GrRAPH ON THE SAME AxEes: Y =x"2-4 AND Y=4-x"2.
WRITE AN EQUATION FOR THE PART OF THE GRAPH W/ HICH
|s ABOVE

GRAPH ON THE SAME Axes: Y =x"*2 -4 ANb Y = 4 - x*2. WRITE AN EQUATION FOr THE PART OF THE GRAPH WHICH Is
ABOVE

UNDERSTANDING HOW TO ANALYZE AND INTERPRET GRAPHS OF FUNCTIONS IS A FUNDAMENTAL SKILL IN MATHEMATICS. \W/HEN
TWO FUNCTIONS ARE GRAPHED ON THE SAME AXES, IT ALLOWS US TO EXPLORE THEIR INTERSECTIONS, RELATIVE POSITIONS,
AND THE REGIONS WHERE ONE GRAPH LIES ABOVE OR BELOW THE OTHER. [N THIS ARTICLE, WE FOCUS ON THE SPECIFIC PAIR OF
FUNCTIONS: Y = x"2 -4 aAND Y = 4 - X2, AND HOW TO WRITE AN EQUATION FOR THE PART OF THE GRAPH WHICH IS ABOVE
THE OTHER. THIS EXPLORATION INVOLVES GRAPHING THE FUNCTIONS, FINDING THEIR POINTS OF INTERSECTION, AND DETERMINING
THE REGIONS WHERE ONE GRAPH SURPASSES THE OTHER.

UNDERSTANDING THE FUNCTIONS: Y = X2 -4 AND Y =4 - X2

Basic CHARACTERISTICSOF Y =x*2 -4

- THIS IS A PARABOLA OPENING UPWARDS BECAUSE THE COEFFICIENT OF \(x"2\) IS POSITIVE.
- THE VERTEX OF THIS PARABOLA IS AT THE POINT \((0, =4)\), WHICH IS THE MINIMUM POINT.
- THE PARABOLA INTERSECTS THE Y-aXxIs AT \(-4\).

- IT IS SYMMETRIC WITH RESPECT TO THE Y-AXIS.

Basic CHARACTERISTICSOF Y =4 - x*2

- THIS IS A PARABOLA OPENING DOWNWARDS SINCE THE COEFFICIENT OF \(X"2\) IS NEGATIVE.
- THe VERTEX OF THIS PARABOLA IS AT \((0, 4)\), WHICH IS THE MAXIMUM POINT.

- |T INTERSECTS THE Y-AXIS AT 4.

- |T IS SYMMETRIC ABOUT THE Y-AXIS AS WELL.

GRAPHING THE FUNCTIONS ON THE SAME AXES

VISUALIZING THE GRAPHS HELPS IN UNDERSTANDING THEIR RELATIVE POSITIONS AND POINTS OF INTERSECTION.

ProtTing Y =Xx*2 -4

- THE PARABOLA OPENS UPWARD.
- KEY POINTS INCLUDE:

- VerTex AT (0, -4)

- Points AT (1,-3), (-1, -3)

- Points AT (2, 0), (-2, 0)

- Points AT (3, 5), (-3, 5)

PLOTTING Y =4 - x"2

- THE PARABOLA OPENS DOWNW ARD.



- KEY POINTS INCLUDE:

- VerTex AT (0, 4)

- Points aT (1, 3), (-1, 3)

- PoinTs AT (2, 0), (-2, 0)

- Points AT (3, -5), (-3, -5)

POINTS OF INTERSECTION

TO FIND WHERE THE GRAPHS INTERSECT, SET THE FUNCTIONS EQUAL:
\[x*2-4=4-%x"2\]

SoLvE For \(x\):
\[

x 2 -4=4-%x"2
\]

\[
x"2+x"2=4+4
\]

\[

2x"2 =18

\]

\[

x"2=4

\]

\[

x =\pM 2

\]

CALCULATE THE CORRESPONDING \(¥\)-VALUES:
- AT \(x = 2\):

\[

Y=(2)"2-4=4-4=0

\]

- AT \(x =-2\):

\[

Y=(-2)"2-4=4-4=0

\]

THEREFORE, THE POINTS OF INTERSECTION ARE \((2, 0)\) anp \((-2, O)\).

DETERMINING WHICH GRAPH |s ABOVE THE OTHER

TO WRITE AN EQUATION FOR THE PART OF THE GRAPH WHICH IS ABOVE, WE NEED TO ANALYZE THE REGIONS BETWEEN THE
POINTS OF INTERSECTION.

INTERVAL ANALYSIS

- BeTween \(x = -\iNFTY\) anp \(-2)):

- TesT A POINT, sAY \(x = -3\):

-\(Y_1=(-3)"2-4=9-4=5))

-\(Y_2=4-(-3)"2=4-9=-5\)

- Since \(Y_1>Y_2\), THe FIrsT GRAPH, \(Y = x"2 - 4\), 1s aove \(Y = 4 - x*2\).

- BeTween \(-2\) anp \(2\):
- TesT \(x = 0\):



“\(Y_1=0-4=-4\)
Y 2=4-0=4))
-SINce \(Y_2 > Y_1\), \(Y =4 - x"2\) 1s asove \(Y = x"2 - 4)).

- BeTween \(2\) ano \(+\INFTY\):

- Test \(x = 3\):
-\(Y_1=9-4=5))
-\(Y_2=4-9=-5\)

-\(Y_1\) 1s acain asove \(Y_2\).

WRITING THE EQUATION FOR THE PART OF THE GRAPH W/HICH IS ABOVE

BASED ON THE INTERVAL ANALYSIS, THE TWO FUNCTIONS SWITCH WHICH ONE IS ON TOP AT THE POINTS OF INTERSECTION.

- For \(x < -2\):
-\(Y =x"2 - 4\) 1s ABOVE.
- EQuaTion: \(Y = x"2 - 4\)

-For \(-2 < x < 2\):
-\(Y =4 -x"2\) Is ABOVE.
- EQuaTion: \(Y =4 - x*2\)

- For \(x > 2\):
-\(Y =x"2 - 4\) 1s ABOVE.
- EQuaTion: \(Y = x"2 - 4\)

THEREFORE, THE EQUATIONS DESCRIBING THE PARTS OF THE GRAPHS WHICH ARE ABOVE THE OTHER ARE:

\[

Y =

\BeGIN{CASES}

X2 -4, x<-2\\
4-x"2,§-2<x<2\\

X"2-4,§x>2
\eno{cases}
\]

ALTERNATIVELY, IF YOU WANT A SINGLE EQUATION WITH A PIECEWISE DEFINITION:

W/RITE AN EQUATION FOR THE PART OF THE GRAPH WHICH IS ABOVE AS:

\[

Y =

\eecin{cAsEs}

x"2 -4, & x<-2\quap \TexT{or} \Quap x > 2 \\
4-x"2,q-2\LeQ x \LEQ 2

\eno{cases}

\]

SUMMARY

GRAPHING THE FUNCTIONS \(Y = x"2 - 4\) ano \(Y =4 - x"2\) ON THE SAME AXES REVEALS THEIR INTERSECTION POINTS
AT \((\pM 2, 0)\). THe ParABOLA \(Y = x"2 - 4\) 1s ABovE \(Y = 4 - x"2\) ouTsioe THE INTERVAL \([-2, 2]\), wHILE
\(Y =4 -x"2\) 15 AovE WITHIN \([-2, 2]\). THE PIECEWISE FUNCTIONS ABOVE PROVIDE A CLEAR EQUATION FOR THE
REGIONS WHERE EACH GRAPH IS ON TOP, ESSENTIAL FOR UNDERSTANDING THE SHAPE AND RELATIVE POSITIONING OF THESE
PARABOLAE. THIS APPROACH IS FUNDAMENTAL IN ANALYZING INTERSECTIONS AND RELATIVE POSITIONS OF FUNCTIONS IN



COORDINATE GEOMETRY.

FREQUENTLY ASkeD QUESTIONS

WHAT ARE THE EQUATIONS OF THE GRAPHS PLOTTED ON THE SAME AXES?

THE EQUATIONS AREY = X2 -4 AND Y = 4 - X2

How DO THESE TWO PARABOLAS INTERSECT ON THE COORDINATE PLANE?

THEY INTERSECT WHERE X2 - 4 = 4 - X2, WHICH SIMPLIFIES TO 2x2 = 8, S0 X = +2. THE POINTS OF INTERSECTION ARE AT (2,
0) anp (-2, 0).

\YW/HICH PARTS OF THE GRAPHS ARE ABOVE THE OTHER?

THE REGIONS WHERE Y = X? - 4 IS ABOVE Y = 4 - X? ARE BETWEEN THE POINTS OF INTERSECTION, SPECIFICALLY FOR X
BETWEEN -2 AND 2, WHERE X? - 4 > 4 - X2,

How Do YOU FIND THE PORTION OF THE GRAPH THAT IS ABOVE THE OTHER?

SETY=x%-4 ANDY =4 - X2 THEN FIND WHERE X2 - 4 > 4 - x? WHICH SIMPLIFIES TO X2 > 2.
/7 /!

\WHAT IS THE INEQUALITY REPRESENTING THE PART OF THE GRAPH ABOVE THE OTHER?

THE PART OF THE GRAPH ABOVE IS WHERE X% > 2, ILE., FOR X < -[}] 2 0r X > [] 2.

CAN YOU WRITE THE EQUATION FOR THE REGION OF THE GRAPH THAT IS ABOVE THE
OTHER?

YES, THE REGION OF THE GRAPH ABOVE IS BOUNDED BY THE INEQUALITIES ¥ > 4 - X2 AND FOR X IN THE INTERVAL (-] , -F] 2)

® 2,8 )

\WHAT IS THE SHAPE OF THE REGION WHERE Y = X2 - 4 IS ABOVE Y = 4 - X%

[T IS THE AREA BETWEEN THE TWO PARABOLAS FOR X LESS THAN ‘ 2 AND GREATER THAN 2, WHERE X2 > 2.

How DO THE GRAPHS RELATE TO EACH OTHER AT THE POINTS OF INTERSECTION?

AT X = +2, THE GRAPHS INTERSECT AND HAVE THE SAME Y-VALUE (Y=0). FOR X BETWEEN -2 AND 2, Y = X? - 4 IS BELOW Y
=4 - x2, AND OUTSIDE THIS INTERVAL, Y = X2 - 4 1S ABOVE ¥ = 4 - X2,

\WHAT IS THE EQUATION OF THE COMBINED GRAPH FOR THE PART THAT IS ABOVE?

THE COMBINED REGION WHERE ¥ = X2 - 4 1S ABOVE Y = 4 - X2 IS WHERE X? > 2, SO THE INEQUALITY Y > 4 - x2 HOLDS FOR X
<] 20rx>[F 2.

CAN YOU PROVIDE A COMPLETE DESCRIPTION OF THE REGION ABOVE IN TERMS OF
INEQUALITIES?

YES, THE PART OF THE GRAPH ABOVE Y = 4 - x? IS DESCRIBED BY THE INFQUALITIES: Y > 4 - x2wiTH x ] (B ,-B 2)F @ 2,

B ).



ADDITIONAL RESOURCES
GRAPH ON THE SAME AXES: Y =x?-4 A0 Y =4 - x?

INTRODUCTION

IN THE REALM OF ALGEBRA AND GRAPHING, THE VISUALIZATION OF FUNCTIONS PROVIDES VITAL INSIGHTS INTO THEIR BEHAVIOR,
INTERSECTIONS, AND OVERALL STRUCTURE. AMONG SUCH FUNCTIONS, QUADRATIC EQUATIONS HOLD A CENTRAL PLACE DUE TO
THEIR PARABOLIC SHAPES AND THE RICH GEOMETRIC AND ALGEBRAIC PROPERTIES THEY EXHIBIT. W/HEN TWO QUADRATIC
FUNCTIONS ARE GRAPHED ON THE SAME AXES, THEY OFTEN REVEAL INTRIGUING INTERSECTIONS AND SYMMETRIES, INVITING DEEPER
ANALYSIS.

THIS ARTICLE DELVES INTO THE DETAILED EXAMINATION OF THE COMBINED GRAPH OF THE FUNCTIONS:

-\My=x"2-4)\)
-\(y=4-%x"2\)

THE FOCUS IS ON UNDERSTANDING THE REGIONS WHERE THESE GRAPHS LIE RELATIVE TO EACH OTHER, PARTICULARLY IDENTIFYING
AND DERIVING THE EQUATION FOR THE PART OF THE GRAPH THAT LIES ABOVE THE OTHER. THIS INVESTIGATION NOT ONLY
CLARIFIES THE GEOMETRIC RELATIONSHIP BETWEEN THESE FUNCTIONS BUT ALSO ENHANCES COMPREHENSION OF QUADRATIC
INEQUALITIES, INTERSECTIONS, AND THE DERIVATION OF EQUATIONS DESCRIBING SPECIFIC REGIONS.

FOUNDATIONS OF THE FUNCTIONS

THE PARABOLAS: AN OVERVIEW

THE TWO FUNCTIONS IN QUESTION ARE QUADRATIC:
1.\(vy=x"2-41\)

- |T IS A PARABOLA OPENING UPW ARD.

- VerTex AT \( (0, -4) \).

- AxIs of sYMMETRY IS THE Y-axIs (\( x=0\)).
2.\(vy=4-x"2\)

- |T IS A PARABOLA OPENING DOWNW ARD.

- VerTex AT \( (0, 4) ).

- AXIS OF SYMMETRY IS ALSO THE Y-axIs (\( x=0\)).

THESE FUNCTIONS ARE SYMMETRIC WITH RESPECT TO THE Y-AXIS, WHICH SIMPLIFIES THE ANALYSIS OF THEIR INTERSECTION
POINTS AND THE REGIONS \WHERE ONE GRAPH LIES ABOVE THE OTHER.

BAsic PROPERTIES AND SYMMETRIES

GIVEN THEIR STANDARD FORMS, BOTH FUNCTIONS ARE CENTERED AT THE SAME AXIS OF SYMMETRY, WHICH IMPLIES SYMMETRY
ABOUT THE Y-AXIS. THE INTERSECTION POINTS HAPPEN \WHERE:

\[
x 2 -4=4-%x"2
\]

REARRANGED TO FIND THE INTERSECTION POINTS:

\l



x 2 -4=4-%x"2
\]

\[

x 2+ x"2=4+4
\]

\[

2x"2 =8

\]

\[

x"2 =4

\]

\[

x =\pM 2

\]

THE CORRESPONDING Y-VALUES ARE OBTAINED BY SUBSTITUTING \( X = \pM 2 \):

\[
v=(2)"2-4=4-4=0
\]

OR

\[
v=4-(2)"2=4-4=0
\]

THUS, THE GRAPHS INTERSECT AT \( (2, 0) \) ano \( (-2, 0) \).

GRAPHICAL ANALYSIS AND REGION IDENTIFICATION
VISUALIZING THE PARABOLAS
PLOTTING THESE FUNCTIONS REVEALS:

- THE UPWARD OPENING PARABOLA \( Y = X2 - 4 \) DIPS BELOW THE X-AXIS, REACHING ITS MINIMUM AT \( (0, -4) \). IT
INTERSECTS THE X-AXIs AT \( x =\pm 2 \).

- THE DOWNW ARD OPENING PARABOLA \( ¥ = 4 - x"2 \) ReacHES ITS MAXIMUM AT \( (0, 4) \), CROSSING THE X-AXIS AT

\(x=\pm2\).

THe Two PARABOLAS INTERSECT AT \( (\PM 2, 0) \), AND THEIR SHAPES ARE MIRROR IMAGES WITH RESPECT TO THE Y-AXIS.
REGIONS OF INTEREST

THE KEY REGIONS ARE:

- RecioN A: WHEre \( Y =x"2 -4 \) s aove \( Yy =4 - x"2\).

- Reglon B: WHere \( ¥ = 4 - x*2 \) 1s agove \( ¥ = x"2 - 4 )).

SINCE THE GRAPHS ARE SYMMETRIC, THE ANALYSIS CAN FOCUS ON ONE SIDE AND THEN GENERALIZE.

DETERMINING W/ HICH GRAPH Is ABOVE THE OTHER



ToO ESTABLISH WHERE ONE GRAPH LIES ABOVE THE OTHER, CONSIDER THE DIFFERENCE:

\[
DIX)=(x"2-4)-(4-x"2)=x"2-4-4+x"2=2x"2-8
\]

SIMPLIFY:

\[
D(x)=2x"2-8
\]

- WHen \(D(x) > 0 \), THe GRAPH \( ¥ = x"2 - 4 \) 15 aBOVE \( ¥ = 4 - x"2)).
- WHen \( D(x) < O \), THE OPPOSITE IS TRUE.

SeT \(D(x) =0 \) To FIND THE BOUNDARY POINTS:

\[
2x"2-8=0
\]

\[

x"2=4

\]

\[

x = \pM 2

\]

THIS CONFIRMS OUR EARLIER INTERSECTION POINTS.
-For \(IxI <2 \):

\[

D(x)=2x"2-8<0

\]

siNce \( x"2 <4 \), so \(2x*2 < 8\), MpLYING \( D(x) < O \).

-For \(IxI> 2 \):
\[

D(x) >0
\]

HO\X/EVER, OUTSIDE THE INTERSECTION POINTS, THE GRAPHS DO NOT OVERLAP, THE ACTUAL “ABOVE" REGION DEPENDS ON THE
SPECIFIC DOMAIN CONSIDERED.

THe ReGcloN W/HERE ONE GRAPH |s ABOVE THE OTHER
Focus oN THE Recion \( -2 \LeQ x \Leq 2 \)

\W/ITHIN THIS INTERVAL, THE DIFFERENCE \( D(X) \) IS NEGATIVE, INDICATING:

\[
x 2 -4<4-x"2
\]

WHICH MEANS:



\[
vy =x"2 - 4 \quap \TexT{is BeLow} \Quab Y = 4 - x"2

\]
THEREFORE, IN THIS DOMAIN, THE GRAPH OF \( ¥ = 4 - x*2 \) 1s asove \( ¥ = x"2 -4 \).
VISUAL SUMMARY

-FrRoM \(x=-2\)To\(x=2\),\(¥y=4-x"2\)1s agove \( vy =x"2-4\).
- OuTsIDE THIS INTERVAL, \( Y =x"2 -4 \)1s asove \( v =4 - x"2 \).

DERIVING THE EQUATION FOR THE PART OF THE GRAPH W/HICH |s ABOVE

THE CORE OF THIS INVESTIGATION IS TO FORMULATE AN EXPLICIT EQUATION REPRESENTING THE REGION WHERE ONE GRAPH IS
ABOVE THE OTHER.

GIVEN THE FUNCTIONS:

\[
F(x)=x"2-4
\]
\[
a(x)=4-x"2
\]

AND THE ANALYSIS ABOVE, THE REGION WHERE \( G(x) \) 1s ABovE \( F(x) \) IS CHARACTERIZED BY:

\[
6(x) \ceQ F(x)
\]

\WHICH SIMPLIFIES TO:

\[
4-x"2\cEQx"2-4
\]

OR EQUIVALENTLY,

\[

2x"2 \LeQ 8
\]

\[

x*2 \LeQ 4
\]

\[

x| \LEQ 2

\]

\W/ITHIN THIS INTERVAL, THE PART OF THE GRAPH OF THE UPPER PARABOLA \( 'Y = 4 - X2 \) THAT IS ABOVE THE LOWER
PARABOLA \( ¥ = x"2 - 4 \) CAN BE REPRESENTED BY THE SET OF POINTS:

\[

\soxen{

\TexT{AgoVE reGlon:} \QUAD \LEFT\{ (x, ¥) \MiD x \iNn[-2, 2] \QuAD Y \IN[x"2 - 4\, 4 - x"2] \riGHT\}
}

\]



ExpLICIT EQUATION FOR THE REGION

T O FORMALIZE THE DESCRIPTION OF THE REGION HABOVE”, THE KEY IS TO IDENTIFY THE UPPER BOUNDARY FUNCTION:

\[
y=4-x"2
\]

AND THE LOWER BOUNDARY FUNCTION:

\[
y=x"2-4
\]

THE REGION OF INTEREST IS THE SET OF ALL POINTS \( (X, Y) \) SUCH THAT:

\[

x \IN[-2, 2]

\]

\[

x"2 - 4 \LeQ ¥ \LEQ 4 - x"2
\]

IN TERMS OF INEQUALITIES, THE REGION ABOVE THE LOWER PARABOLA WITHIN THE INTERSECTION INTERVAL IS:

\[

\BoxED{

x \IN[-2, 2], \QuaD ¥ \TexT{ sATISFYING } X"2 - 4 \LEQ ¥ \LEQ 4 - X2
}

\]

FORMULATING A SINGLE EQUATION FOR THE ABOVE REGION

W/HILE THE REGION IS BEST DESCRIBED VIA INEQUALITIES, SOMETIMES IT'S USEFUL TO EXPRESS THE “ABOVE” PART VIA A
COMBINED EQUATION OR INEQUALITY THAT CAPTURES THE REGION'S BOUNDARY.

- THE UPPER BOUNDARY:

\[

Yy=4-x"2

\]

- THE LOWER BOUNDARY:
\[

y=x"2-4

\]

- THe poMAIN oF \( x \):
\[

x \IN[-2, 2]

\]

THUS/ THE EQUATION THAT CAPTURES THE REGION ABOVE THE LOWER PARABOLA AND BELOW THE UPPER PARABOLA IS:

\[



x"2 - 4 \LEQ Y

Graph On The Same AxesYX 2 4 And Y 4 X 2 Write An
Equation For The Part Of The Graph Which Is Above
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Is Above
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