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Introduction

In the realm of linear algebra, matrix equations often seem straightforward
but can lead to subtle misconceptions if not examined carefully. One common
area of confusion involves matrix multiplication, invertibility, and the
properties of matrices when equations such as \(A"2 = AB\) are presented.

Suppose we are given two \(2 \times 2\) matrices \(A\) and \(B\), with the
condition \(A”2 = AB\) and \(A \neq 0\). The goal is to analyze a purported
proof claiming to derive a certain conclusion from these assumptions. This
article will meticulously examine the statement, identify the potential flaw
in the proof, and clarify the underlying linear algebra principles that are
often misinterpreted.

Understanding the Given Conditions

Before analyzing any proof, it is essential to understand the conditions and
what they imply:

1. Matrices \(A\) and \(B\) are \(2 \times 2\)

- Both matrices are square and of size \(2 \times 2\).
- This size constraint limits the possible properties and invertibility of
\ (A\) and \(B\).

2. The equation \(A"2 = AB\)

- This relates the square of \(A\) to the product of \(A\) and \(B\).
- It can be rewritten as \(A"2 - AB = 0\), or \(A(A - B) = 0\).



3. \(A \neq 0\)

- The matrix \(A\) is non-zero, meaning it is not the zero matrix.
Given these, the natural question arises: what can we infer about \(A\) and
\(B\)? Can we deduce properties such as \(A = B\), invertibility of \(A\), or

other relationships? The proof under scrutiny attempts to do so, but as we
will see, there are pitfalls.

Common Misconceptions and the Flaw in the Proof

Let's consider the typical reasoning that might be used in the proof and
identify where it can go wrong.

Sample Proof Attempt

Suppose someone claims:

> Since \(A"2 = AB\) and \(A \neq 0\), then \(A\) is invertible, and so \(A =
B\).

This reasoning proceeds as follows:

1. Assuming \(A\) is invertible, multiply both sides of the equation \(A"2 =
AB\) by \(A"{-1}\) on the left:

\[

A™M{-1}A*2 = A~{-1}AB
\1]

2. Therefore, the matrices are equal: \(A = B\).

However, this reasoning contains a critical flaw.

Analysis of the Flaw



1. The assumption that \(A\) is invertible is not
justified

- The most significant mistake is presuming \(A\) is invertible without
proof. While invertibility allows the multiplication by \(A~{-1}\), it is not
guaranteed by the initial conditions.

- Matrices can satisfy \(A"2 = AB\) without being invertible.

2. Non-invertible matrices can satisfy \(A"2 = AB\)
with \ (A \neq 0\)

- Let's examine if such matrices exist. For example, consider matrices where
\(A\) is nilpotent (i.e., \(A”k = 0\) for some \(k\)), but \(A \neq 0\).

- For a concrete example, take:
\begin{bmatrix}
1

\end{bmatrix}
\1]

Then,

\ [

A~2 = \begin{bmatrix}
0 & 0 \\

0&0

\end{bmatrix} = 0

\1

- Now, choose \(B\) such that \(AB = A®2 = 0\). For example, any matrix \(B\)
satisfying \ (AB=0\) works, such as:

[
= \begin{bmatrix}
& 0 \\

{21} & b {22}

end{bmatrix}
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- In this case, \(A"2 = 0\) and \(AB=0\), so \(A"2=AB\) holds, but \(A\) is
clearly non-zero and not invertible.

- This counterexample demonstrates that the initial assumption that \(A\)
must be invertible is false.



3. Implication of the counterexamples

- The existence of such matrices invalidates the step in the proof where the
invertibility of \(A\) is assumed to conclude \(A = B\).

- Therefore, the proof's conclusion that \(A = B\) is not universally valid
under the given conditions.

Additional Insights into the Structure of the
Matrices

Understanding the structure of matrices satisfying \(A"2 = AB\) can provide
further clarity.

1. When is \(A"2 = AB\) true?
- As previously noted, the key is the relation:
\ [

A(A - B) =0
\]

- For matrices over a field (like real numbers), this product being zero
implies that \(A\) is a singular matrix or that \(A - B\) is a matrix that
nullifies the image of \(A\).

2. The role of the matrix \(A\) being non-zero

- Since \(A \neq 0\), but \(A"2 = 0\) is possible (as in the nilpotent
example), the conclusion that \(A\) is invertible cannot hold universally.

3. Implications for \(A\) and \(B\)

- ITf \(A\) is invertible, then \(A = B\) as shown.
- If \(A\) is singular, then the relation \(A(A - B) = 0\) only indicates
that the image of \(A\) is contained in the null space of \(A - B\).

Summary of the Flaw in the Proof



The key flaw in the proof attempting to conclude that \(A = B\) from \(A"2 =
AB\) and \(A \neq 0\) is the unwarranted assumption that \(A\) is invertible.
This assumption is false because:

- Matrices can satisfy \(A"2 = AB\) without being invertible.

- Counterexamples exist, such as nilpotent matrices, where \(A"2=0\) but \(A
\neq 0\).

- In such cases, dividing both sides of the equation by \(A\) (or multiplying
by \(A~{-1}\)) is invalid because \(A~{-1}\) does not exist.

Thus, the proof's step to conclude \(A = B\) is invalid in general. The only
situation where the conclusion holds is when \(A\) is invertible, which is
not guaranteed by the initial assumptions.

Conclusion

Understanding the subtleties of matrix equations like \(A"2 = AB\) is crucial
in linear algebra. The mistaken inference that \(A = B\) hinges on assuming
\(A\) is invertible, which is not justified. The existence of non-invertible,
nilpotent matrices satisfying the same relation disproves the universal
validity of that step.

Key takeaways:

- Always verify assumptions about invertibility before manipulating matrices
algebraically.

- Counterexamples, such as nilpotent matrices, are essential tools to test
the validity of algebraic proofs.

- The relation \(A"2 = AB\) does not necessarily imply \(A = B\) unless
additional conditions (like invertibility of \(A\)) are specified.

By carefully analyzing the structure and properties of matrices, we can avoid
common pitfalls and develop a deeper understanding of linear algebraic
equations.

Frequently Asked Questions

What is the main claim being challenged in the proof
involving matrices A and B?

The proof attempts to establish a specific property or relationship between
matrices A and B based on the condition A2 = AB, but it contains a flaw that
invalidates the conclusion.



Given that A is a non-zero 2x2 matrix satisfying A?2
= AB, what potential assumptions can lead to a flaw
in the proof?

Assuming that A is invertible without proof can lead to errors, especially
since non-invertible matrices can satisfy A2 = AB without implying further
properties, thus introducing a flaw.

Why is the assumption that A is invertible critical
when analyzing the proof with A2 = AB?

Because many conclusions about the relationship between A and B depend on the
invertibility of A; if A is not invertible, the proof's steps may not hold,
revealing a flaw.

How can the property A2 = AB be used to infer
properties about B, and where might the proof go
wrong?

One might attempt to deduce B = A, or B = A, but if A is not invertible,
dividing both sides by A (or using its inverse) is invalid, which is a common
flaw in such proofs.

What is a common mistake in proofs involving matrix
equations like A2 = AB without considering the
invertibility of A?

A common mistake is assuming A is invertible to manipulate the equation
algebraically, leading to incorrect conclusions when A is actually singular
(non-invertible).

In what way does the non-zero condition of A
influence the validity of the proof?

The non-zero condition confirms A is not the zero matrix, but it doesn't
guarantee invertibility; overlooking this can introduce a flaw when
manipulating the equations.

How can analyzing eigenvalues of A help identify the
flaw in the given proof?

By examining eigenvalues, one can determine whether A is invertible; if A has
zero eigenvalues, it's not invertible, highlighting a flaw in assumptions
that rely on invertibility.



What is the key insight to identify the flaw in a
proof claiming A2 = AB implies a certain
relationship, without additional assumptions?

The key insight is recognizing that without assuming A's invertibility,
algebraic manipulations like dividing both sides by A are invalid, revealing
the flaw.

Additional Resources

Let A And B Be A (2x2) Matrices Such That A2 = AB And A # 0. Find The Flaw
In The Following Proof That

Introduction

In the realm of linear algebra, matrix equations often serve as fertile
ground for both elegant solutions and subtle pitfalls. The problem
statement—-Let A and B be 2x2 matrices such that \(A"2 = AB\) and \(A \neq
0\)—invites exploration into the properties and potential constraints of
matrices under these conditions. An accompanying proof claiming to establish
certain properties or conclusions based on these hypotheses is under
scrutiny.

This article aims to meticulously analyze such a proof, identifying the
logical or algebraic flaws that undermine its validity. Through a detailed
examination of matrix operations, eigenvalues, and counterexamples, we will
uncover the common misconceptions and errors that could arise in proofs
involving matrix equations like \(A"2 = AB\).

Background and Context
Understanding the Given Conditions
Given matrices \(A, B \in M 2(\mathbb{R})\), the key conditions are:

- \ (A2 = AB\)
- \(A \neq 0\)

The first condition suggests a relation between \(A\) and \(B\), where

\ (A~2\) factors into a product involving \(A\). The question is whether these
conditions impose constraints on \(A\) and \(B\), and whether certain
properties—such as commutativity, invertibility, or eigenstructure—-must
necessarily follow.

Typical Claims in Such Proofs

Proofs based on these conditions often aim to:



- Show that \(A\) and \(B\) commute, i.e., \(AB = BA\).

- Derive eigenvalues or eigenvectors of \(A\) and \(B\).

- Conclude that \(A\) is idempotent or nilpotent under certain circumstances.
- Express \(B\) explicitly in terms of \(A\).

However, these claims are sometimes made without careful consideration of
matrix properties, leading to logical gaps.

Dissecting the Common Proof and Its Flaws

Suppose someone attempts to prove that "If \(A”2 = AB\) and \(A \neq 0\),
then \(A\) must commute with \(B\)" or similar conclusions. The proof might
proceed along lines like:

Step 1: Factor out \(A\) to obtain \(A(A - B) = 0\).
Step 2: Deduce properties of \(A\) and \(B\) from this factorization.

Step 3: Conclude that \(A\) and \(B\) are related in a specific way, perhaps
implying commutativity or other properties.

While such steps appear straightforward, they contain critical flaws.

Deep Dive: Identifying the Flaw
1. Misapplication of Factorization in Matrices

The key error often lies in the step where the equation \(A"2 = AB\) is
rewritten or factored as \(A(A - B) = 0\). Unlike scalar variables, matrices
do not generally satisfy the cancellation law or factorization properties in
the same way.

Counterexample:
Let \(A\) be any non-zero matrix, and \(B\) be such that \(A"2 = AB\). Does
this imply \(A(A - B) = 0\)?

- Not necessarily. Because matrix multiplication is not commutative, and the
equation \(A"2 = AB\) does not imply \(A(A - B) = 0\) unless \(A\) commutes
with \(A - B\), which is not guaranteed.

Conclusion: The step that assumes \(A"2 = AB \Rightarrow A(A - B) = 0\) is

invalid unless \(A\) commutes with \(A - B\). Without establishing this, the
factorization is unjustified.

2. Assumption that \(A\) is Invertible



Some proofs proceed by assuming \(A\) is invertible to rearrange the
equation:

\ [
A~2 = AB \implies A = B
\1

or

\ [
A = A*{-1} AB = B
\1]

But:
- The invertibility of \(A\) is not guaranteed when only \(A"2 = AB\) and \(A
\neq 0\).

Counterexample:

Construct matrices to satisfy \(A”2 = AB\) with \(A \neq 0\), but \(A\) is
singular (not invertible). For instance, take:

\ [
A = \begin{bmatrix} 0 & 0 \\ 0 & 1 \end{bmatrix}
\1

then choose \(B\):

\ [
B = \begin{bmatrix} 0 & 0 \\ 0 & 1 \end{bmatrix}
\1

which satisfies:

\ [

A~2 = \begin{bmatrix} 0 & 0 \\ 0 & 1 \end{bmatrix} = AB
\1]

but \(A\) is singular, and \ (A \neq B\).

Implication:

Assuming invertibility to manipulate the equation is unjustified; the proof
must explicitly handle the possibility of singular matrices.

3. Overlooking the Non-commutativity of Matrices

Another common flaw is assuming that \(A\) and \(B\) commute without proof.
The initial condition \(A”2 = AB\) does not imply \(AB = BA\).

Counterexample:



Choose matrices:

\ [

A = \begin{bmatrix} 0 & 1 \\ 0 & 0 \end{bmatrix}, \quad B = \begin{bmatrix} 0
& 0\\ 1 & 0 \end{bmatrix}

\1

then

\ [

A~2 = 0, \quad AB = \begin{bmatrix} 1 & 0 \\ 0 & 0 \end{bmatrix}
\1

which satisfies \(A"2 = AB\) (since both are zero matrices in this case, or
for different choices, the relation might hold). But

\ [
BA = \begin{bmatrix} 0 & 0 \\ 0 & 1 \end{bmatrix}

\1]
which is not equal to \(AB\).

Conclusion:
The relation \(A"2 = AB\) does not guarantee that \(A\) and \(B\) commute,
contradicting any proof that claims so.

Eigenvalue Analysis and Its Pitfalls
Some attempts to analyze the matrices involve examining eigenvalues:

- If \(A\) is diagonalizable, the relation \(A"2 = AB\) imposes constraints
on eigenvalues.
- For example, suppose \(A\) has eigenvalues \(\lambda 1, \lambda 2\), then:

\ [
A~2 \sim \text{diag}(\lambda 172, \lambda 2"2)
\1]

- The relation \(A"2 = AB\) implies that for each eigenvector \(v\),

\ [
A2 v = AB v
\1]

which can be rewritten as

\ [
A (Av) =A (B v) \Rightarrow A v \neq 0 \implies A v =B v
\1]



but this is only valid if \(A v \neq 0\). For eigenvectors corresponding to
zero eigenvalues, the relation breaks down.

Potential flaw:
Assuming the eigenvectors of \(A\) and \(B\) are aligned or that the relation
constrains eigenvalues directly without considering the full structure.

The Critical Flaw: The Overgeneralization of the Equation

The most significant flaw in many such proofs is an overgeneralization:
assuming that the matrix equation \(A”2 = AB\) imposes enough constraints on
\(A\) and \(B\) to derive strong properties like commutativity or explicit
forms without additional hypotheses.

In particular, the equation:

\ [
A~2 = AB
\]

can be satisfied by a wide class of matrices \(A\) and \(B\) that are not
necessarily related in simple ways. Without further restrictions (e.g.,
invertibility, diagonalizability, or specific eigenstructure), the relation
does not imply that \(A\) and \(B\) commute, or that \(A\) is idempotent, or
that \(A = B\).

Constructing a Concrete Counterexample

To solidify the argument, consider explicitly constructing matrices \(A, B
\in M 2(\mathbb{R})\) such that:

- \(A \neq 0\),

- \(A"2 = AB\),

- but \(A\) and \(B\) do not commute, and \(A \neq B\).
Example:

Let

\ [
A = \begin{bmatrix} 0 & 1 \\ 0 & 0 \end{bmatrix}
\1

and choose

\ [
B = \begin{bmatrix} 0 & 0 \\ 1 & 0 \end{bmatrix}



\]

then:

\ [
A~2 = \begin{bmatrix} 0 & 0 \\ 0 & 0 \end{bmatrix}

\1

and

\[
AB = \begin{
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