3D space.

Given a rotation angle of 20 degrees about the Y-
axis, how do you construct the rotation matrix for
this transformation?

The rotation matrix about the Y-axis for an angle 6 (in radians) is Ry =
[[cosB, O, sinB], [0, 1, O], [-sin6, O, cosB]]. For 6=20°, convert to radians
(n/9) and substitute into the matrix.

How do you convert the given rotation angle from
degrees to radians for the calculation?

Multiply the degree value by m/180. For 20°, the radians are 20 x m/180 = n/9
= 0.349 radians.

What is the initial position vector P before
rotation?

The initial vector P is given as [1, 0, 1], representing coordinates in 3D
space.



How do you calculate the rotated vector AP using the
rotation matrix and initial vector P?

Multiply the rotation matrix R y by the vector P: AP = R y x P. Perform
matrix-vector multiplication to obtain the rotated coordinates.

Can you demonstrate the calculation of AP step-by-
step for the given data?

Yes. First, compute cos(20°) = 0.94 and sin(20°) = 0.34. Then, construct R y:
[[0.94, 0, 0.34], [0, 1, O], [-0.34, 0, 0.94]]. Multiply Ry by P=[1,0,1]:

AP x=0.94x1 + 0x0 + 0.34x1=1.28

AP y=0x1 + 1x0 + 0x1=0

AP _z=-0.34x1 + 0x0 + 0.94x1=0.60.

Thus, AP = [1.28, 0, 0.60].

What is the physical interpretation of the
calculated vector AP after rotation?

The vector AP represents the position of point P after being rotated 20
degrees about the Y-axis, showing its new coordinates in 3D space.

How does the rotation about the Y-axis affect the
original vector P in terms of coordinate
transformation?

The rotation primarily changes the X and Z coordinates according to the
rotation angle, while the Y coordinate remains unchanged, effectively
rotating the point around the Y-axis.

In practical applications, where might such a
rotation calculation be used?

This calculation is used in computer graphics, robotics, aerospace
engineering, and any field that involves orientation transformations and 3D
modeling.

Additional Resources

For a simple rotation about the Y-axis only, for 6 = 20° and B = {1, 0, 1}°T,
calculate A P; demonstrate is a fundamental problem in linear algebra and 3D
transformations. This type of rotation plays a crucial role in computer
graphics, robotics, aerospace engineering, and many other fields where
understanding the orientation and movement of objects in three-dimensional
space is essential. In this article, we'll explore step-by-step how to
perform such a rotation, develop the necessary mathematical tools, and



demonstrate the process with concrete calculations.

Introduction to Rotation About the Y-Axis

Before diving into calculations, let's clarify what it means to rotate a
point or vector about the Y-axis:

- Rotation about the Y-axis involves turning a point in space around the
vertical axis (Y-axis).

- The rotation is characterized by an angle, 6, which indicates how far the
point moves along its circular path.

- The rotation preserves the Y-coordinate and alters the X and Z coordinates
accordingly.

Why focus on the Y-axis?

The Y-axis is often chosen because it typically represents the vertical
direction in many coordinate systems, such as in 3D modeling environments or
physics simulations. Understanding rotations about this axis simplifies many
transformations, especially when combined with other rotations.

Mathematical Foundations
Rotation Matrix About the Y-Axis

The rotation matrix for an angle 6 (in degrees or radians) about the Y-axis
is a fundamental tool. It transforms a point P in space into a new position A
P after rotation.

The standard rotation matrix about the Y-axis in 3D space is:

\ [

R y(\theta) = \begin{bmatrix}
\cos \theta & 0 & \sin \theta \\
0&1&0\\

-\sin \theta & 0 & \cos \theta
\end{bmatrix}

\1

Key points:

- The matrix is orthogonal, meaning its transpose is its inverse.
- It preserves distances and angles — a property called isometry.

Converting Degrees to Radians

Since most trigonometric functions in programming and calculations use



radians, convert the angle:

\ [

\theta = 20"™\circ = \frac{20 \pi}{180} = \frac{\pi}{9} \text{ radians}
\1

Numerically:

\ [

\theta \approx 0.3491 \text{ radians}
\1]

The Point to Rotate

Given the point:

\ [
P = \begin{bmatrix} 1 \\ 0 \\ 1 \end{bmatrix}

\1]

which is specified as B = {1, 0, 1}"T.

Step-by-Step Calculation of the Rotation
1. Calculate the Rotation Matrix Components
Compute:

- \(\cos \theta\)
- \(\sin \theta\)

Using \(\theta \approx 0.3491\):

\ [
\cos \theta \approx \cos(0.3491) \approx 0.9397
\1]
\ [
\sin \theta \approx \sin(0.3491) \approx 0.3420
\1]

2. Write Down the Rotation Matrix

\ [

R y(20™\circ) = \begin{bmatrix}
0.9397 & 0 & 0.3420 \\

0 &1 & 0 \\

-0.3420 & 0 & 0.9397
\end{bmatrix}

\1]



3. Multiply the Rotation Matrix by the Point

To find A P, perform matrix-vector multiplication:

A P = R y(\theta) \times P

P = \begin{bmatrix}

.9397 & 0 & 0.3420 \\
&1 & 0 \\

-0.3420 & 0 & 0.9397

\end{bmatrix}

\begin{bmatrix}

1\\ 0\\1

\end{bmatrix}

\1

Calculations:
- X-component:

\ [
0.9397 \times 1 + O \times 0 + 0.3420 \times 1 = 0.9397 + 0 + 0.3420 = 1.2817

\1]

- Y-component:

\ [
O \times 1 + 1 \times O + O \times 1 =0

\1]

- Z-component:

\ [
-0.3420 \times 1 + 0 \times 0 + 0.9397 \times 1 = -0.3420 + 0 + 0.9397 =
0.5977

\]

4, Final Rotated Point

\ [
A P \approx \begin{bmatrix} 1.2817 \\ 0 \\ 0.5977 \end{bmatrix}

\]

Thus, the point (1, 0, 1) rotated about the Y-axis by 20° yields
approximately (1.2817, 0, 0.5977).



Visualizing the Rotation

Understanding the mathematical procedure is crucial, but visual intuition
helps solidify the concept.

- Initial point: Located at (1, 0, 1), in the X-Z plane.

- Rotation effect: The point moves along a circular arc centered on the Y-
axis.

- Post-rotation position: It remains at the same height (Y=0), but its X and
Z coordinates change according to the rotation.

This movement can be visualized as the tip of the vector tracing a circle
with radius \(\sqrt{172 + 172} = \sqrt{2} \approx 1.414\).

Demonstration with a Practical Example

Suppose you are working with a 3D modeling software or programming
environment like Python with NumPy. Here's how you might implement this
calculation:

" python
import numpy as np

Convert degrees to radians
theta deg 20
theta rad = np.deg2rad(theta deg)

Define the rotation matrix about Y-axis
Ry = np.array([

[np.cos(theta rad), 0, np.sin(theta rad)],
[0, 1, O],

[-np.sin(theta rad), 0, np.cos(theta rad)]
1)

Original point P
P = np.array([1, 0, 1])

Calculate rotated point
A P = np.dot(Ry, P)
print("Rotated Point:", A P)

Executing this code should output approximately:

Rotated Point: [1.2817 0. 0.5977]



This confirms our manual calculation and demonstrates how to perform such
transformations programmatically.

Extending the Analysis
Other Rotations and Combining Transformations

While this article focuses on rotation about the Y-axis, real-world
applications often involve multiple rotations:

- Rotation matrices about multiple axes combined through matrix
multiplication.
- Sequential rotations to achieve complex orientations.

Rotation About Arbitrary Axes

Beyond the simple Y-axis rotation, more advanced techniques involve using
Rodrigues' rotation formula for rotations about any arbitrary axis.

Transformation in Homogeneous Coordinates

In computer graphics, transformations are often represented in 4x4 matrices
with homogeneous coordinates to facilitate translation, scaling, and rotation
in a unified framework.

Summary and Key Takeaways

- The rotation matrix about the Y-axis is essential for rotating points in 3D
space.

- To rotate a point P = {1, 0, 1} by 20°, first convert the angle to radians.
- Use the rotation matrix to multiply and find the new position of the point.
- The resulting coordinates demonstrate how the point moves along a circular

arc in the X-Z plane, with the Y-coordinate unchanged.

- This process is foundational in many fields, including graphics, robotics,

and physics simulations.

Final Thoughts

Understanding how to perform simple rotations around coordinate axes is a
crucial step in mastering 3D transformations. Whether you're designing a
game, analyzing robotic arms, or simulating physical systems, grasping these
fundamental operations allows you to manipulate and interpret spatial data
effectively. The example provided here not only demonstrates the calculation
but also imparts insight into the geometric intuition behind rotations,
empowering you to tackle more complex transformation problems with



confidence.
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