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Understanding determinants is fundamental in matrix algebra, especially for square
matrices such as 3x3 matrices. Given matrices A and B with specified determinants, we
can explore a variety of properties and operations involving determinants. These
properties include how determinants behave under matrix multiplication, scalar
multiplication, transposition, and addition (though the latter is more complex). This article
aims to systematically analyze these properties and compute various determinants
involving A and B, based on their given determinants, to deepen understanding and
demonstrate practical applications of determinant properties.

Properties of Determinants Relevant to Matrices
A and B

Before diving into specific calculations, it is essential to review key properties of
determinants that will be applied throughout this discussion:

1. Determinant of a Product

- For any two square matrices A and B of the same size,

\[
\det(AB) = \det(A) \times \det(B)

\]
- This property allows direct computation of the determinant of matrix products once the

determinants of the individual matrices are known.

2. Determinant of a Scalar Multiple

- For a scalar \( k\) and an nxXn matrix A,

\[

\det(kA) = k™~ {n} \det(A)

\l

- For 3x3 matrices, this becomes:
\[

\det(kA) = k™ {3} \det(A)
\]



3. Determinant of the Transpose

- The determinant of a matrix is equal to the determinant of its transpose:

\[

\det(A™{T}) = \det(A)

\]

- This is particularly useful when considering symmetric or transposed matrices.

4. Determinant of Inverse

- If A is invertible, then:

\[

\det(A™{-1}) = \frac{1}{\det(A)}

\]

- Since the determinants of A and B are non-zero (9 and -3, respectively), both matrices

are invertible.

5. Determinant of Sum and Other Operations

- Unlike multiplication and scalar multiplication, the determinant of a sum \(\det(A + B)\)
does not have a straightforward formula involving \(\det(A)\) and \(\det(B)\). It often
requires explicit calculation or additional context.

Having established these properties, we can now proceed to analyze specific determinant
expressions involving A and B.

Calculating Determinants of Matrix Products

One common operation is the product of matrices. Given the properties, we can find
determinants of such products straightforwardly.

1. Determinant of \(AB))

- Since \(\det(A) = 9\) and \(\det(B) = -3\),

\[
\det(AB) = \det(A) \times \det(B) = 9 \times (-3) = -27

\]
- This result emphasizes how determinants multiply over matrix multiplication.

2. Determinant of \(BA))

- Similarly,

\[

\det(BA) = \det(B) \times \det(A) = -3 \times 9 = -27
\]



- Notably, for matrices A and B, \(\det(AB) = \det(BA)\), which is consistent with matrix
properties, though the matrices themselves may not commute.

Determinants Under Scalar Multiplication

Scalar multiplication affects the determinant predictably, especially for 3x3 matrices.

1. Determinant of \(kA\) and \(kB\)

- For any scalar \(k\),

\[

\det(kA) = k™~ {3} \det(A)

\]

- For example, if \(k=2\),

\[

\det(2A) = 27 {3} \times 9 = 8 \times 9 = 72
\]

- Similarly,

\[

\det(2B) = 27~ {3} \times (-3) = 8 \times (-3) = -24
\]

2. Determinant of sum involving scalar multiples

- Because \(\det(kA + 1B)\) generally does not equal a simple combination of \(\det(A)\) and
\(\det(B)\), explicit calculation or matrix-specific analysis is required for sums.

Determinants of Transposes and Inverses

Utilizing the properties of transposes and inverses, we can evaluate determinants of these
related matrices.

1. Transposes of A and B

- Since \(\det(A™{T}) = \det(A))),

\[

\det(A~{T}) =9

\]

- Similarly,

\[

\det(B~{T}) = -3

\]

- The transpose does not change the determinant, which simplifies many calculations.



2. Inverses of A and B

- As both matrices are invertible,

\[

\det(A™{-1}) = \frac{1}{\det(A)} = \frac{1}{9}

\]

- And,

\[

\det(B~{-1}) = \frac{1}{\det(B)} = -\frac{1}{3}

\]

- The determinants of the inverses are reciprocals of the original determinants, with the
sign preserved.

3. Determinant of \(A~{-1} B~ {-1}\)

- Using the property \(\det(AB) = \det(A) \times \det(B)\),
\[

\det(A™{-1} B~ {-1}) = \det(A"™{-1}) \times \det(B"~{-1}) = \frac{1} {9} \times \left(-
\frac{1}{3}\right) = -\frac{1} {27}

\]

- Alternatively, since

\[

A~{-1} B~ {-1} = (BA)~{-1}

\]

and

\[

\det(BA) = -27,

\]

it follows that:

\[

\det((BA)~{-1}) = \frac{1}{\det(BA)} = -\frac{1}{27}
\]

- The consistency confirms the properties.

Advanced Applications and Additional
Calculations

While the above sections cover fundamental properties, more complex expressions often
arise, such as the determinant of matrix sums, block matrices, or matrix powers.

1. Determinant of \(A™~{2}\)

- Since \(\det(A™{2}) = (\det A)"™2)),
\[

\det(A~{2}) =972 =81

\]



2. Determinant of \(B~{3}\)

- Similarly,

\[

\det(B~{3}) = \det B)"3 = (-3)"3 =-27
\]

3. Determinant of \(A B A~ {-1}\)

- This is a conjugation of B by A, and determinants are preserved under similarity
transformations:

\[

\det(A B A~{-1}) = \det(B) = -3

\]

- This property is crucial in linear algebra, especially in eigenvalue analysis.

Summary and Key Takeaways

Using the properties of determinants, we can efficiently compute many expressions
involving matrices A and B with known determinants:

e \(\det(AB) = \det(A) \times \det(B) = -27\)

o \(\det(kA) = k™ {3} \times 9\), for scalar \(k\)

e \(\det(A™{T}) = \det(A) = 9\)

e \(\det(A~{-1}) = 1/9\)

e \(\det(A B A~{-1}) = \det(B) = -3\)

Understanding and applying these properties allow for quick calculations and insights into
the behavior of matrices in various algebraic operations. This knowledge is vital not only
in pure mathematics but also in applied fields such as engineering, physics, and computer
science, where matrix transformations and their determinants play a crucial role.

In conclusion, determinants serve as powerful tools to analyze and manipulate matrices
efficiently. Given the determinants of matrices A and B, the properties explored here
enable comprehensive understanding and calculation of complex matrix expressions,
reinforcing the foundational role of determinants in linear algebra.



Frequently Asked Questions

What is the value of det(2A) if det A = 9?
The determinant of 2Ais 23 det A =89 = 72.

What is det(A B) given det A = 9 and det B = -3?
det(A B) =det Adet B =9 (-3) =-27.

What is the value of det(A + B) if A and B are 3x3
matrices with known determinants?

In general, det(A + B) cannot be directly determined from det A and det B alone;
additional information about A and B is needed.

If A is invertible, what is det(A~{-1}) given det A = 9?
det(A~{-1})=1/detA=1/09.

What is the determinant of the transpose of matrix A
(det A”T) if det A = 9?

det A®T = det A = 9, since the determinant of a matrix equals the determinant of its
transpose.

Given det B = -3, what is the determinant of -B?
det(-B) = (-1)~3 det B = -1 (-3) = 3.

If a scalar k multiplies matrix A, what is det(kA) for a
3x3 matrix?

det(kA) = k™3 det A. For example, if k=2 and det A=9, then det(2A) =8 9 = 72.

Can we determine the eigenvalues of matrices A and B
solely from their determinants?

No, the determinant provides the product of eigenvalues but does not give information
about individual eigenvalues or their sum.

Using properties of determinants, what is the
determinant of A™2 B?

det(A™2 B) = det(A"2) det(B) = (det A)~2 det B = 972 (-3) = 81 (-3) = -243.



Additional Resources

Determinants of Matrices play a fundamental role in linear algebra, serving as a key tool
to understand the properties of matrices and their transformations. When exploring the
determinants of matrices, especially in the context of 3x3 matrices, it becomes essential to
understand how various operations affect these determinants. In this article, we delve into
the properties of determinants, focusing on matrices A and B with given determinants, and
explore how these properties can be used to analyze and compute related matrices and
expressions.

Understanding the Determinants of Matrices A
and B

Given matrices A and B are both 3x3 matrices with the following determinants:
-detA=9
-detB =-3

These initial conditions set the stage for exploring how determinants behave under
different matrix operations. The determinants provide insight into the volume scaling
factors of linear transformations represented by the matrices, where a positive
determinant indicates orientation preservation, and a negative one indicates a reversal.

Key takeaways:
- The magnitude of the determinant indicates how much the matrix scales volume.
- The sign indicates whether the transformation preserves or reverses orientation.

Properties of Determinants Relevant to 3x3
Matrices

To analyze matrices A and B, we need to recall several crucial properties of determinants:

1. Determinant of a Product

- Property: \(\det(AB) = \det(A) \times \det(B)\)
- Implication: The determinant of the product matrix equals the product of the
determinants.



2. Determinant of a Scalar Multiple

- Property: For scalar \(k\), \(\det(kA) = k™3 \det(A)\) (since the matrix is 3x3).
- Implication: Scaling a matrix by \(k\) scales its determinant by \(k™3\).

3. Determinant of the Transpose

- Property: \(\det(A"T) = \det(A)\)
- Implication: Transposing a matrix does not change its determinant.

4. Determinant of an Inverse

- Property: If \(A)) is invertible, \(\det(A"{-1}) = \frac{1}{\det(A)}\)
- Implication: The inverse matrix's determinant is the reciprocal.

5. Effect of Row Operations

- Swapping two rows: multiplies the determinant by \(-1\).
- Multiplying a row by scalar \(k\): multiplies the determinant by \(k\).
- Adding a multiple of one row to another: does not change the determinant.

These properties are instrumental in manipulating and understanding matrices A and B.

Analyzing Matrix Operations Using Determinant
Properties

Using the properties above, we can analyze various operations involving A and B:

1. Determinant of the Sum: \(\det(A + B)\)

- Note: Determinant is not linear; \(\det(A + B) \neq \det(A) + \det(B)\).
- Implication: Cannot directly compute \(\det(A + B)\) from individual determinants
without additional information.

2. Determinant of the Product: \(\det(AB)\)

- Given: \(\det(A) = 9\), \(\det(B) = -3\)
- Calculation: \(\det(AB) = \det(A) \times \det(B) = 9 \times (-3) = -27\)

Features:
- The negative result indicates an overall orientation reversal.
- Magnitude (-27) shows the volume scaling factor.



3. Determinant of Powers: \(\det(A"n)\)

- Property: \(\det(A"™n) = (\det A)"n\)
- Examples:

-\(\det(A"~2) = 972 = 81))
-\(\det(A™3) =973 = 729))

4. Determinant of the Inverse: \(\det(A~{-1})\) and
\(\det(B~{-1})\)

- Calculations:
-\(\det(A™{-1}) = \frac{1}{9}\)
-\(\det(B~{-1}) = -\frac{1}{3}\)

Completing Parts Using Properties of
Determinants

Suppose the problem involves specific parts such as finding determinants of combinations
like \(A™~T B\), \(A B~ {-1}\), or \(A + B\). Let's analyze these:

1. Determinant of \(A™T B\)

- Using properties:

-\(\det(A™T B) = \det(A"T) \times \det(B) = \det(A) \times \det(B)\) (since \(\det(A"T) =
\det(A)\))

- Result:

-\(\det(A™~T B) = 9 \times (-3) = -27\)

2. Determinant of \(A B~ {-1}\)

- Using properties:

-\(\det(A B~ {-1}) = \det(A) \times \det(B™~{-1})\)
-\(\det(B™{-1}) = -1/3\)

- Calculation:

-\(\det(A B~{-1}) = 9 \times (-1/3) = -3\)

3. Determinant of \(A + B\)

- Note: No straightforward property; additional matrices or eigenvalues are needed for
explicit calculation.

- Possible approach: If matrices commute or are diagonalizable with known eigenvalues,
further analysis is possible.



Features, Pros, and Cons of Using Determinant
Properties

Features:

- Efficiency: Determinant properties allow quick calculation of complex matrix operations
without explicitly computing the matrices.

- Versatility: They apply to various matrix operations, including products, powers, and
inverses.

Pros:

- Simplifies the process of understanding how transformations scale volumes.
- Facilitates the analysis of matrix invertibility (non-zero determinants).

- Helps in solving systems of linear equations, eigenvalue problems, and more.

Cons:

- Cannot compute determinants of sums directly; additional data or context is needed.
- Requires matrices to be square; not applicable to non-square matrices.

- For large matrices or complex operations, properties may still be insufficient without
explicit matrices.

Conclusion and Summary

The properties of determinants provide powerful tools for analyzing matrices A and B with
known determinants. By leveraging these properties, one can efficiently compute
determinants of various combinations, understand the effects of transformations, and infer
properties about the matrices themselves. The key takeaways include the multiplicative
nature of determinants for products, the behavior under inversion and powers, and the
invariance under transpose. While some calculations, such as determinants of sums, are
not straightforward, the properties serve as a fundamental foundation in linear algebra for
understanding matrix transformations, solving equations, and exploring matrix
characteristics.

This comprehensive understanding underscores the importance of determinants in matrix
theory and their extensive applications across mathematics and engineering disciplines.
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