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Understanding the number of possible relations on a finite set is a
fundamental question in set theory and combinatorics. When working with a set
\( S \) containing \( N \) elements, and considering relations between
elements, it's important to analyze how many such relations exist, especially
when particular elements like \( A \) and \( B \) are involved. This article
delves into the detailed calculation of how many relations \( R \) can be
formed on \( S \), with a focus on the case where \( A \) and \( B \) are
distinct elements of \( S \). We will explore the foundational concepts,
mathematical expressions, and various special cases to provide a
comprehensive understanding of this topic.

---

Understanding Relations on a Set

What is a Relation?

A relation \( R \) on a set \( S \) is a subset of the Cartesian product \( S
\times S \). In other words, it is a set of ordered pairs where both elements
belong to \( S \). Formally:

\[
R \subseteq S \times S
\]

Each relation describes a certain connection or association between elements
of \( S \).

Examples of Relations

- The "less than" relation on numbers.
- The "is a friend of" relation in a social network.
- The "is a parent of" relation in family trees.

Since relations are subsets of \( S \times S \), the total number of possible



relations depends on the number of elements in \( S \).

---

Number of Possible Relations on a Set of N
Elements

Basic Calculation

- The set \( S \) has \( N \) elements.
- The Cartesian product \( S \times S \) contains \( N \times N = N^2 \)
ordered pairs.
- Each relation \( R \) is a subset of \( S \times S \).

Because each of the \( N^2 \) pairs can either be included or excluded
independently in a relation, the total number of relations on \( S \) is:

\[
\boxed{2^{N^2}}
\]

This exponential count stems from the fact that for each pair, there are two
choices: include or exclude.

Implication

- When \( N \) is large, the number of possible relations grows
exponentially.
- For example, if \( N = 3 \), there are \( 2^{9} = 512 \) possible
relations.

---

Focus on Specific Elements: How Many Relations
Involving Elements A and B?

Now, consider the scenario where you are interested in relations involving
two specific elements \( A \) and \( B \) of \( S \), with \( A \neq B \).



Assumptions

- \( S \) is a finite set with \( N \) elements.
- \( A, B \in S \).
- \( A \neq B \).

The question is: "How many relations \( R \subseteq S \times S \) are there,
considering the involvement of \( A \) and \( B \)?"

---

Analyzing Relations with Respect to Elements A
and B

Relevance of the Elements

The key idea is that relations can involve pairs that include \( A \) and \(
B \) in various ways. Specifically, the pairs of interest are:

- \((A, A)\)
- \((A, B)\)
- \((B, A)\)
- \((B, B)\)

Additionally, relations may involve other elements of \( S \).

Partitioning the Cartesian Product

The total set \( S \times S \) can be thought of as comprising:

1. The four pairs involving \( A \) and \( B \):
- \((A, A)\), \((A, B)\), \((B, A)\), \((B, B)\)
2. The pairs involving \( A \) or \( B \) with other elements \( C \in S \),
where \( C \neq A, B \):
- \((A, C)\), \((C, A)\), \((B, C)\), \((C, B)\)
3. The pairs involving only elements other than \( A \) and \( B \):
- \((C, D)\) where \( C, D \neq A, B \)

The total number of pairs in \( S \times S \) is \( N^2 \), and the analysis
revolves around these subsets of pairs.

---



Counting Relations Based on Specific Pairs
Involving A and B

Total Number of Relations on \( S \)

As established:

\[
\text{Total relations} = 2^{N^2}
\]

However, if we focus on relations that include or exclude certain pairs
involving \( A \) and \( B \), we need more refined calculations.

Number of Relations with Fixed Involvement of \( A
\) and \( B \)

Suppose we want to determine:

- The number of relations \( R \subseteq S \times S \) such that certain
pairs involving \( A \) and \( B \) are present or absent.

This involves fixing some pairs and counting all possible configurations for
the remaining pairs.

---

Calculating the Number of Relations When
Certain Pairs Are Fixed

Case 1: Relations Containing Both \((A, B)\) and
\((B, A)\)

If we want all relations \( R \) that must include \((A, B)\) and \((B, A)\),
then:

- These two pairs are fixed as present.
- The remaining pairs in \( S \times S \) can be either included or excluded
freely.



Number of such relations:

\[
2^{N^2 - 2}
\]

since we fix 2 pairs and have \( N^2 - 2 \) pairs remaining.

Case 2: Relations Excluding Specific Pairs

Similarly, if we require that certain pairs must be absent, the count adjusts
accordingly.

For example, the number of relations excluding both \((A, B)\) and \((B,
A)\):

\[
2^{N^2 - 2}
\]

since these pairs are fixed as absent.

Case 3: Relations Fixing Multiple Pairs Involving \(
A \) and \( B \)

If we fix a subset \( S_{fixed} \subseteq \{ (A, A), (A, B), (B, A), (B, B)
\} \), then:

- These pairs are fixed as present or absent depending on \( S_{fixed} \).
- The remaining pairs can be freely assigned.

Number of such relations:

\[
2^{N^2 - |S_{fixed}|}
\]

---

General Formula for the Number of Relations
With Constraints on \( A \) and \( B \)

When considering the presence or absence of pairs involving \( A \) and \( B
\), the general approach is:



\[
\boxed{
\text{Number of relations} = 2^{N^2 - k}
}
\]

where:

- \( N^2 \) is the total number of pairs in \( S \times S \).
- \( k \) is the number of pairs involving \( A \) and \( B \) that are fixed
(either included or excluded).

Specifically, if you fix the status of the 4 pairs involving \( A \) and \( B
\), then:

\[
k = |\text{fixed pairs involving } A, B|
\]

and the total relations compatible with these constraints are:

\[
2^{N^2 - k}
\]

---

Special Cases and Applications

1. Relations with No Restrictions

- Total relations: \( 2^{N^2} \).

2. Relations Containing All Pairs Involving \( A \)
and \( B \)

- Fix all four pairs: \((A, A), (A, B), (B, A), (B, B)\) as present.
- Remaining pairs can be chosen freely:

\[
2^{N^2 - 4}
\]



3. Relations Excluding All Pairs Involving \( A \)
and \( B \)

- Fix all four pairs as absent.
- Remaining pairs:

\[
2^{N^2 - 4}
\]

4. Relations Where \( A \) and \( B \) Are Related
Only in a Specific Way

For example, relations where only \((A, B)\) is present:

- Fix \((A, B)\) as present.
- Fix \((A, A), (B, A), (B, B)\) as absent.
- Remaining pairs are free:

\[
2^{N^2 - 4}
\]

---

Implications for Set Theory and Computer
Science

Understanding the counts of relations with specific

Frequently Asked Questions

What is a relation R from set S to itself?
A relation R on set S is a subset of the Cartesian product S × S, meaning it
is a set of ordered pairs where each element is from S.

How many possible relations are there on a set S
with N elements?
There are 2^(N^2) possible relations on a set S with N elements, since each



of the N^2 possible pairs can either be included or excluded.

If A and B are distinct elements of S, how many
relations include both A and B?
The total number of relations containing both A and B depends on whether
these pairs are fixed or optional. In general, since each pair can be
included or not, the total remains 2^(N^2). To count relations that include
specific pairs, you'd fix those pairs and vary the rest.

How many relations exclude both A and B if A and B
are distinct elements of S?
The number of relations that exclude both A and B involves fixing those pairs
as absent and freely choosing the inclusion of the remaining pairs, resulting
in 2^((N^2) - 2) relations.

Are the relations that contain A and B considered in
the total count of 2^(N^2)?
Yes, since the total number of relations includes all possible subsets of S ×
S, including those that contain or exclude specific pairs like (A, B).

How many relations include both A and B as elements
of the relation?
The number of relations that include both (A, A) and (B, B) is 2^((N^2) - 2),
as you fix these pairs as present and vary the inclusion of the remaining
pairs.

What is the significance of A and B being distinct
elements in calculating the number of relations?
Knowing that A and B are distinct helps specify which pairs are fixed or
optional when counting relations that contain or exclude these elements,
especially when considering specific pairs.

Can you generalize the number of relations that
contain a specific subset of pairs in S × S?
Yes, if you fix certain pairs to be in the relation, the remaining pairs can
be freely included or excluded, resulting in 2^(total number of remaining
pairs) relations.



What is the total number of relations R on set S
with N elements, given A and B are distinct
elements?
The total number of relations remains 2^(N^2), regardless of whether A and B
are included or not, since all subsets of S × S are possible relations.

Additional Resources
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---

Introduction

In the world of set theory and mathematical relations, understanding how many
different relations can be formed from a given set is fundamental. Whether
you're delving into the theory of functions, graph theory, or database
design, knowing the total number of possible relations helps in both
theoretical insights and practical applications. This article explores the
question: Given a set S with N elements, and two distinct elements A and B
within it, how many relations R can be formed between elements of S? We will
systematically analyze the concept of relations, explore their mathematical
properties, and arrive at an explicit formula for counting the total number
of possible relations.

---

Understanding the Foundations: Sets and Relations

What Is a Set?

A set, in mathematics, is a well-defined collection of distinct objects. For
our discussion, \( S \) is such a set with \( N \) elements, which we can
denote as:

\[
S = \{s_1, s_2, s_3, ..., s_N\}
\]

where each \( s_i \) is a unique element.

Elements A and B

Within the set \( S \), we select two elements \( A \) and \( B \), which are
distinct:

\[



A, B \in S, \quad \text{and} \quad A \neq B
\]

These elements often serve as focal points in relation analysis, especially
when considering properties like reflexivity, symmetry, or transitivity,
which depend on particular elements.

What Is a Relation?

In set theory, a relation \( R \) on a set \( S \) is a subset of the
Cartesian product \( S \times S \). The Cartesian product \( S \times S \) is
the set of all ordered pairs where both elements are from \( S \):

\[
S \times S = \{ (x, y) \mid x \in S, y \in S \}
\]

A relation \( R \subseteq S \times S \) can be viewed as a set of ordered
pairs that satisfy certain properties or conditions.

Example:
If \( R \) is the relation "A is related to B," then \( R \) could be the set
of all pairs such as \( (A, B) \), \( (A, A) \), \( (B, A) \), etc.,
depending on the relation's definition.

---

The Core Question: How Many Relations Exist?

Total Number of Possible Relations

Since a relation \( R \) is a subset of \( S \times S \), the problem reduces
to determining the total number of subsets of \( S \times S \).

- The size of \( S \times S \) is:

\[
|S \times S| = N \times N = N^2
\]

- The total number of subsets of a set with \( N^2 \) elements is:

\[
2^{N^2}
\]

This is because each element (ordered pair) in \( S \times S \) can either be
included or excluded from a relation independently.

Implication



Thus, the total number of relations \( R \) on a set \( S \) with \( N \)
elements is \( 2^{N^2} \). This count includes all possible relations — from
the empty relation (no pairs) to the universal relation (all pairs).

---

Deep Dive: Considering the Elements A and B

Now, given the focus on the elements \( A \) and \( B \), let's analyze how
their presence influences the total number of relations.

Scenario 1: Relations Without Restrictions

If we are counting all possible relations regardless of whether they contain
the pairs involving \( A \) and \( B \), then the total remains:

\[
\boxed{
\text{Number of relations} = 2^{N^2}
}
\]

since all subsets of \( S \times S \) are valid.

Scenario 2: Relations Containing or Excluding Specific Pairs

Suppose we are interested in relations that must include the pairs involving
\( A \) and \( B \), or perhaps must exclude certain pairs. For example:

- Relations that include the pair \( (A, B) \):

- The pair \( (A, B) \) is fixed to be in the relation.
- The remaining \( N^2 - 1 \) pairs can be either in or out independently.
- Total such relations:

\[
2^{N^2 - 1}
\]

- Relations that exclude the pair \( (A, B) \):

- The pair \( (A, B) \) is fixed to be out.
- Remaining pairs: \( 2^{N^2 - 1} \)

- Relations that include both \( (A, B) \) and \( (B, A) \):

- These pairs are fixed to be in.
- Remaining pairs: \( 2^{N^2 - 2} \)

In general, for any subset of pairs involving \( A \) and \( B \), the number
of relations that include exactly those pairs is:



\[
2^{N^2 - \text{number of fixed pairs}}
\]

This demonstrates how constraints involving specific elements influence the
count.

---

Counting Relations with Additional Constraints

Relations That Are Reflexive, Symmetric, or Transitive

In many applications, relations are not just arbitrary subsets but satisfy
certain properties:

- Reflexive: All pairs \( (s, s) \) are in \( R \).
Number of such relations: Since the diagonal pairs are fixed, the remaining
\( N^2 - N \) pairs can be chosen freely:

\[
2^{N^2 - N}
\]

- Symmetric: If \( (x, y) \in R \), then \( (y, x) \in R \).
Counting symmetric relations involves pairing off elements and choosing
whether to include the pair or its symmetric counterpart.

- Transitive: The inclusion of certain pairs implies the inclusion of others,
making counting more complex.

While the total number of arbitrary relations is straightforward (\( 2^{N^2}
\)), counting relations under these properties often involves combinatorial
and recursive methods, which are beyond the scope of this article but worth
noting for specialized applications.

---

Practical Implications and Applications

Understanding the total number of relations on a set has diverse
applications:

Database Theory

In relational databases, relations correspond to tables. Knowing the number
of possible relations aids in understanding the complexity of database
schemas and the combinatorial space of data relationships.

Graph Theory



Relations can be viewed as directed graphs, with elements of \( S \) as
vertices and pairs in \( R \) as directed edges. The total number of directed
graphs on \( N \) vertices is \( 2^{N^2} \), which connects to the
enumeration of possible network topologies.

Computer Science and Algorithms

Analyzing the number of relations provides insight into the complexity of
algorithms that operate over relations, such as graph algorithms, automata,
and logic programming.

Mathematical Research

In pure mathematics, counting relations under various constraints helps in
classifying structures, understanding properties of relations, and designing
combinatorial objects.

---

Summary and Final Thoughts

To conclude, the question "Given a set \( S \) with \( N \) elements and two
distinct elements \( A \) and \( B \), how many relations \( R \) are there?"
can be answered succinctly:

- Total number of relations on \( S \):

\[
\boxed{
2^{N^2}
}
\]

This encompasses all possible subsets of the Cartesian product \( S \times S
\).

- If considering constraints involving specific elements \( A \) and \( B \):

- The count varies based on inclusion/exclusion of particular pairs involving
\( A \) and \( B \).
- For fixed pairs, the count adjusts accordingly.

Understanding these counts not only enriches the theoretical landscape of set
theory and relations but also provides practical insights across computer
science, data management, and combinatorics.

Whether dealing with arbitrary relations or those with specific properties,
the fundamental counting principle remains rooted in the power set size of \(
S \times S \), which is \( 2^{N^2} \). This powerful result highlights the
vastness of the relation space even for modestly sized sets, emphasizing the
richness and complexity inherent in seemingly simple mathematical structures.
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