
If The Nn Matrix A Is Invertible, Then
The Reduced Row Echelon Form Of A Is
The Nn Identity Matrix. True

If The Nn Matrix A Is Invertible, Then The Reduced Row Echelon Form Of A Is
The Nn Identity Matrix. True

Understanding the relationship between invertible matrices and their reduced
row echelon form (RREF) is fundamental in linear algebra. This statement
underscores a vital property: when a square matrix \(A\) of size \(n \times
n\) is invertible, its RREF is the identity matrix \(I_n\). This article
delves into the nuances of this statement, exploring the concepts of
invertibility, row reduction, and their interconnectedness in linear algebra.

Introduction to Invertible Matrices and Reduced
Row Echelon Form

What Is an Invertible Matrix?
An invertible matrix, also known as a non-singular matrix, is a square matrix
\(A\) for which there exists another matrix \(A^{-1}\) such that:

\[
A \times A^{-1} = A^{-1} \times A = I_n
\]

where \(I_n\) is the identity matrix of size \(n \times n\).

Key points about invertible matrices:
- They have full rank, i.e., \(\text{rank}(A) = n\).
- The determinant of \(A\) is non-zero (\(\det(A) \neq 0\)).
- They can be used to solve linear systems uniquely.

Understanding Reduced Row Echelon Form (RREF)
The reduced row echelon form of a matrix is a canonical form obtained through
a series of elementary row operations, satisfying specific criteria:
- The leading entry in each non-zero row is 1 (called a leading 1).
- Each leading 1 is the only non-zero entry in its column.
- The leading 1 of each row appears to the right of the leading 1 in the
previous row.
- Any zero rows are at the bottom of the matrix.

RREF provides a straightforward way to analyze the solutions to systems of
linear equations and to determine the properties of the matrix.



The Core Relationship: Invertibility and RREF

Statement Analysis
The statement "If the \(n \times n\) matrix \(A\) is invertible, then the
RREF of \(A\) is the identity matrix \(I_n\)" is a fundamental theorem in
linear algebra. It essentially states that invertibility guarantees that
applying Gaussian elimination (or row reduction) to \(A\) reduces it to the
identity matrix.

Why Is This True?
This is rooted in the properties of elementary row operations and
invertibility:
- Elementary row operations are reversible and can be viewed as
multiplication by elementary matrices.
- When \(A\) is invertible, it can be expressed as a product of elementary
matrices.
- Applying these elementary row operations to \(A\) transforms it into the
identity matrix.
- Conversely, transforming \(A\) into the identity matrix via row operations
confirms that \(A\) is invertible, since these operations correspond to
multiplication by invertible elementary matrices.

Detailed Explanation of the Proof

Step 1: Applying Row Operations to Invertible
Matrices
Given an invertible matrix \(A\), there exists a sequence of elementary row
operations that reduces \(A\) to \(I_n\). Each elementary row operation
corresponds to multiplication by an elementary matrix \(E_k\):

\[
E_k \times \ldots \times E_2 \times E_1 \times A = I_n
\]

Since each \(E_i\) is invertible, their product is invertible, and the
process confirms \(A\) can be transformed into the identity matrix via
elementary row operations.

Step 2: The Row Reduction Process
Performing row operations to reduce \(A\) to RREF involves the same
elementary matrices. Because \(A\) is invertible, these operations
necessarily lead to the identity matrix:

\[
\text{RREF}(A) = I_n
\]



This is because the RREF of an invertible matrix is unique and, in the case
of an invertible matrix, it must be the identity matrix.

Step 3: The Converse
Conversely, if the RREF of \(A\) is \(I_n\), then \(A\) can be expressed as a
product of elementary matrices leading to \(I_n\). Since elementary matrices
are invertible, their product is invertible, implying \(A\) is invertible.

Implications of the Statement in Linear Algebra

Solving Linear Systems
- When \(A\) is invertible, the system \(A\mathbf{x} = \mathbf{b}\) has a
unique solution given by \(\mathbf{x} = A^{-1}\mathbf{b}\).
- The process of row reducing \(A\) to \(I_n\) explicitly demonstrates the
invertibility and provides the inverse.

Matrix Factorizations
- The process of reducing an invertible matrix \(A\) to \(I_n\) via
elementary row operations shows that \(A\) can be factored into a product of
elementary matrices, each invertible.

Computational Methods
- The practical calculation of \(A^{-1}\) often involves transforming \(A\)
into \(I_n\) through row operations, applying the same operations to the
identity matrix to obtain \(A^{-1}\).

Examples Supporting the Statement

Example 1: Invertible Matrix
Let:

\[
A = \begin{bmatrix}
1 & 2 \\
3 & 4
\end{bmatrix}
\]

- Calculate its RREF:
- Perform row operations to reduce \(A\) to \(I_2\).
- Result:
\[
\text{RREF}(A) = I_2
\]



- Since \(A\) reduces to \(I_2\), \(A\) is invertible.

Example 2: Non-Invertible Matrix
Let:

\[
B = \begin{bmatrix}
2 & 4 \\
1 & 2
\end{bmatrix}
\]

- Row reduce \(B\):
- The RREF of \(B\) is:
\[
\begin{bmatrix}
1 & 2 \\
0 & 0
\end{bmatrix}
\]
- Since the RREF is not \(I_2\), \(B\) is not invertible.

Conclusion and Summary

The statement "If the \(n \times n\) matrix \(A\) is invertible, then the
RREF of \(A\) is the identity matrix \(I_n\)" encapsulates a core principle
of linear algebra. It emphasizes the equivalence between invertibility and
the ability to reduce a matrix to the identity through elementary row
operations. This property not only facilitates solving linear systems
efficiently but also provides deeper insights into the structure and
properties of matrices.

To summarize:
- An invertible matrix can be reduced to the identity matrix via elementary
row operations.
- The process of reduction confirms invertibility.
- The RREF of an invertible matrix is always the identity matrix.
- Conversely, if the RREF of a matrix is \(I_n\), then the matrix is
invertible.

Understanding this relationship enhances one's grasp of matrix theory and
provides practical tools for computations involving matrix inverses, systems
of equations, and matrix factorizations in linear algebra.

FAQs

Is the RREF of any invertible matrix always the identity matrix?1.

Yes. For any invertible \(n \times n\) matrix, its RREF is the identity
matrix.

Does the converse hold? If RREF of a matrix is the identity, is the2.



matrix invertible?

Yes. If the RREF of a matrix is \(I_n\), then the matrix is invertible.

Why is the identity matrix significant in this context?3.

The identity matrix acts as the canonical form for invertible matrices,
representing the result of their reduction via elementary row
operations.

Frequently Asked Questions

Is it true that if the matrix A is invertible, then
its reduced row echelon form (RREF) is the identity
matrix?

Yes, if a square matrix A is invertible, then its RREF is the identity
matrix.

Why does an invertible matrix reduce to the identity
matrix in RREF?

Because invertibility implies full rank, and the RREF of a full-rank square
matrix is the identity matrix.

Can a non-invertible matrix have an RREF equal to the
identity matrix?

No, a non-invertible matrix cannot reduce to the identity matrix in RREF, as
its rank is less than full.

Does the invertibility of matrix A guarantee that the
RREF is unique?

Yes, the RREF is unique for any matrix, and for invertible matrices, it is
specifically the identity matrix.

Is the statement 'If A is invertible, then its RREF
is the identity matrix' always true for non-square
matrices?

No, the statement only applies to square matrices; non-square matrices are
not invertible in the usual sense.

What is the significance of the RREF being the
identity matrix for an invertible matrix?

It signifies that the matrix can be reduced to a form with leading ones in



every row and zeros elsewhere, indicating full rank and invertibility.

Does reducing an invertible matrix to RREF involve
only elementary row operations?

Yes, transforming any matrix to RREF involves elementary row operations,
which do not change the invertibility status.

Can the process of row reducing an invertible matrix
to RREF be used to find its inverse?

Yes, row operations used in Gaussian elimination can be applied to find the
inverse of an invertible matrix.

If a matrix's RREF is the identity matrix, what does
that tell us about the matrix?

It indicates that the matrix is invertible and has full rank, with a unique
inverse.

Is the statement 'If the RREF of A is the identity
matrix, then A is invertible' true?

Yes, if the RREF of A is the identity matrix, then A is invertible.

Additional Resources
Invertibility: Unlocking the Secrets of Matrix Transformations and Reduced
Row Echelon Forms

In the realm of linear algebra, matrices serve as fundamental building
blocks, enabling us to model complex systems, solve equations efficiently,
and understand multidimensional data structures. Among the myriad properties
that matrices possess, invertibility stands out as a cornerstone concept with
profound implications. When a matrix is invertible, it signifies more than
just a mathematical curiosity; it embodies an elegant symmetry and a pathway
toward simplified, canonical forms—most notably, the reduced row echelon form
(RREF). This article delves deeply into the statement: If the \( n \times n
\) matrix \( A \) is invertible, then its reduced row echelon form is the
identity matrix \( I_n \). We will explore why this is true, unpack the
underlying linear algebra principles, and discuss the significance of this
property in both theoretical and applied contexts.

---

Understanding Matrix Invertibility

Definition and Significance



A square matrix \( A \in \mathbb{R}^{n \times n} \) is said to be invertible
(or nonsingular) if there exists another matrix \( A^{-1} \in \mathbb{R}^{n
\times n} \) such that:

\[
A A^{-1} = A^{-1} A = I_n,
\]

where \( I_n \) is the \( n \times n \) identity matrix.

Significance:
Invertibility implies that the linear transformation associated with \( A \)
is bijective: it maps \( \mathbb{R}^n \) onto itself in a one-to-one and onto
manner. This guarantees unique solutions to systems of linear equations:

\[
A \mathbf{x} = \mathbf{b}
\]

has a unique solution for every \( \mathbf{b} \in \mathbb{R}^n \) if and only
if \( A \) is invertible.

Criteria for Invertibility

A matrix \( A \) is invertible if and only if any (and thus all) of the
following conditions hold:

- Full Rank: \( \text{rank}(A) = n \).
- Determinant: \( \det(A) \neq 0 \).
- Linearly Independent Columns (and Rows): Columns (and rows) form a basis
for \( \mathbb{R}^n \).
- Existence of Inverse: There exists \( A^{-1} \) such that \( AA^{-1} = I_n
\).
- Non-zero Eigenvalues: All eigenvalues are non-zero (for complex or real
eigenvalues).

---

The Reduced Row Echelon Form (RREF): An
Essential Canonical Representation

Definition and Characteristics

The reduced row echelon form of a matrix is a unique, simplified form
achieved through elementary row operations. Its defining features are:

- All leading entries (also called pivot positions) are 1.
- Each leading 1 is the only non-zero entry in its column.
- The leading 1 in each row appears to the right of the leading 1 in the row
above.
- Rows consisting entirely of zeros are at the bottom of the matrix.



Purpose:
Transforming a matrix into RREF allows for straightforward solutions to
linear systems, easier rank determination, and matrix classification.

Elementary Row Operations

These operations are the tools used to convert any matrix into RREF:

1. Row swapping: Exchange two rows.
2. Scaling: Multiply a row by a non-zero scalar.
3. Row addition: Add a multiple of one row to another.

Applying these operations systematically reduces the matrix to its RREF,
revealing the underlying structure of the linear transformation it
represents.

---

Connecting Invertibility to RREF: The Core
Theorem

The Statement: If \( A \) is Invertible, then its
RREF is \( I_n \)

This statement encapsulates a fundamental linear algebra principle: the
process of row reduction preserves the invertibility property, and in the
case of an invertible matrix, this process leads directly to the identity
matrix.

Why is this true?

- Since \( A \) is invertible, its columns are linearly independent.
- The elementary row operations used to convert \( A \) into RREF are
equivalent to multiplication by invertible matrices.
- The cumulative effect of these operations, when applied to an invertible
matrix, results in the identity matrix as the RREF.

Formal Explanation

Given an invertible matrix \( A \), consider the sequence of elementary row
operations represented by an invertible matrix \( E \), such that:

\[
E A = I_n.
\]

Because each elementary row operation corresponds to multiplication by an
invertible matrix, the product \( E \) is invertible. Rearranging:



\[
A = E^{-1} I_n = E^{-1}.
\]

Applying these operations to \( A \) to reach RREF yields:

\[
\text{RREF}(A) = I_n,
\]

since the sequence of invertible operations reduces \( A \) to the identity
matrix.

Key insight:
The invertibility of \( A \) ensures that these row operations do not
"collapse" the matrix to a form with fewer pivots or zero rows, which would
indicate singularity. Instead, they lead cleanly to the identity matrix,
confirming the equivalence of invertibility and having RREF \( I_n \).

---

Implications and Significance in Linear Algebra

Uniqueness of RREF and Invertibility

- Uniqueness of RREF:
Every matrix has a unique RREF, a property that underpins many linear algebra
algorithms.

- Invertibility as a Characterization:
The fact that an invertible matrix reduces to \( I_n \) in RREF form provides
a practical criterion for invertibility: perform row operations; if the
result is \( I_n \), the matrix is invertible.

Practical Applications and Computational Significance

- Solving Systems of Equations:
When \( A \) is invertible, solving \( A \mathbf{x} = \mathbf{b} \)
simplifies to \( \mathbf{x} = A^{-1} \mathbf{b} \). The RREF process confirms
this invertibility and provides a pathway to solution via forward and
backward substitution.

- Matrix Inversion Algorithm:
The process of row reducing \( A \) to \( I_n \) by augmenting \( A \) with
the identity matrix and then performing row operations yields \( A^{-1} \).
This method, known as the Gauss-Jordan elimination, is a computational
cornerstone.

- Rank and Linear Independence:
The fact that invertible matrices have full rank (i.e., rank \( n \)) links
directly to the number of pivots in RREF. The presence of pivots in every row
and column ensures linear independence.



---

Counterexamples and Limitations

While the statement is true for invertible matrices, it is instructive to
understand what happens when the matrix is not invertible:

- If \( A \) is singular (not invertible), then its RREF will contain at
least one row of zeros, and it will not be \( I_n \).
- The RREF will reveal the rank deficiency, confirming the lack of
invertibility.

This contrast underscores the importance of RREF as a diagnostic tool for
matrix properties.

---

Summary and Final Thoughts

The assertion that "If the \( n \times n \) matrix \( A \) is invertible,
then the reduced row echelon form of \( A \) is the identity matrix \( I_n
\)" is not merely a theoretical statement but a foundational principle in
linear algebra with practical ramifications. It encapsulates the deep
connection between the algebraic property of invertibility, the geometric
interpretation of linear transformations, and the procedural steps of matrix
reduction.

Understanding this relationship equips students, researchers, and
practitioners with a robust criterion for matrix invertibility, clarifies the
significance of row operations, and enhances computational proficiency. The
journey from verifying invertibility to arriving at the identity matrix via
RREF is a testament to the elegance and coherence of linear algebra's
structure—a domain where properties intertwine seamlessly, revealing the
underlying symmetries of mathematical transformations.

---

In conclusion:
The fact that an invertible matrix reduces to the identity matrix in RREF
form is both a theoretical guarantee and a practical tool, reinforcing the
central role of invertibility in the broader landscape of linear algebra and
matrix theory.
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