For The Function Given Below, Find A
Formula For The Riemann Sum Obtained
By Dividing The Interwval [a, b]

Understanding the Riemann Sum and Its
Significance in Calculus

For The Function Given Below, Find A Formula For The Riemann Sum Obtained By
Dividing The Interval [a,b]. The Riemann sum is a fundamental concept in
calculus that provides a way to approximate the area under a curve. It serves
as a building block for defining the definite integral, allowing
mathematicians and students to understand the accumulation of quantities such
as area, volume, or total change over a specified interval.

In this article, we will explore the process of deriving a formula for the
Riemann sum for a given function over an interval [a, b]. We will analyze the
general approach, examine specific examples, and discuss how the Riemann sum
relates to the definite integral. Whether you're a student preparing for
calculus exams or a researcher interested in numerical methods, understanding
how to formulate Riemann sums 1is essential.

Basics of Riemann Sums

What Is a Riemann Sum?

A Riemann sum approximates the area under a function's curve between two
points, a and b, by dividing the interval into smaller subintervals,
calculating the sum of the areas of rectangles over these subintervals. The
general idea involves the following steps:

e Partition the interval [a, b] into n subintervals.
e Choose a sample point within each subinterval.
e Calculate the function value at each sample point.

e Multiply each function value by the width of its corresponding
subinterval.

e Sum all these products to obtain the Riemann sum.



Mathematical Definition of a Riemann Sum

Suppose the interval [a, b] is divided into n subintervals with points:

\ [
a =x0< x 1< x 2 < \dots < x.n=>,

\1
and the width of the ith subinterval is:

\ [
\Delta x_i = x_i - x_{i-1}

\]

Let \( c_i \) be a sample point in the ith subinterval \([x_{i-1}, x_il\).
The Riemann sum S is then:

S = \sum_{1i=1}"{n} f(c_1) \Delta x_1

Depending on the choice of \( c_i \), the sum can be a left Riemann sum,
right Riemann sum, or midpoint sum, each offering different approximations.

Formulating the Riemann Sum for a General
Function

Step-by-Step Derivation

To derive a formula for the Riemann sum over the interval [a, b], follow
these steps:

1. Determine the number of subintervals, n.

2. Calculate the width of each subinterval, \(\Delta x = \frac{b - a}{n}\),
assuming uniform partitioning.

3. Identify the sample point \( c_i \) in each subinterval. Common choices
include:

o Left endpoint: \( c_i = x_{i-1} \)
o Right endpoint: \( c_i = x_1i \)

o Midpoint: \( c_i = \frac{x_{i-1} + x_i}{2} \)

4. Express \( c_i \) as a function of i and the partition points.



5. Substitute \( c_i \) and \ (\Delta x\) into the sum formula.

6. Simplify the sum to obtain a general formula in terms of a, b, n, and
the specific choice of \( c_i \).

Example: Uniform Partition with Sample Points at Left
Endpoints

Suppose we partition [a, b] into n equal parts and choose the left endpoints
as sample points:

c_ 1= x_{i-1} = a + (i-1) \Delta x

where:

\ [
\Delta x = \frac{b - a}{n}
\1

Then, the Riemann sum becomes:

\ [
S_{left} = \sum_{i=1}"n flleft(a + (i-1) \Delta x\right) \Delta x
\1

which simplifies to:

\ [
S_{left} = \Delta x \sum_{i=1}"n flleft(a + (i-1) \Delta x\right)
\]

General Formula for the Riemann Sum

Uniform Partition with Arbitrary Sample Points

When the interval [a, b] is divided into n equal parts, and the sample points
\( c_1i \) are chosen systematically, the Riemann sum formula becomes:

S = \Delta x \sum_{i=1}"n f(c_1i)

where \ (\Delta x = \frac{b - a}{n}\) and the \( c_i \) depend on the specific
sampling method:



e Left Endpoint: \( c_i = a + (i-1) \Delta x \)
e Right Endpoint: \( c_i = a + i \Delta x \)

e Midpoint: \( c_i1 = a + \left (i - \frac{1l}{2}\right) \Delta x \)

Non-Uniform Partitions

For non-uniform partitions, where the subinterval lengths wvary, the sum
becomes:

S = \sum_{i=1}"n f(c_1i) \Delta x_1

with each \(\Delta x_i = x_1 - x_{i-1}\), and the points \( c_i \) chosen
within each subinterval. The general formula adapts accordingly.

Applying the Formula to Specific Functions

Example 1: Linear Function \ (f£(x) = x\)

Suppose we want to find the Riemann sum for \(f(x) = x\) over [a, b] with n
subintervals, using left endpoints:

\ [
S_{left} = \Delta x \sum_{i=1}"n \left[a + (i - 1) \Delta x\right]
\]

Calculating the sum:

\ [

S _{left} = \Delta x \left[ \sum_{i=1}"n a + \sum_{i=1}"n (i - 1) \Delta x
\right]

\1

which simplifies to:

\ [
S_{left} = \Delta x \left[ n a + \Delta x \frac{(n-1) n}{2} \right]
\1

Substituting \ (\Delta x = \frac{b - a}{n}\), the sum becomes a function of a,
b, and n, providing an explicit formula for the Riemann sum.



Example 2: Quadratic Function \ (f(x) = x*2\)

Using similar steps, the Riemann sum can be expressed as:

\ [
S_{left} = \Delta x \sum_{i=1}"n \left[a + (i-1) \Delta x\right]~"2
\1

Expanding the square and summing yields a formula that approximates the
integral of \(x"2\) over [a, b].

Limit of Riemann Sums and Connection to
Definite Integrals

From Riemann Sum to Integral

The ultimate goal of Riemann sums is to evaluate the definite integral:

\ [
\int_a"b f(x) dx
\]

which is defined as the limit of the Riemann sum as n approaches infinity:

\ [
\lim_{n \to \infty} S_n = \int_a”b f(x) dx
\1

Importance of the Limit Process

e Ensures the approximation becomes exact in the limit.

e Links the geometric notion of area to the analytical definition of the
integral.

e Allows for numerical approximation of complex integrals.

Numerical Methods Based on Riemann Sums



Applications in Numerical Integration

Riemann sums

Frequently Asked Questions

What is the general approach to finding a formula for
a Riemann sum over the interwval [a, b]?

The general approach involves dividing the interval [a, b] into n
subintervals, calculating the function's value at specific points within each
subinterval (such as left, right, or midpoints), and then summing these
values multiplied by the subinterval width Ax.

How do you determine the width Ax of each subinterval
when dividing [a, b] into n parts?

The width Ax is calculated as (b - a) divided by n, so Ax = (b - a)/n.

What is the formula for the Riemann sum using right
endpoints for the interval [a, b]?

Using right endpoints, the Riemann sum is given by R_n = Z_{i=1}"{n} f(a +
iAx) Ax, where Ax = (b - a)/n.

How does the choice of sample points (left, right,
midpoints) affect the formula for the Riemann sum?

The choice of sample points determines which function values are used in the
sum: left endpoints use f(a + (i-1)Ax), right endpoints use f(a + iAx), and
midpoints use f(a + (i - 0.5)Ax). This affects the specific formula for each
Riemann sum variation.

Can you provide a general formula for the Riemann sum
when dividing [a, b] into n equal parts?
Yes, the general formula is R_n = Z_{i=1}"{n} f(a + iAx) Ax, with Ax = (b -

a)/n. The specific points of evaluation depend on whether you use left,
right, or midpoint rules.

Why is understanding the formula for the Riemann sum
important in calculus?
Understanding the Riemann sum formula is essential because it is the

foundation for defining the definite integral, allowing us to approximate
areas under curves and analyze accumulation functions mathematically.



Additional Resources

For The Function Given Below, Find A Formula For The Riemann Sum Obtained By
Dividing The Interval [a,Db]

Understanding the concept of Riemann sums is fundamental in calculus,
especially when it comes to approximating the area under a curve. Whether
you're a student diving into the world of integrals or a professional
applying calculus in real-world scenarios, grasping how to derive a formula
for Riemann sums is essential. This article aims to demystify this process by
providing a detailed, step-by-step explanation of how to find a Riemann sum
formula for a given function over a specified interval [a, Db].

The Significance of Riemann Sums in Calculus

Before diving into the derivation process, it's important to understand why
Riemann sums are so pivotal in calculus. They serve as the foundational
building blocks for defining the definite integral, which represents the
exact area under a curve.

Key points:

- Approximation of Area: Riemann sums approximate the area under a curve by
dividing the interval into smaller segments and summing the areas of
rectangles over each segment.

— Limit Process: As the width of these segments approaches zero, the Riemann
sum approaches the exact value of the integral.

— Versatility: They can be adapted with different types of sample points
(left, right, midpoints) to improve approximation accuracy.

Setting Up the Problem: The Interval and Partition

Suppose we are given a function \(f(x)\) defined on the interval \([a, Dbl\).
To approximate the area under the curve, we first partition this interval
into \(n\) subintervals.

Step 1: Dividing the Interval

- Partition points: \(a = x_0 < x_1 < x_2 < \dots < x_n = b\)
- Subintervals: \([x_0, x_ 1], [x_1, x_2], \dots, [x_{n-1}, x_n]l\)

Step 2: Determining the Width of Each Subinterval

The width (\ (\Delta x\)) of each subinterval is generally taken as uniform
for simplicity:

\ [
\Delta x = \frac{b - al{n}
\1

This division creates equally spaced segments, but the method extends to
unequal partitions with more complex calculations.



Choosing Sample Points: Left, Right, or Midpoint

The core of the Riemann sum depends on where within each subinterval we
evaluate the function \(f(x)\):

- Left Riemann Sum: Use the left endpoint \(x_{i-1}\) of each subinterval.
- Right Riemann Sum: Use the right endpoint \ (x_1i\).
— Midpoint Riemann Sum: Use the midpoint \ (\frac{x_{i-1} + x_1i}{2}\).

Each choice influences the approximation's accuracy and convergence, with
midpoints often providing better estimates for smooth functions.

Deriving the General Formula for the Riemann Sum

To create a general formula, consider the following:

— The width of each subinterval is \ (\Delta x\).

- The sample point in the \ (i\)-th subinterval is \(x_i"\), which depends on
the chosen method.

- The value of the function at this point is \(f(x_i")\).

The Riemann sum \ (R_n\) is then:

R.n = \sum_{i=1}"n f£(x_1") \Delta x

Let's explore this formula's specifics for each common sampling method.

Explicit Formulas Based on Sample Point Choice

1. Left Riemann Sum

- Sample points: \(x_{i-1}\)

- Formula:

\ [

L n = \sum_{i=1}"n f(x_{i-1}) \Delta x
\1

— In terms of partition points:

\ [
L_.n = \sum_{i=1}"n fl\left(a + (i-1)\Delta x\right) \Delta x
\]

This sum uses the function's value at the left endpoints, which often
underestimates the area if \(f\) 1is increasing, or overestimates if
decreasing.

2. Right Riemann Sum

- Sample points: \(x_1i\)
- Formula:



\ [
R.n = \sum_{i=1}"n f(x_1) \Delta x
\1

— In terms of partition points:

\ [
R.n = \sum_{i=1}"n fl\left(a + i\Delta x\right) \Delta x

\]

This approach tends to overestimate or underestimate based on the function's
monotonicity.

3. Midpoint Riemann Sum

- Sample points: \(x_i" = \frac{x_{i-1} + x_1i}{2}\)
- Formula:

\ [
M_n = \sum_{i=1}"n fl\left (\frac{x_{i-1} + x_i}{2}\right) \Delta x
\]

— In terms of partition points:

\ [

M_n = \sum_{i=1}"n fl\left(a + \left(i - \frac{l1}{2}\right)\Delta x\right)
\Delta x

\1

Midpoint sums often provide better approximations, especially for smooth
functions.

Applying the Formula to a Specific Function

To illustrate, suppose the function is \(f(x) = x"2\), and we want to find
the Riemann sum over \([a, b]\).

Step 1: Partition the interval

\ [

x_0 = a, \quad x_1 = a + \Delta x, \quad x_2 = a + 2\Delta x, \quad \dots,
\quad x_n = b

\]

where

\ [
\Delta x = \frac{b - al{n}
\1

Step 2: Write the sum based on the sample point choice
— Left sum:
\ [

L_n = \sum_{i=1}"n \left[a + (i-1)\Delta x\right]”2 \Delta x
\1



— Right sum:

\ [
R.n = \sum_{i=1}"n \left[a + i\Delta x\right]”"2 \Delta x
\]

— Midpoint sum:

\ [

M_n = \sum_{i=1}"n \left[a + \left (i - \frac{l1l}{2}\right)\Delta x\right]"2
\Delta x

\1

Calculating these sums explicitly involves expanding the squared terms and
summing powers of \(i\), which can be simplified using known formulas for
sums of powers.

Practical Implications and Convergence

Once the general formulas are established, the next step involves analyzing
the behavior as \(n \to \infty\):

\ [
\lim_{n \to \infty} R_n = \int_a”b f(x) dx
\1

The Riemann sum thus forms the basis for the integral's definition. The
choice of sample points affects the approximation's accuracy, but all these
sums converge to the same value in the limit, provided \(f(x)\) 1is integrable

on \([a, bI\).

Summary: From Partition to Formula
To encapsulate the entire process:

1. Divide the interval \([a, b]\) into \(n\) equal parts, each with width

\ (\Delta x = (b - a)/n\).

2. Select your sample points within each subinterval based on the Riemann sum
type (left, right, midpoint).

3. Evaluate the function at these sample points.

4. Sum the products of function values and \ (\Delta x\):

\ [

\boxed{

\text{Riemann Sum} = \sum_{i=1}"n f(x_1i") \Delta x
}

\1

This formula allows for systematic approximation of the area under the curve,

and as \(n\) increases, the approximation improves, converging to the exact
integral.

Final Reflections: The Power of Riemann Sums



The ability to derive a formula for Riemann sums is not just a mathematical
exercise but a gateway to understanding how calculus bridges the finite with
the infinite. Whether approximating areas, calculating probabilities, or
analyzing real-world data, the principles laid out here underpin countless
applications across science, engineering, economics, and beyond. By mastering
the derivation and application of these formulas, one gains a deeper
appreciation of the elegance and utility of calculus—and the powerful concept
of limits that transforms sums into integrals.
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