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Introduction

In the realm of multivariable calculus, understanding the behavior of functions around specific
points is crucial for analyzing their properties, such as continuity, differentiability, and the existence
of solutions to equations involving these functions. The function in focus,

\[ F(x, y) = y(e^y + x) - \ln(x), \]

is a fascinating example due to its combination of exponential, linear, and logarithmic components.
Analyzing such a function involves exploring its behavior in neighborhoods around particular points
in its domain, especially where certain conditions, like the Implicit Function Theorem, can be
applied.

In this article, we aim to establish that there exists a neighborhood around a specific point where the
function behaves in a controlled manner, allowing us to invoke key theorems in multivariable
calculus. Specifically, we will demonstrate the existence of an open neighborhood around a point
\((x_0, y_0)\), within which the function satisfies the conditions necessary for the application of the
Implicit Function Theorem, thus guaranteeing the existence of a function \( y = y(x) \) satisfying \(
F(x, y) = 0 \).

---

Understanding the Function \(F(x, y)\)

Definition and Domain

The function

\[ F(x, y) = y(e^y + x) - \ln(x), \]

is defined for:

- \( x > 0 \), since \(\ln(x)\) is only defined for positive \(x\),
- \( y \in \mathbb{R} \), with no explicit restrictions from the exponential component.

Thus, the domain of \(F\) is

\[ D = \{ (x, y) \in (0, +\infty) \times \mathbb{R} \}. \]



Components of \(F(x, y)\)

- Exponential component: \( e^y \), which is smooth and strictly positive for all real \( y \),
- Linear component in \( y \): \( y \),
- Logarithmic component: \( \ln(x) \), defined and smooth for \( x > 0 \).

Significance of the Function

The structure of \(F\) suggests that it can be used to implicitly define a relation between \(x\) and
\(y\), such as solving \(F(x, y) = 0\) for \( y \) as a function of \( x \), in some neighborhood of a point \(
(x_0, y_0) \).

---

Establishing the Existence of a Neighborhood

The Implicit Function Theorem (IFT)

The Implicit Function Theorem provides conditions under which a relation \( F(x, y) = 0 \) defines \( y
\) as a smooth function of \( x \) in a neighborhood of a point \( (x_0, y_0) \).

Statement of the IFT (simplified):
Let \(F: U \to \mathbb{R}\), with \(U\) open in \(\mathbb{R}^2\), and suppose:

- \( (x_0, y_0) \in U \),
- \(F(x_0, y_0) = 0\),
- The partial derivative \(\frac{\partial F}{\partial y}(x_0, y_0) \neq 0\).

Then, there exists a neighborhood \(V\) of \(x_0\) and a unique continuous (and differentiable)
function \( y = y(x) \) defined on \(V\) such that:

\[ F(x, y(x)) = 0, \quad \text{for all} \quad x \in V. \]

Applying the IFT to Our Function

To show that such a neighborhood exists:

1. Identify a point \((x_0, y_0)\) where \(F(x_0, y_0) = 0\),
2. Verify that \(\frac{\partial F}{\partial y}\) at \((x_0, y_0)\) is non-zero.

---

Step-by-Step Analysis

Step 1: Find a Point \((x_0, y_0)\) such that \(F(x_0, y_0) = 0\)

Suppose we choose a specific point where \(x_0 > 0\) and \(y_0\) satisfy:

\[ F(x_0, y_0) = y_0 (e^{y_0} + x_0) - \ln(x_0) = 0. \]

For simplicity, consider an example:



- Let \(x_0 = 1\),
- Find \( y_0 \) satisfying:

\[ y_0 (e^{y_0} + 1) = \ln(1) = 0. \]

Since \(\ln(1) = 0\), the equation reduces to:

\[ y_0 (e^{y_0} + 1) = 0. \]

This yields two solutions:

- \( y_0 = 0 \),
- or \( e^{y_0} + 1 = 0 \), but since \( e^{y_0} > 0 \), the second is impossible.

Therefore, the point:

\[ (x_0, y_0) = (1, 0) \]

satisfies \(F(1, 0) = 0\).

---

Step 2: Compute the Partial Derivative \(\frac{\partial F}{\partial y}\)

The partial derivative with respect to \( y \):

\[
\frac{\partial F}{\partial y}(x, y) = \frac{\partial}{\partial y} [ y (e^y + x) - \ln(x) ].
\]

Since \(\ln(x)\) does not depend on \( y \):

\[
\frac{\partial F}{\partial y}(x, y) = (e^y + x) + y e^y.
\]

At the point \((1, 0)\):

\[
\frac{\partial F}{\partial y}(1, 0) = (e^{0} + 1) + 0 \cdot e^{0} = (1 + 1) + 0 = 2.
\]

Because this derivative is non-zero (\(2 \neq 0\)), the conditions for the Implicit Function Theorem
are satisfied at \((1, 0)\).

---

Step 3: Conclusion from the Implicit Function Theorem

Given the above:



- \(F(1, 0) = 0\),
- \(\frac{\partial F}{\partial y}(1, 0) = 2 \neq 0\),

there exists an open neighborhood \(V\) of \(x=1\), say \(V = (a, b)\), and a unique, continuously
differentiable function \( y = y(x) \) such that:

\[ F(x, y(x)) = 0, \quad \forall x \in V. \]

This confirms the existence of a neighborhood around \((x_0, y_0) = (1, 0)\) where the relation \(F(x,
y) = 0\) can be locally solved for \( y \) as a function of \( x \).

---

Generalization and Additional Considerations

Other Points in the Domain

The previous analysis can be extended to other points where \(F(x_0, y_0) = 0\) and \(\frac{\partial
F}{\partial y}(x_0, y_0) \neq 0\). For example:

- Choose \(x_0 > 0\),
- Solve \( y_0 (e^{y_0} + x_0) = \ln x_0 \),
- Verify that \(\frac{\partial F}{\partial y}\) at \((x_0, y_0)\) is non-zero.

Conditions for the Neighborhood

The key conditions ensuring the existence of a neighborhood are:

1. The point \((x_0, y_0)\) lies on the curve \(F(x, y) = 0\),
2. The partial derivative \(\frac{\partial F}{\partial y}\) at that point is non-zero.

When these are fulfilled, the Implicit Function Theorem guarantees a neighborhood where \( y \) can
be expressed as a differentiable function of \( x \).

Implications for the Function \(F\)

- The smoothness of \(F\) (being composed of exponential, linear, and logarithmic functions) ensures
that the neighborhoods are open sets where the function behaves predictably.
- The ability to find such neighborhoods is fundamental in solving equations involving \(F\), analyzing
bifurcations, and studying local behavior in dynamical systems.

---

Applications and Significance

Understanding the local behavior of functions like \(F(x, y)\) has several applications:

- Implicit Function Solutions: Establishing local solutions to equations where \( y \) is implicitly
defined by \(F(x, y) = 0\).
- Stability Analysis: In differential equations and



Frequently Asked Questions

What is the main goal when analyzing the function F(x, y) =
y(e^y + x) - ln(x) in the context of neighborhoods?
The main goal is to show that there exists a neighborhood around a point where the function
behaves nicely, often to apply the Implicit Function Theorem or analyze local behavior, ensuring the
existence and continuity of solutions within that neighborhood.

How do we determine the existence of a neighborhood for the
function F(x, y)?
We examine the continuity and differentiability of F and its partial derivatives near a point of
interest, typically using tools like the Implicit Function Theorem, which guarantees a neighborhood
where solutions exist based on the invertibility of the Jacobian matrix.

What conditions must be satisfied for the Implicit Function
Theorem to ensure a neighborhood exists for the given
function?
The key conditions are that F is continuously differentiable in a neighborhood of the point and that
the Jacobian matrix with respect to the variable y is invertible at that point, ensuring a local solution
for y as a function of x.

Why is the domain ]0, +∞[ important when analyzing the
function F(x, y)?
Because the domain ensures that ln(x) is defined and differentiable, which is crucial for analyzing
the behavior of F and applying the Implicit Function Theorem, as well as ensuring the function's
components behave smoothly within this interval.

What steps are involved in demonstrating that a neighborhood
exists for the function F(x, y) around a specific point?
First, identify the point of interest and verify that F and its derivatives are continuous there. Next,
compute the Jacobian matrix with respect to y and check its invertibility. Finally, apply the Implicit
Function Theorem to conclude the existence of a neighborhood where a solution y(x) exists and is
continuous.

Additional Resources
Let F: ]0, +∞[ × ℝ → ℝ be the function F(x, y) = y(e^y + x) - ln(x). Show: There exists a
neighborhood around a point where the implicit function theorem applies, ensuring the existence of
a function y = y(x) satisfying F(x, y(x)) = 0.



---

Introduction

In the realm of multivariable calculus, understanding the behavior of functions and their associated
equations is fundamental. One of the powerful tools in this context is the Implicit Function Theorem,
which guarantees, under certain conditions, the existence of a function y = y(x) such that a given
relation holds locally around a point.

In this article, we explore the function F: (0, +∞) × ℝ → ℝ defined by

\[ F(x, y) = y(e^y + x) - \ln(x). \]

Our goal is to analyze this function and demonstrate that there exists a neighborhood around a
specific point where the implicit function theorem applies, thus establishing the local existence of a
function y = y(x) satisfying F(x, y(x)) = 0.

---

Understanding the Function \(F(x, y)\)

Before applying the implicit function theorem, it is essential to understand the structure and
properties of the function \(F\):

- Domain: \(x \in (0, +\infty)\), \(y \in \mathbb{R}\).
- Range: \(F(x, y) \in \mathbb{R}\).

The function combines exponential, logarithmic, and polynomial expressions, making it rich for
analysis.

---

Step 1: Choosing the Point of Interest

To apply the implicit function theorem, we need to identify a point \((x_0, y_0)\) where:

\[ F(x_0, y_0) = 0. \]

A natural approach is to select specific values of \(x_0\) and \(y_0\) that satisfy the relation, or to
analyze the behavior at particular points to find such a candidate.

Let's consider the point \((x_0, y_0) = (1, 0)\).

At this point,

\[
F(1, 0) = 0 \cdot (e^0 + 1) - \ln(1) = 0 \cdot (1 + 1) - 0 = 0.
\]

Thus,



\[
F(1, 0) = 0,
\]

which confirms that \((1, 0)\) lies on the zero set of \(F\). This point serves as an ideal candidate for
applying the implicit function theorem.

---

Step 2: Computing the Necessary Partial Derivatives

The implicit function theorem states that if \(F\) is continuously differentiable in a neighborhood of
\((x_0, y_0)\), and the partial derivative with respect to \(y\), \(\frac{\partial F}{\partial y}\), is non-
zero at \((x_0, y_0)\), then there exists a neighborhood where \(y\) can be expressed as a function of
\(x\).

Let's compute the relevant derivatives at \((1, 0)\):

- Partial derivative with respect to \(x\):

\[
\frac{\partial F}{\partial x} = y \cdot \frac{\partial}{\partial x}(e^y + x) - \frac{1}{x} = y \cdot 1 -
\frac{1}{x} = y - \frac{1}{x}.
\]

At \((1, 0)\):

\[
\left.\frac{\partial F}{\partial x}\right|_{(1, 0)} = 0 - 1 = -1.
\]

- Partial derivative with respect to \(y\):

\[
\frac{\partial F}{\partial y} = (e^y + x) + y \cdot e^y = e^y + x + y e^y.
\]

At \((1, 0)\):

\[
\left.\frac{\partial F}{\partial y}\right|_{(1, 0)} = e^0 + 1 + 0 \cdot e^0 = 1 + 1 + 0 = 2.
\]

Since \(\frac{\partial F}{\partial y}(1, 0) = 2 \neq 0\), the conditions for the implicit function
theorem are satisfied at this point.

---

Step 3: Application of the Implicit Function Theorem

The Implicit Function Theorem states:



> If \(F\) is continuously differentiable near \((x_0, y_0)\), with \(F(x_0, y_0) = 0\), and \(\frac{\partial
F}{\partial y}(x_0, y_0) \neq 0\), then there exist neighborhoods \(U\) of \(x_0\) and \(V\) of \(y_0\),
and a unique continuously differentiable function \(y = y(x)\) such that:

\[
F(x, y(x)) = 0 \quad \text{for all } x \in U,
\]
and

\[
y(x_0) = y_0.
\]

Applying this to our specific case, there exists a neighborhood \(U\) around \(x = 1\) such that a
unique function \(y = y(x)\) exists with:

\[
F(x, y(x)) = 0,
\]
and

\[
y(1) = 0.
\]

---

Conclusion: There Exists a Neighborhood

In summary, the analysis confirms the following key points:

- The function \(F(x, y) = y(e^y + x) - \ln(x)\) is continuously differentiable on \((0, +\infty) \times
\mathbb{R}\).
- At the point \((x_0, y_0) = (1, 0)\), the function satisfies \(F(1, 0) = 0\).
- The partial derivative with respect to \(y\) at this point, \(\frac{\partial F}{\partial y}(1, 0) = 2 \neq
0\).

Therefore, by the Implicit Function Theorem, there exists a neighborhood \(V\) of \(x=1\) in \((0,
+\infty)\), and a unique continuously differentiable function \(y = y(x)\) defined on \(V\), such that:

\[
F(x, y(x)) = 0 \quad \text{for all } x \in V,
\]
with

\[
y(1) = 0.
\]

---



Additional Insights and Implications

This result is powerful because it guarantees local solvability of the equation \(F(x, y) = 0\) around
the chosen point. It also opens avenues for further analysis:

- Differentiability of \(y(x)\): Since \(F\) is smooth, \(y(x)\) inherits this smoothness.
- Explicit formula for \(y(x)\): While an explicit formula may be complex, the implicit function
theorem assures us of the function's existence and smoothness.
- Behavior near the point: One can investigate the derivatives of \(y(x)\) at \(x=1\) using the implicit
differentiation formula.

---

Final Remarks

The process outlined above demonstrates the utility of the Implicit Function Theorem in analyzing
complex functions involving exponential and logarithmic components. By selecting an appropriate
point satisfying the function's relation and verifying the non-vanishing of the relevant partial
derivative, we establish the local existence of a function \(y = y(x)\) solving the implicit equation.

In conclusion, the key takeaway is that there exists a neighborhood around \(x=1\) where the
equation \(F(x, y) = 0\) defines \(y\) as a differentiable function of \(x\), confirming the power of
differential calculus tools in solving and understanding intricate multivariable relations.

---
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