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Let U Be A Square Matrix Such That UTU Show That Det U =1 Assume That UTU Nce The
Desired Result Is That In linear algebra, understanding the properties of matrices, especially
square matrices, is fundamental for various applications across mathematics, physics, and
engineering. One intriguing problem involves analyzing matrices U for which the product of U
transpose (U”T) and U satisfies certain conditions, leading to insights about the determinant of U.
Specifically, if we assume that U™T U exhibits particular properties, we can demonstrate that the
determinant of U is equal to 1. This article aims to explore this problem thoroughly, guiding you
through the necessary background, key concepts, and detailed proofs, ultimately establishing that
under the given conditions, det U = 1.

Understanding the Context and Notation

Square Matrices and Their Properties

A matrix U of size nxn is called a square matrix. Such matrices are central in linear algebra because
they allow us to define operations like determinants, inverses, and transpose.

- Determinant (det U): A scalar value that provides important information about the matrix, such as
whether U is invertible and the volume scaling factor of the linear transformation it represents.

- Transpose (U”T): The matrix obtained by flipping U over its diagonal, interchanging rows and
columns.

Product U”T U and Its Significance

The product U”T U is a symmetric matrix that is always positive semi-definite. It plays a key role in
various decompositions, such as the QR decomposition, and in understanding the geometric
properties of the linear transformation defined by U.

Key property: For any matrix U, the matrix U”T U is symmetric and positive semi-definite.

Assumptions and the Goal

Suppose we have a square matrix U such that:

- U~T U is a certain matrix with specific properties (e.g., orthogonal, positive definite).
- Our goal is to show that det U = 1 under these assumptions.

The problem hinges on the relationship between U and U”T U, and how properties of the latter



impose conditions on the determinant of U.

Analyzing the Nature of U"T U

Case 1: U”T U is the Identity Matrix

One straightforward scenario is when:

\[
U~TU =1
\]

This condition characterizes orthogonal matrices.

- Orthogonal matrices satisfy \( U"T U =1).
- For orthogonal matrices, it is well-known that:

\[

[\detU | =1

\]

since the determinant of an orthogonal matrix is either +1 or -1.

Implication: If U is orthogonal, then:

\[
\det U = \pm 1
\]

and the problem reduces to determining the sign based on additional properties.

Case 2: U"T U is Positive Definite

Suppose U”T U is positive definite but not necessarily the identity. In this case, U is invertible, and
U~T U has eigenvalues all positive.

- The eigenvalues of U”T U are positive real numbers.
- The determinant of U”T U is the product of these eigenvalues:

\[

\det(U~T U) = \prod {i=1}"n \lambda i
\]

where each \(\lambda i > 0\).

- Since \(\det(U~T U) = (\det U)"2), it follows that:



\[
(\det U)*2 =\det(U"T U)
\]

- In particular, if \( U”T U \) has determinant 1, then:

\[
(\detU)~2=1
\]

which implies:

\[
\det U =\pm 1
\]

To show that \(\det U = 1)), additional constraints are necessary, such as \( U \) being in a specific
subgroup of the general linear group, like the special orthogonal group \( SO(n) \).

Proving That \(\det U = 1\) Under Given Conditions

Using Orthogonality and the Special Orthogonal Group

Suppose the assumption is that \( UrT U =1)), i.e., U is orthogonal. Then, U belongs to the
orthogonal group \( O(n) \). Within this group:

- The determinant can be either +1 or -1.
- The subgroup of matrices with determinant +1 is called the special orthogonal group, denoted \(
SO(n) \).

Therefore:

\[

\det U = 1 \quad \text{if and only if} \quad U \in SO(n)
\]

If the problem states or implies that U preserves orientation or is connected to the identity, then:

\[
\det U =1
\]

Conclusion: Under the assumption that \( U”T U =1\) and U is orientation-preserving, we have
shown that:

\[
\boxed{\det U =1}
\]



Using Determinant Properties and Decomposition Theorems

Even if \( U”T U)) is not the identity but positive definite, we can leverage the Cholesky
decomposition:

\[
U~TU =LL"T
\]

where L is a lower triangular matrix with positive diagonal entries.

- The matrix U can be decomposed as:

\[
U=QR
\]
where:

-\( Q) is orthogonal (\( Q*T Q =11))
-\( R\) is upper triangular with positive diagonal entries.

From the properties of determinants:

\[
\det U = \det Q \times \det R
\]

Since \( Q) is orthogonal, \( |\det Q| = 1\). The determinant of \( R ) is the product of its diagonal
entries, which are positive.

If the problem states or demonstrates that:

\[
U~T U \text{ has determinant } 1,

\]

then:

\[
(\det U)~2 = 1 \Rightarrow \det U = \pm 1
\]

To conclude that \(\det U = 1), the additional assumption that U is connected to the identity (or
orientation-preserving) is needed.

Summary of Key Results



e If\(U”T U =1)), then U is orthogonal, and \( [\det U| = 1\). Under orientation-preserving
assumptions, \(\det U = 1).

e If\(UNT U)) is positive definite with determinant 1, then \( (\det U)~2 = 1), implying \( \det
U =\pm 1). Additional constraints are necessary to select the positive value.

e Decomposition theorems, such as the QR or Cholesky decomposition, help analyze the
structure of U and relate it to its determinant.

Practical Implications and Applications
Understanding when \( \det U = 1) based on the properties of \( U™T U) is crucial in many fields:
- Computer graphics: Rotation matrices (elements of \( SO(3) \)) preserve volume and orientation.

- Physics: Conservation laws often relate to orthogonal transformations with determinant 1.
- Numerical analysis: Stability and preservation of volume in transformations.

Conclusion

In this comprehensive exploration, we have demonstrated that under certain conditions—particularly
when \( U”T U) is the identity or a positive definite matrix with determinant 1—it's possible to
conclude that \(\det U = 1). The key ideas rely on properties of orthogonal matrices, positive
definiteness, and matrix decompositions. Recognizing these properties allows mathematicians and
scientists to infer important characteristics of transformations represented by matrices, ensuring
consistency and preserving essential geometric or physical features.

Understanding the relationship between \( U”T U\) and \( \det U \) not only deepens our grasp of
linear algebra but also equips us with powerful tools for applications across multiple disciplines.

Frequently Asked Questions

Given a square matrix U such that U'U is the identity matrix,
how can we prove that det U = 1?

Since UtU =1, U is an orthogonal matrix. The determinant of an orthogonal matrix satisfies |det U| =
1. By considering the properties of determinants and orthogonality, and given the context, we can
conclude that det U = 1.

What is the significance of the condition U'U =1 in
determining the determinant of U?

The condition UtU = I indicates that U is an orthogonal matrix. Orthogonal matrices have
determinants with absolute value 1, which helps in proving that det U = 1, especially if additional



conditions specify U as a special orthogonal matrix.

How does the property UtU = I relate to the orthogonality of
matrix U?

The condition UtU = I directly defines U as an orthogonal matrix, meaning its columns form an
orthonormal basis. This property is key in establishing properties like det U = =1, and under certain
conditions, det U = 1.

If U is an orthogonal matrix satisfying U'U = I, how can we
determine whether det U =1 or -1?

Orthogonal matrices have determinants of either +1 or -1. To show det U = 1, additional information
such as U being in the special orthogonal group (SO(n)) or having a positive determinant is needed.
In many cases, context or problem constraints confirm det U = 1.

What additional assumptions are needed to conclude that det
U =1 given U'U =1I?

Typically, assuming that U is a member of the special orthogonal group SO(n), which consists of
orthogonal matrices with determinant +1, allows us to conclude that det U = 1. Without this
assumption, det U could be +1.

Additional Resources
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Introduction

In the realm of linear algebra, the properties of matrices and their determinants are fundamental
concepts that underpin much of the theory and applications in mathematics, physics, engineering,
and computer science. One intriguing problem involves examining the properties of a square matrix
\( U\), especially when it relates to its transpose \( U"T \) and the product \( U™T U \). This article
explores a specific assertion: if \( U'\) is a square matrix satisfying certain conditions with \( U~T U
\), then it must follow that the determinant of \( U \) is 1.

The goal here is to understand why this is the case, what assumptions lead to this conclusion, and
the broader implications in matrix theory. We will dissect the problem in a structured manner,
starting from the basics of determinants and transpose operations, working through key properties,
and culminating in the proof or reasoning behind the statement: if \( U”T U \) has certain properties,
then \(\det U =1)).



Understanding the Key Concepts
Before delving into the specifics of the problem, it's essential to clarify the core concepts involved:
Square Matrices and Their Determinants

- Square matrix \( U \): A matrix with the same number of rows and columns, denoted as \( n \times n
\).
- Determinant \( \det U \): A scalar value that provides insights into properties like invertibility and
volume scaling under linear transformations.

Transpose of a Matrix \( U"T)

- The transpose of \( U'\) is obtained by swapping its rows and columns.
- For example, if

\[

U = \begin{bmatrix}

u {11} &u {12} \\

u {21} &u {22}
\end{bmatrix},

\]

then

\[

U~T = \begin{bmatrix}
u {11} &u {21} \\

u {12} &u {22}
\end{bmatrix}.

\]

The Product \(U~T U\)

-\(U~TU)) is always a symmetric matrix.
- It plays a vital role in defining the Gram matrix associated with \( U \), which measures the inner
products of column vectors of \( U \).

The Significance of \(U”T U \)
The matrix \( U™T U)\) is central in many aspects of linear algebra:

- Positive semi-definiteness: For any real matrix \( U \), \( U”T U ) is positive semi-definite, meaning
all its eigenvalues are non-negative.

- Orthogonality and orthonormality: When \( U”T U = 1) (identity matrix), \( U \) is an orthogonal
matrix, and it preserves lengths and angles in transformations.

- Determinant relation: The determinant of \( U”T U \) relates directly to \( (\det U)"2), a key
insight in understanding the structure of \( U \).

The Core Problem: Showing \(\det U = 1)



Given the statement:

> Let \( U\) be a square matrix such that \( U™T U \) satisfies certain conditions, show that \( \det U
=1)\).

This problem typically arises in contexts where:

-\(U"T U)) has a particular property (e.g., being the identity matrix).
- The goal is to deduce the nature of \( U \) from that property.

Common Assumption: \(UT U =1))

In many scenarios, the assumption is that \( U™T U = I). This directly characterizes \( U \) as an
orthogonal matrix.

Orthogonal matrices are significant because:

- They preserve the Euclidean norm: \(\| Ux\| =\| x\| ).
- Their determinants are restricted to \( \pm 1 \).

The question then becomes: if additional conditions imply \( \det U = 1), what are they, and how
can we prove this?

Analyzing the Conditions and Deriving the Result
1. Orthogonality and Determinants
Suppose that \( U ) is orthogonal, i.e.,

\[
U~rTU=1L
\]

From linear algebra theory, it is known that:

\[
\det(U~T U) = (\det U)"2.
\]

Given that \(U”T U =1), then:
\[

\det(I) = 1.

\]

Thus,

\[
(\detU)~2 =1,



\]

which implies:

\[

\det U = \pm 1.

\]

Key insight: Any orthogonal matrix has a determinant of either +1 or -1.

2. When Is\(\det U =1)?

The determinant being +1 or -1 corresponds to the matrix being a rotation or reflection in geometric
terms.

- Special orthogonal group \( SO(n) \): matrices with \( U”T U =1\) and \(\det U = 1\). These are
pure rotations without reflections.
- Orthogonal group \( O(n) \): matrices with \( U”T U =1\) and \(\det U =\pm 1).

Therefore, to show \(\det U = 1), additional conditions are needed, such as:

-\(U)) being connected to the identity, i.e., in the same component of \( SO(n) \).
-\( U) being positive definite if considering \( U™T U \).

Extending to the General Case
3. The General Statement and Proof
Suppose the problem states:

> Let \( U\) be a square matrix such that \( U™T U ) is positive definite and has determinant 1.
Show that \(\det U =1).

This is a common scenario in the context of polar decomposition, where any invertible matrix can be
factored into a product of an orthogonal matrix and a positive definite symmetric matrix:

\[
U=QP,
\]
where:

-\( Q) is orthogonal (\( Q~T Q =1Y)),
-\( P) is positive definite symmetric.

Given this, the determinants satisfy:

\[
\det U = \det Q \cdot \det P.



\]

If\(U~T U\) has determinant 1, then:

\[
\det(U"T U) = (\det U)"2 =1,
\]

which means:

\[
(\detU)"~2 =1,
\]

and so

\[
\det U = \pm 1.
\]

To distinguish between +1 and -1, one often imposes additional conditions, such as \( U \) being
continuously connected to the identity matrix, which restricts the determinant to +1.

Practical Implications and Applications

1. Orthogonal Matrices in Physics and Engineering

- Rotations: In physics, especially in classical mechanics and quantum mechanics, rotations are
represented by matrices in \( SO(n) \), which have determinant 1.

- Coordinate transformations: Ensuring transformations preserve orientation requires \(\det U =1
\).

2. Computer Graphics and Robotics

- Rotation matrices used for object orientation in 3D space are elements of \( SO(3) \), with
determinant 1.

- Ensuring the transformation matrices have determinant 1 guarantees no reflection occurs,
maintaining consistent orientation.

3. Numerical Stability and Matrix Decomposition

- Polar decomposition allows the separation of a matrix into rotational and stretch components, with
applications in deformation analysis.

Concluding Remarks

In summary, the relationship between a matrix \( U \) and its transpose \( U™T ), particularly via the



product \( U”T U ), provides deep insights into the structure and properties of \( U \).

-When \(U”T U =1\), \( U)) is orthogonal, and its determinant must be either +1 or -1.

- Additional assumptions, such as continuity or being connected to the identity, restrict the
determinant to +1, placing \( U \) within the special orthogonal group \( SO(n) \).

- The core proof hinges on the properties of determinants and the structure of orthogonal matrices.

This understanding is fundamental across various disciplines, enabling precise manipulation and
interpretation of linear transformations, ensuring the preservation of geometric and physical
properties. Whether in theoretical mathematics or applied engineering, the relationship between \(
U\),\(U”TU\), and \( \det U \) remains a cornerstone of linear algebra's elegant framework.
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