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Introduction to Elastic Collisions in Rigid
Body Dynamics

Elastic collisions are fundamental phenomena studied in classical mechanics,
characterized by the conservation of both kinetic energy and momentum during
the interaction. When analyzing collisions involving rigid bodies like disks
and sticks, understanding the principles of conservation laws and the
geometry of the bodies involved is essential. Example 11.9 provides a
detailed exploration of such an interaction, specifically focusing on an
elastic collision between a disk and a stick on a frictionless surface.

This investigation not only exemplifies the application of conservation
principles but also highlights the importance of coordinate systems and the
analysis of motion in two dimensions. Understanding these concepts is crucial
for students and engineers working in areas like robotics, mechanical
systems, and physics simulations.

Scenario Description of Example 11.9

The Physical Setup

Imagine a horizontal, frictionless surface where a uniform disk and a
straight, rigid stick are initially at rest or moving with known velocities.
The disk is typically modeled as a mass \(m d\) with radius \(r d\), capable
of translating and rotating about its center. The stick, modeled as a slender
rod with mass \(m _s\) and length \(L\), can also translate and rotate.

In this scenario, the disk is set into motion toward the stick, which is
stationary or moving in a specified manner. The key event is the elastic
collision between the disk and the stick, occurring at a specific point on



the stick. The collision is assumed to be perfectly elastic, meaning no
energy is lost as heat or deformation, and both linear and angular momentum
are conserved.

Initial Conditions and Assumptions

- The surface is frictionless, eliminating any tangential forces or energy
losses due to friction.

- The disk and stick are rigid bodies, with known mass distributions.

- The collision occurs instantaneously and at a well-defined point.

- External forces (like gravity) are negligible during the collision due to
the short time frame and horizontal setup.

- The collision is elastic, satisfying energy and momentum conservation laws
exactly.

Fundamental Principles Applied in the Analysis

Conservation of Linear Momentum

Linear momentum conservation applies both in the directions parallel to the
surface and at the point of impact. For each body, the total linear momentum
before and after the collision remains constant:

\ [
\sum \mathbf{p} \text{initial} = \sum \mathbf{p} \text{final}

\1]

This includes contributions from both translational motions of the bodies and
their interactions during the collision.

Conservation of Angular Momentum

Angular momentum about any point (commonly chosen as the point of contact or
the center of mass) remains conserved if no external torque acts during the
collision:

\ [
\sum \mathbf{L} \text{initial} = \sum \mathbf{L} \text{final}

\1]

This is particularly important when analyzing the rotational effects of the



collision, especially for the disk, which can rotate about its center, and
the stick, which can pivot or rotate about a point.

Conservation of Kinetic Energy

Since the collision is elastic, the total kinetic energy before and after the
impact remains the same:

\ [
KE \text{initial} = KE \text{final}
\1

Kinetic energy comprises translational and rotational components:

\ [
KE = \frac{1}{2} m v*2 + \frac{1}{2} I \omega™2
\1]

where \(v\) is the linear velocity, \(I\) is the moment of inertia, and
\ (\omega\) is the angular velocity.

Detailed Analysis of the Collision Mechanics

Coordinate System Selection

A crucial step in analyzing the collision is choosing an appropriate
coordinate system. Typically, a Cartesian coordinate system is established
with axes aligned to the surface and the initial motion directions. The
impact point's position on the stick is specified relative to a known
reference point, facilitating the calculation of moments and velocities.

Pre-Collision Conditions

- The disk approaches the stick with a known velocity vector

\ (\mathbf{v} d\), which may have components \(v_{d x}\) and \(v_{d y}\).

- The stick may be stationary or moving with velocity \(\mathbf{v} s\). Its
initial rotational state is characterized by angular velocity \(\omega s\).
- The impact point on the stick is specified, often at a distance \(d\) from
its center, which influences the torque and angular momentum calculations.



Impact Point and Velocity Components

The velocity of the point on the disk that contacts the stick is a
combination of the disk’s translational and rotational velocities:

\ [

\mathbf{v} \text{impact, disk} = \mathbf{v} d + \boldsymbol{\omega} d \times
\mathbf{r}

\1

Similarly, the velocity of the corresponding point on the stick involves its
translational velocity and rotational velocity:

\ [

\mathbf{v} \text{impact, stick} = \mathbf{v} s + \boldsymbol{\omega} s \times
\mathbf{r} s

\1

These velocities determine the relative velocity at impact, which is
essential for calculating the impulse exchanged during collision.

Impulse and Momentum Transfer

The collision imparts an impulse \(\mathbf{J}\) along the line of impact.
Because the collision is elastic and frictionless, the impulse acts normal to
the contact surface. The change in velocities for each body can be expressed
as:

\ [
\Delta \mathbf{v} d
\1
\ [
\Delta \mathbf{v} s
\1]

\frac{\mathbf{J}}{m d}

- \frac{\mathbf{J}}{m s}

Similarly, the angular velocities change according to the torque generated by
the impulse:

\ [
\Delta \boldsymbol{\omega} d
\1]
\ [
\Delta \boldsymbol{\omega} s
\1]

\frac{\mathbf{r} \times \mathbf{J}}{I d}

\frac{\mathbf{r} s \times (-\mathbf{J})}{I s}

where \(I d\) and \(I s\) are the moments of inertia of the disk and stick,
respectively.



Post-Collision Outcomes and Calculations

Velocity and Rotation Changes

Applying conservation laws and the impulse-momentum relations, one can derive
the final velocities and angular velocities of both bodies:

- The disk may reverse or alter its direction depending on the impact angle
and initial velocity.

- The stick might gain linear velocity and start rotating if the impact point
is offset from its center of mass.

Mathematical Formulation

The core calculations involve solving a set of equations:

1. Conservation of momentum in the direction normal to impact.
2. Conservation of angular momentum about the impact point.
3. Conservation of kinetic energy.

These equations often form a system that can be solved simultaneously for the
unknown final velocities and angular velocities.

Special Cases and Simplifications

- Head-on collisions where the bodies collide directly along the line
connecting their centers.

- Glancing collisions with an impact at an angle.

- Assuming the stick is initially stationary simplifies momentum
calculations.

Significance and Applications of Example 11.9

Educational Value



This example provides a comprehensive understanding of elastic collisions
involving rigid bodies, emphasizing the importance of vector analysis,
conservation laws, and rotational dynamics. It enhances problem-solving
skills in classical mechanics and prepares students for more complex real-
world scenarios.

Engineering and Practical Applications

Understanding such collision dynamics is vital in various fields:

- Robotics: Designing robotic arms and manipulators that interact with
objects without energy loss.

- Mechanical Design: Ensuring components like gears or impact buffers behave
predictably.

- Physics Simulations: Creating realistic simulations in gaming or virtual
reality environments.

Research and Advanced Topics

Further exploration can include inelastic collisions, deformation effects,
and energy dissipation mechanisms, expanding the understanding of collision
phenomena beyond idealized cases.

Conclusion

In summary, Example 11.9 offers a detailed case study of an elastic collision
between a disk and a stick on a frictionless surface. By applying fundamental
principles of physics—conservation of momentum, energy, and angular
momentum—along with careful consideration of reference frames and impact
geometry, one can predict the post-collision states of the bodies involved.
This example underscores the elegance of classical mechanics in solving
complex interaction problems and highlights the importance of rigorous
analysis in understanding real-world physical phenomena.

Whether for academic purposes, engineering design, or simulation development,

mastering the concepts demonstrated in this example forms a cornerstone of
classical mechanics education and practice.

Frequently Asked Questions



What is the main focus of Example 11.9 in the
context of elastic collisions?

The example analyzes an elastic collision between a disk and a stick lying on
a frictionless surface, focusing on conservation of momentum and energy to
determine post-collision velocities.

How does the assumption of a frictionless surface
influence the collision analysis in Example 11.9?

The frictionless surface ensures that there are no external horizontal forces
or energy losses due to friction, allowing the use of conservation laws
directly without accounting for frictional effects.

What quantities are conserved during the elastic
collision described in Example 11.9?

Both linear momentum and kinetic energy are conserved in the elastic
collision between the disk and the stick.

How are the velocities of the disk and stick
determined after the collision in Example 11.9?

By applying conservation of momentum and energy equations, the velocities of
both the disk and the stick after the collision can be calculated based on
their initial velocities and masses.

Why is it important to consider the geometry and
point of contact in the collision analysis of
Example 11.97

The geometry and point of contact influence the direction and magnitude of
impulse exchanged, affecting both translational and rotational motions of the
disk and stick.

What assumptions are typically made in Example 11.9
to simplify the collision problem?

Assumptions include perfect elasticity, a frictionless surface, point contact
without deformation, and neglecting any rotational effects unless explicitly
considered.

How can the results from Example 11.9 be generalized
to other elastic collision problems involving rigid



bodies?

The principles of conservation of momentum and energy, along with geometric
considerations, can be applied to analyze various elastic collisions between
rigid bodies, adapting for differences in shape, mass, and contact points.

Additional Resources

In Example 11.9, We Investigated An Elastic Collision Between A Disk And A
Stick Lying On A Frictionless Surface—a classical problem in mechanics that
beautifully illustrates the principles of conservation of momentum and
energy, as well as the rotational dynamics involved in collision phenomena.
This scenario not only serves as an excellent teaching example but also
provides deep insights into real-world interactions where objects collide
elastically, such as in billiards, robotic arms, and certain engineering
applications.

In this detailed guide, we'll explore the problem step-by-step, dissect the
underlying physics, and develop a comprehensive understanding of the
collision mechanics involved. Whether you're a student preparing for exams or
a professional seeking to refresh fundamental concepts, this article aims to
clarify every aspect of the problem with clarity and depth.

Understanding the Setup of the Problem
The Physical Scenario

Imagine a frictionless horizontal surface where a uniform disk is moving
toward a stationary stick lying along the same plane. The collision is
elastic, meaning kinetic energy and momentum are conserved throughout the
interaction.

- The Disk: Typically modeled as a uniform, solid cylinder or disk with mass
\( M\), radius \( R \), and an initial velocity \( \mathbf{v} \text{disk}
\).

- The Stick: Considered as a massless, rigid, and slender object lying along
the x-axis, initially at rest. It can pivot about a fixed point or be
considered free to rotate if it has mass, but often the simplest version
assumes a massless stick for clarity.

- The Surface: Assumed to be perfectly frictionless, eliminating any
tangential friction forces that could complicate the momentum transfer.

Initial Conditions

- The disk approaches the stick with a known velocity vector, typically along
the x-axis.

- The stick is initially at rest.

- The collision occurs at a specific point on the disk—often the disk's



edge—implying that angular momentum considerations are crucial.

Fundamental Principles at Play

Before delving into calculations, it's essential to recall the foundational
physics principles governing the collision:

Conservation of Linear Momentum

- In the absence of external forces, the total linear momentum of the system
(disk + stick) remains constant.

Conservation of Angular Momentum

- Since the collision occurs at a specific point on the disk, angular
momentum about that point (or about the center) is conserved, assuming no
external torque.

Conservation of Kinetic Energy (Elastic Collision)

- The total kinetic energy before and after the collision remains unchanged.

No Friction

- Frictionless surface ensures no energy loss due to tangential friction
forces, simplifying the analysis to pure elastic collision dynamics.

Breakdown of the Collision Mechanics
Step 1: Analyzing the Initial State

- The disk approaches with initial velocity \( \mathbf{v} \text{initial} \).
- The stick is stationary with velocity \( \mathbf{0} \).

Step 2: Determining the Point of Impact

- The collision point on the disk is crucial because the disk's rotation will
be affected if the impact is off-center.

- For simplicity, assume the disk hits the stick at a point on its perimeter,
at a perpendicular distance \( R \) from its center.

Step 3: Applying Conservation Laws

Linear Momentum

- Since the stick is massless or fixed, the primary consideration is how the
disk's velocity changes.



- If the stick is fixed, the collision effectively reflects the disk's
velocity component normal to the impact point.

Angular Momentum

- Calculated about the center of the disk or the point of collision.

- The initial angular momentum about the impact point depends on the disk's
initial velocity and the impact point's position.

Kinetic Energy

- The sum of translational and rotational kinetic energies is conserved.

Mathematical Analysis of the Collision

Coordinates and Variables

Define:
- \( \mathbf{v} i \): initial velocity of the disk.
- \( \mathbf{v} f \): final velocity of the disk after collision.

- \( \omega \): angular velocity of the disk after collision.
- \( \mathbf{r} \): vector from the disk's center to the point of impact.
- \( R \): radius of the disk.

Conservation of Linear Momentum

- For an idealized fixed stick, the disk's velocity component normal to the
impact surface reverses, while the tangential component remains unchanged.

Conservation of Angular Momentum
- About the disk's center:

\ [
L i =M \mathbf{r} \times \mathbf{v} i
\1]

- After collision:

\ [

L f =M \mathbf{r} \times \mathbf{v} f + I \omega
\1]

where \( I = \frac{1}{2} M R*2 \) for a solid disk.

Conservation of Kinetic Energy

\ [



\frac{1}{2} M v_i"2 = \frac{1}{2} M v "2 + \frac{1}{2} I \omega"2
\1

Step-by-Step Solution Strategy

1. Resolve the initial velocity into components relative to the impact point:
normal and tangential.

2. Apply the elastic collision conditions to determine how these components
change:

- Normal component reverses direction.

- Tangential component remains unchanged.

3. Calculate the post-collision velocity of the disk:

Combine the changed normal component and unchanged tangential component.
4. Determine the angular velocity of the disk after collision:

- Use the relation between the tangential velocity at the point of contact
and the disk's rotation:

\ [
v \text{tangential} = R \omega
\1

5. Verify the conservation laws:

- Check total kinetic energy before and after.
- Ensure linear momentum components are conserved appropriately.

Special Cases and Variations

Central Impact (Head-On Collision)

- Simplifies calculations as the collision affects only the linear
translational motion.

- No rotation is induced if impact is perfectly central and symmetric.

Off-Center Impact

- Introduces rotational motion post-collision.
- More complex, requiring angular momentum calculations.

Fixed or Free Stick

- If the stick is fixed (e.g., attached to a hinge or wall), the problem
simplifies as the stick's motion is negligible.

- If the stick is free to move, both linear and angular momentum of the
combined system must be considered.



Practical Insights and Applications

Understanding the mechanics of elastic collisions like the one in Example
11.9 has numerous applications:

- Billiards and Pool: Predicting ball trajectories after collisions.

- Robotics: Designing robotic arms that interact with objects with minimal
energy loss.

- Engineering: Analyzing impacts in machinery, sports equipment, and safety
systems.

- Physics Education: Demonstrating conservation laws and rotational dynamics
in tangible scenarios.

Summary and Key Takeaways

- Elastic collisions conserve both kinetic energy and momentum.

- Impact point location influences whether rotational motion is induced.

- Angular momentum considerations are essential when collisions are off-
center.

- Simplifications (fixed stick, massless stick) help clarify the fundamental
physics.

- Real-world applications often involve more complex factors like friction,
deformation, and inelasticity, but the core principles remain foundational.

Final Remarks

The detailed analysis of the collision in Example 11.9 offers a rich
exploration of classical mechanics principles. By carefully considering the
roles of linear and angular momentum, energy conservation, and impact
geometry, we gain a comprehensive understanding of elastic collisions
involving rigid bodies. This problem exemplifies the elegance of physics in
describing real-world phenomena with clarity and precision, and mastering
such problems lays the groundwork for tackling more complex dynamics in
advanced studies and practical engineering situations.
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