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To determine where a function is increasing, you typically start by finding
its derivative to analyze the function's slope. Once you have the derivative,
you identify the intervals where the derivative is positive, indicating that
the function is rising on those intervals. This process involves solving
inequalities and understanding the critical points where the derivative
changes sign.

Understanding the Concept of Increasing
Functions

An increasing function is one where the output values grow as the input
values increase. More formally, a function \(f(x)\) is said to be increasing
on an interval if, for any two points \(x_1\) and \(x_2\) within that
interval, whenever \(x_1 < x_2\), it follows that \(f(x_1) < f£(x_2)\).
Recognizing these intervals involves examining the behavior of the function's
slope.

Step-by-Step Method to Find Intervals of
Increase

The process of finding the intervals where a function is increasing generally
follows a systematic approach:

1. Find the Derivative of the Function

The first step is to compute the derivative \(f'(x)\) of the given function
\(f(x)\). The derivative provides information about the slope of the tangent
line at any point on the function, indicating whether the function is
increasing or decreasing.

2. Find Critical Points

Critical points are values of \(x\) where the derivative is zero or
undefined. To find these points:

e Solve \(f'(x) = 0\)

e Identify points where \ (f'(x)\) does not exist, if any

These critical points divide the domain into different intervals to analyze.



3. Test Intervals Around Critical Points

Once the critical points are identified, the next step is to analyze the sign
of \(f'(x)\) on each interval determined by these points.

e Select a test point within each interval

e Calculate \(f'(x)\) at the test points

e Determine whether \(f'(x)\) is positive or negative

- If \(f'(x) > 0\) on an interval, the function is increasing there
- If \(f'(x) < 0\), the function is decreasing on that interval

4. Determine Intervals of Increase

Based on the sign analysis, the intervals where \ (f'(x) > 0\) are where the
original function \(f(x)\) is increasing. These intervals are generally
expressed in interval notation.

Practical Example

Let's consider a specific example to illustrate the process:
Suppose \ (f(x) = x*3 — 3x"2 + 2\).

Step 1: Find the derivative
\N[f'(x) = 3x"2 — 6x = 3x(x — 2)\]

Step 2: Find critical points
Set \(f'(x) = 0\):
\[3x(x = 2) = 0 \Rightarrow x = 0 \text{ or } x = 2\]

Step 3: Test intervals

- For \(x < 0\), pick \(x = -1\):

N[E'(-1) = 3(-1) ((-1) = 2) = 3(-1)(-3) = 9 > 0\]
- For \(0 < x < 2\), pick \(x = 1\):

N[E' (L) = 3(1) (1 - 2) = 3(1)(-1) = -3 < 0\]

- For \(x > 2\), pick \(x = 3\):

N[E'"(3) = 3(3)(3 — 2) = 3(3)(1) = 9 > 0\]

Step 4: Interpret results
- \(f'(x) > 0\) on \((-\infty, 0)\) and \((2, \infty)\)
- \(f'(x) < 0\) on \((0, 2)\)

Therefore, the function is increasing on \ ((-\infty, 0)\) and \((2,
\infty)\), and decreasing on \((0, 2)\).

Additional Tips for Finding Increasing



Intervals

- Always verify the domain of the function before performing the analysis, as
certain functions may have restrictions.

- Remember that the critical points are potential points where the function
changes from increasing to decreasing or vice versa.

— Use a number line to visualize the sign of the derivative across different
intervals. This can make it easier to identify where the function is
increasing.

Why Is It Important to Find Intervals of
Increase?

Determining the intervals where a function increases is crucial for
understanding its overall behavior, optimizing functions, and analyzing real-
world phenomena such as profit maximization, population growth, or trend
analysis in data. It also plays a significant role in calculus when studying
the function’s maxima and minima.

Conclusion

Finding the interval(s) where a function is increasing involves a combination
of calculus techniques—primarily differentiation and inequality testing. By
computing the derivative, locating critical points, and analyzing the sign of
the derivative around those points, you can accurately identify where the
function rises. Mastering this process enhances your ability to interpret and
analyze various functions, making it a fundamental skill in calculus and
mathematical analysis.

Frequently Asked Questions

How do you determine the intervals where a function
is increasing?
To find where a function is increasing, first find its derivative and

determine where the derivative is positive. Then, solve for the intervals
where this derivative is greater than zero.

What role does the first derivative play in
identifying increasing intervals?
The first derivative indicates the slope of the function; when the derivative

is positive on an interval, the function is increasing there. Therefore,
analyzing the sign of the derivative helps locate these intervals.

How do critical points help in finding the increasing
intervals of a function?

Critical points, where the derivative is zero or undefined, divide the domain
into segments. By testing the sign of the derivative in each segment, you can



determine which intervals the function increases.

Why is it important to test the sign of the
derivative after finding critical points?

Testing the sign of the derivative in each interval helps confirm whether the
function is increasing or decreasing there, ensuring accurate identification
of increasing intervals.

Can you describe the step-by-step process to find the
increasing intervals of a function?

Yes, first find the derivative of the function and identify where it equals
zero or 1s undefined to find critical points. Then, select test points in
each interval created by these critical points, evaluate the derivative at
these points, and determine where the derivative is positive. The intervals
where it is positive are where the function increases.

How does the use of a sign chart assist in finding
the increasing intervals of a function?

A sign chart visually displays the sign of the derivative across different
intervals, making it easier to identify where the derivative is positive.
This helps clearly delineate the intervals where the function is increasing.

Additional Resources

Increasing Intervals of a Function: A Comprehensive Guide to Finding Where a
Function Rises

Understanding where a function increases is a fundamental aspect of calculus
that provides insight into the behavior of the function's graph and the
nature of its values over different intervals. Whether you are a student
tackling calculus homework or a professional analyzing data trends, knowing
how to determine the intervals where a function is increasing is an essential
skill. This article offers an in-depth exploration of the methods, concepts,
and steps involved in identifying these intervals, presented in a clear,
structured manner with expert insights.

Fundamental Concepts Behind Increasing
Intervals

Before delving into the techniques for finding increasing intervals, it’s
essential to establish a strong conceptual foundation. This section discusses
what it means for a function to increase, the role of derivatives, and why
these concepts matter.



What Does It Mean for a Function to Increase?

A function \(f(x)\) 1s said to be increasing on an interval if, for any two
points \(x_1\) and \(x_2\) within that interval, whenever \(x_1 < x_2\), the
corresponding function values satisfy \(f(x_1) \leg f(x_2)\). In simple
terms, as you move from left to right along the \(x\)-axis within that
interval, the function’s value either stays the same or goes up.

This behavior can be visualized graphically: the graph slopes upward or
remains flat but never slopes downward within the interval.

The Role of the Derivative in Determining Increase

Calculus introduces a powerful tool for analyzing a function's increasing
behavior: the derivative, denoted as \(f'(x)\). The derivative at a point
provides the slope of the tangent line to the graph at that point.

— Positive Derivative (\(f'(x) > 0\)): Indicates that the function is
increasing at that point. If the derivative remains positive over an
interval, the function is increasing throughout that interval.

- Zero Derivative (\(f'(x) = 0\)): Signifies a potential maximum, minimum, or
a point of inflection. The behavior around these points requires further
analysis.

- Negative Derivative (\(f'(x) < 0\)): Implies the function is decreasing at
that point.

Key Insight: To find where the function is increasing, identify where its
derivative 1s positive.

Step-by-Step Approach to Finding Increasing
Intervals

This section outlines a methodical process, combining calculus principles and
algebraic techniques, to determine the intervals where the function
increases.

Step 1: Find the Derivative \ (f' (x)\)

The first step involves computing the derivative of the function. This
derivative captures the instantaneous rate of change of the function and
serves as the primary indicator of increasing or decreasing behavior.

- For polynomial functions, apply the power rule.

- For rational functions, use quotient rule.

- For composite functions, employ chain rule.

- For exponential, logarithmic, or trigonometric functions, use respective
derivative rules.



Example:
Suppose \(f(x) = x*3 - 3x"2 + 2\).
Derivative: \(f'(x) = 3x"2 - 6x\).

Step 2: Find Critical Points by Setting \(f'(x) = 0\)

Critical points are candidates where the function’s increasing or decreasing
behavior may change. Solve the derivative equation for \ (x\):

This step often involves algebraic factoring or solving polynomial equations.

Example:

For \(f'(x) = 3x"2 - 6x\),

Set equal to zero:

\ [

372 - 6x = 0 \Rightarrow 3x(x — 2) =0
\1]

Critical points are at \(x = 0\) and \(x = 2\).

Step 3: Determine Sign of \(f'(x)\) in Each Interval

Once critical points are identified, divide the real number line into
intervals based on these points:

- \((-\infty, x_{\text{crit}_1})\)
- N ((x_{\text{crit}_1}, x_{\text{crit}_23})\)
- \((x_{\text{crit}_ 2}, \infty))\)

Next, choose a test point within each interval and evaluate the derivative at
that point.

— If \(f'(x) > 0\), the function increases on that interval.
- If \(f'(x) < 0\), the function decreases.

Example:
Critical points at 0 and 2.
Test points: \(-1\), \(1\), and \(3\).

- \(x = =1\): \(f'(-1) = 3(1) - 6(-1) =3 + 6 =9 > 0\) - increasing on \ ((-
\infty, 0)\).

- \(x = 1\): \(f'(1) = 3(1) - 6(1) = 3 - 6 = -3 < 0\) - decreasing on \((0,
2)\) .

- \(x = 3\): \(f"(3) = 3(9) - 6(3) =27 - 18 = 9 > 0\) - increasing on \ ((2,

\infty)\).

Step 4: Confirm and Summarize Increasing Intervals

Using the sign analysis, you can now identify the precise intervals where the



function is increasing:

\ [

\boxed{

\text{Function is increasing on } (-\infty, 0) \text{ and } (2, \infty)
}

\1

Special Cases and Additional Considerations

While the outlined steps provide a robust framework, certain scenarios
require extra attention to ensure accuracy and completeness.

Handling Points Where \ (f' (x) = 0\)

Points where the derivative equals zero are critical points. To determine
whether the function is increasing at these points:

- Check the sign change of \(f'(x)\) around the critical point.

- Apply the First Derivative Test: If \(f'(x)\) changes from positive to
negative at a critical point, it corresponds to a local maximum. If it
changes from negative to positive, it indicates a local minimum. If no sign
change occurs, the critical point may be a point of inflection.

Note: A critical point where \(f'(x) = 0\) and the derivative does not change
sign often corresponds to a flat point or a plateau.

Dealing with Non-Differentiable Points

Some functions have points where derivatives do not exist (e.g., cusps,
corners). At these points:

— Use the definition of increasing by comparing function values directly.
— Check the behavior from the left and right of the point.

If the function increases immediately to the left and right but has a cusp,
it can still be increasing in the intervals excluding that point.

Utilizing the Second Derivative

While the first derivative test helps find increasing intervals, the second
derivative provides additional insights into the concavity and potential
inflection points, which may influence the interpretation of increasing
behavior, especially for complex functions.



Visualizing Increasing Intervals: Utility of
Graphs

Graphical representation is an invaluable tool in confirming the analysis of
increasing intervals. Plotting the function and observing where the graph
slopes upward provides intuitive confirmation. Modern graphing calculators
and software like Desmos, GeoGebra, or WolframAlpha make it straightforward
to visualize the function over large domains and verify the intervals
identified analytically.

Practical Examples and Applications

To internalize these concepts, consider the following practical examples:

Example 1:
Find the increasing intervals of \(f(x) = \frac{1l}{3}x"3 - 2x + 1\).
— Derivative: \(f'(x) = x"2 - 2\).

— Critical points: \(x"2 - 2 = 0 \Rightarrow x = \pm \sqrt{2}\).

- Sign analysis:

- For \(x < -\sqgrt{2}\), pick \(x = -2\): \(f'(-2) =4 - 2 =2 > 0\) ~
increasing.

- For \(-\sgrt{2} < x < \sqgrt{2}\), pick \(x = 0\): \(f'(0) = -2 < 0\) =~
decreasing.

- For \(x > \sqgrt{2}\), pick \(x = 2\): \(f'(2) =4 - 2 =2 > 0\) =~
increasing.

Result:
Function is increasing on \ ((-\infty, -\sgrt{2})\) and \ ((\sqgrt{2},
\infty)\).

Example 2:
Determine the increasing intervals of \(f(x) = \sin x\).
— Derivative: \(f'(x) = \cos x\).

- Critical points: \(\cos x =
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