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Introduction to Numerical Integration and
Newton-Cotes Formulas

Numerical integration is a fundamental technique in computational mathematics
used to approximate the definite integral of a function when an analytical
solution is difficult or impossible to obtain. Among various methods, the
Newton-Cotes formulas stand out for their simplicity and effectiveness. These
formulas are based on polynomial approximations of the integrand function
\(f(x)\), which allow us to estimate the integral \(\int_a^b f(x) dx\) with
high accuracy under suitable conditions.

This article explores the foundation of Newton-Cotes formulas, illustrating
how they are derived from polynomial approximations of \(f(x)\). We will
delve into the core concepts, mathematical derivations, and practical
applications, emphasizing their theoretical basis.

---

Understanding Polynomial Approximation of
Functions

Why Polynomial Approximation?

The primary idea behind polynomial approximation is to replace a complex or
unknown function \(f(x)\) with a polynomial \(P_n(x)\) of degree \(n\) that
closely mimics \(f(x)\) over a specific interval \([a, b]\). Polynomial
functions are easy to integrate analytically, so substituting \(f(x)\) with
\(P_n(x)\) simplifies the evaluation of the integral:

\[
\int_a^b f(x) dx \approx \int_a^b P_n(x) dx



\]

If \(P_n(x)\) is chosen appropriately, the integral of the polynomial
provides an accurate approximation to the original integral.

Types of Polynomial Approximation

Several approaches exist for polynomial approximation, including:

- Interpolation Polynomials: Polynomial passing through specific data points
of \(f(x)\).
- Least Squares Approximation: Polynomial minimizing the squared error over
\([a, b]\).
- Taylor Polynomial: Polynomial expansion around a point \(x_0\).

For Newton-Cotes formulas, the key method is polynomial interpolation based
on equally spaced points within \([a, b]\).

---

Polynomial Interpolation and Newton-Cotes
Formulas

Constructing Interpolation Polynomials

Given a set of \(n+1\) points \(\{(x_i, f(x_i))\}\), where \(x_0, x_1,
\ldots, x_n\) are equally spaced in \([a, b]\), we construct a polynomial
\(P_n(x)\) of degree at most \(n\) such that:

\[
P_n(x_i) = f(x_i), \quad i = 0, 1, \ldots, n
\]

The polynomial can be expressed in various forms, such as the Lagrange form:

\[
P_n(x) = \sum_{i=0}^n f(x_i) \cdot \ell_i(x)
\]

where \(\ell_i(x)\) are the Lagrange basis polynomials.



Approximating the Integral Using \(P_n(x)\)

The core idea behind Newton-Cotes formulas is to approximate the integral as:

\[
\int_a^b f(x) dx \approx \int_a^b P_n(x) dx
\]

Since \(P_n(x)\) interpolates \(f(x)\) at the nodes \(x_i\), integrating
\(P_n(x)\) exactly involves integrating the basis polynomials \(\ell_i(x)\):

\[
\int_a^b P_n(x) dx = \sum_{i=0}^n f(x_i) \int_a^b \ell_i(x) dx
\]

This leads to a weighted sum of function values at the nodes:

\[
\boxed{
\int_a^b f(x) dx \approx \sum_{i=0}^n w_i \, f(x_i)
}
\]

where the weights \(w_i = \int_a^b \ell_i(x) dx\).

---

Derivation of Newton-Cotes Formulas

Equally Spaced Nodes and the Uniform Partition

Suppose the interval \([a, b]\) is divided into \(n\) equal subintervals,
each of length \(h = \frac{b - a}{n}\). The nodes are:

\[
x_i = a + i h, \quad i=0,1,\ldots,n
\]

The polynomial \(P_n(x)\) interpolates \(f(x)\) at these points.

Calculating the Weights \(w_i\)

The weights are obtained by integrating the basis polynomials \(\ell_i(x)\):



\[
w_i = \int_a^b \ell_i(x) dx
\]

Since \(\ell_i(x)\) are constructed from the Lagrange basis, their explicit
forms depend on the choice of nodes. For equally spaced points, these weights
can be precomputed or tabulated.

Formulating the Newton-Cotes Rules

The general Newton-Cotes formula is expressed as:

\[
\boxed{
\int_a^b f(x) dx \approx h \sum_{i=0}^n c_i \, f(x_i)
}
\]

where \(c_i = \frac{w_i}{h}\) are the normalized weights.

Different choices of \(n\) lead to various rules:

- Trapezoidal Rule (\(n=1\))
- Simpson's Rule (\(n=2\))
- Simpson's 3/8 Rule (\(n=3\))
- Higher-Order Newton-Cotes Rules

Each rule corresponds to specific weights derived from integrating the basis
polynomials.

---

Examples of Newton-Cotes Formulas and
Polynomial Approximation

Trapezoidal Rule

- Nodes: \(x_0 = a\), \(x_1 = b\)
- Polynomial: Linear interpolant passing through \((a, f(a))\) and \((b,
f(b))\)
- Approximate integral:

\[
\int_a^b f(x) dx \approx \frac{h}{2} \left[ f(a) + f(b) \right]



\]

which is the integral of a linear polynomial interpolant.

Simpson's Rule

- Nodes: \(x_0 = a\), \(x_1 = \frac{a + b}{2}\), \(x_2 = b\)
- Polynomial: Quadratic interpolant passing through three points
- Approximate integral:

\[
\int_a^b f(x) dx \approx \frac{h}{3} \left[ f(a) + 4f\left(\frac{a +
b}{2}\right) + f(b) \right]
\]

This formula arises from integrating the quadratic polynomial interpolant.

Higher-Order Newton-Cotes Rules

As \(n\) increases, the degree of the interpolating polynomial increases,
leading to higher-order accuracy. However, higher-order formulas may suffer
from Runge's phenomenon and numerical instability.

---

Mathematical Justification and Error Analysis

Polynomial Approximation and Error

The accuracy of Newton-Cotes formulas hinges on how well the polynomial
\(P_n(x)\) approximates \(f(x)\). The error term is usually expressed as:

\[
E = \int_a^b \left[ f(x) - P_n(x) \right] dx
\]

which, under certain conditions, can be bounded using derivatives of \(f\)
and the properties of interpolating polynomials.

Derivation of Error Terms



For sufficiently smooth functions (with derivatives of order \(n+1\)), the
error in Newton-Cotes formulas can be expressed as:

\[
E = - \frac{(b - a)^{n+2}}{(n+2)!} f^{(n+1)}(\xi)
\]

for some \(\xi \in [a, b]\).

This relation highlights that the approximation improves with increasing
smoothness of \(f\) and smaller step size \(h\).

---

Advantages and Limitations of Newton-Cotes
Formulas

Advantages:

Simple to implement using equally spaced nodes.

Flexible for various degrees of approximation.

Analytically integrable basis polynomials facilitate
straightforward weight calculations.

Limitations:

Higher-order formulas can become numerically unstable (Runge's
phenomenon).

Not suitable for functions with high oscillations or singularities.

Require equally spaced points; non-uniform nodes need different
methods.

---



Conclusion: From Polynomial Approximation to
Numerical Integration

The Newton-Cotes formulas exemplify how polynomial approximations serve as a
foundation for numerical integration techniques. By interpolating the
integrand \(f(x)\) with a polynomial \(P_n(x)\) based on equally spaced

Frequently Asked Questions

What are Newton-Cotes formulas and how are they used
to evaluate definite integrals like ∫ₐᵇ f(x) dx?
Newton-Cotes formulas are numerical integration methods that approximate the
integral of a function by interpolating it with a polynomial passing through
equally spaced points within the interval. These polynomial approximations
are then integrated exactly to estimate the definite integral, making them
useful for functions that are difficult to integrate analytically.

How do polynomial approximations underpin the
derivation of Newton-Cotes formulas?
Newton-Cotes formulas are derived by approximating the integrand f(x) with a
polynomial interpolant based on function values at specific points (nodes).
Integrating this polynomial exactly over the interval provides an
approximation to the original integral, demonstrating how polynomial
approximation forms the basis of these formulas.

Can you show mathematically how Newton-Cotes
formulas are based on polynomial approximations of
f(x)?
Yes. Suppose f(x) is approximated by an interpolating polynomial P(x) passing
through points (x_i, f(x_i)). The integral ∫ₐᵇ f(x) dx is approximated by ∫ₐᵇ
P(x) dx. Since P(x) is a polynomial, its integral can be computed exactly.
The coefficients of the polynomial are determined by the function values at
the nodes, showing that Newton-Cotes formulas are essentially integrating
polynomial approximations of f(x).

What is the role of equally spaced points in the
derivation of Newton-Cotes formulas?
Equally spaced points simplify the construction of the interpolating
polynomial and facilitate the derivation of weights used in Newton-Cotes
formulas. They ensure that the polynomial interpolation and subsequent



integration are straightforward, leading to standard formulas like the
Trapezoidal and Simpson’s rules, which rely on equally spaced nodes.

Why are polynomial approximations suitable for
deriving Newton-Cotes formulas, and what limitations
do they have?
Polynomial approximations are suitable because they allow exact integration
of the interpolating polynomial, providing a convenient and systematic way to
estimate integrals. However, they can suffer from Runge’s phenomenon for
high-degree polynomials, leading to inaccuracies, especially for functions
with high variability or over large intervals. This limits the degree of the
polynomial used in practical applications.

How does the degree of the polynomial in Newton-
Cotes formulas affect the accuracy of the integral
approximation?
Higher-degree polynomials can provide better approximations of the function
over the interval, potentially increasing accuracy. However, they can also
lead to numerical instability and Runge’s phenomenon, which may decrease
accuracy. In practice, low-degree Newton-Cotes formulas (like Simpson’s rule)
strike a balance between simplicity, stability, and accuracy.

Additional Resources
Newton-Cotes Formulas for Evaluating ∫ₐᵇ f(x) dx: Based on Polynomial
Approximations of f(x)

---

Introduction

Numerical integration, also known as quadrature, is a fundamental aspect of
computational mathematics. When analytical evaluation of an integral is
impractical or impossible, numerical methods provide approximate solutions
with quantifiable accuracy. Among these techniques, the Newton-Cotes formulas
stand out as a classical and widely used family of methods. These formulas
are grounded in polynomial approximation theory, specifically approximating
the integrand \(f(x)\) with polynomials over a specified interval. This
article explores the mathematical foundation of Newton-Cotes formulas,
illustrating how they leverage polynomial interpolations to estimate definite
integrals, and discusses their properties, derivations, and practical
applications.

---



The Conceptual Foundation of Newton-Cotes Formulas

Polynomial Approximation of functions

At the core of Newton-Cotes formulas lies the idea of polynomial
approximation. The central idea is to approximate a continuous function
\(f(x)\) over a finite interval \([a, b]\) with a polynomial \(P(x)\) of
degree \(n\), constructed such that it interpolates \(f(x)\) at a set of
discrete points within the interval.

Mathematically, given \(n+1\) points \(x_0, x_1, ..., x_n\) in \([a, b]\),
the polynomial \(P(x)\) satisfies:

\[
P(x_i) = f(x_i), \quad i = 0, 1, ..., n
\]

This polynomial interpolant can be explicitly constructed using various
methods, such as Lagrange interpolation or Newton's divided differences. Once
\(P(x)\) is obtained, the integral of \(f(x)\) over \([a, b]\) can be
approximated by integrating \(P(x)\):

\[
\int_a^b f(x) \, dx \approx \int_a^b P(x) \, dx
\]

Since \(P(x)\) is a polynomial, its integral can be computed exactly, leading
to an approximation of the original integral.

From Approximation to Quadrature

The process of replacing \(f(x)\) with \(P(x)\) and integrating the
polynomial is called polynomial quadrature. The Newton-Cotes formulas are
specific quadrature rules derived from polynomial interpolation at equally
spaced points. They are named after Isaac Newton and Roger Cotes, who
contributed to their development in the 17th and 18th centuries.

---

Derivation of Newton-Cotes Formulas

Equally Spaced Nodes

Newton-Cotes formulas assume that the interpolation points \(x_0, x_1, ...,
x_n\) are equally spaced within \([a, b]\). Denoting the step size \(h\):

\[
h = \frac{b - a}{n}
\]

and the nodes:



\[
x_i = a + i h, \quad i=0, 1, ..., n
\]

The choice of equally spaced points simplifies the derivation and
implementation of the formulas.

Polynomial Interpolation and Numerical Integration

Given the data points \(f(x_i)\), the interpolating polynomial \(P_n(x)\) can
be written in Lagrange form:

\[
P_n(x) = \sum_{i=0}^n f(x_i) \, L_i(x)
\]

where \(L_i(x)\) are the Lagrange basis polynomials:

\[
L_i(x) = \prod_{\substack{j=0 \\ j \neq i}}^n \frac{x - x_j}{x_i - x_j}
\]

The integral over \([a, b]\) becomes:

\[
\int_a^b P_n(x) \, dx = \sum_{i=0}^n f(x_i) \int_a^b L_i(x) \, dx
\]

This expression provides a weighted sum of function values at the nodes:

\[
\boxed{
\int_a^b f(x) \, dx \approx \sum_{i=0}^n w_i f(x_i)
}
\]

where the weights \(w_i = \int_a^b L_i(x) \, dx\) depend on the interpolation
nodes.

Explicit Formulas

The Newton-Cotes formulas specify these weights explicitly for various values
of \(n\), resulting in different quadrature rules:

1. Trapezoidal Rule (\(n=1\)): Uses two points \(\{a, b\}\):

\[
\int_a^b f(x) \, dx \approx \frac{h}{2} [f(a) + f(b)]
\]

2. Simpson's Rule (\(n=2\)): Uses three points \(\{a, (a+b)/2, b\}\):



\[
\int_a^b f(x) \, dx \approx \frac{h}{3} [f(a) + 4f(\frac{a+b}{2}) + f(b)]
\]

3. Simpson's 3/8 Rule (\(n=3\)): Uses four points:

\[
\int_a^b f(x) \, dx \approx \frac{3h}{8} [f(a) + 3f(a+h) + 3f(a+2h) + f(b)]
\]

4. Higher-order Rules (\(n \geq 4\)): Include more points, with weights
derived accordingly, leading to increasingly accurate approximations.

---

Properties and Characteristics of Newton-Cotes Formulas

Accuracy and Degree of Polynomial Exactness

The degree of polynomial exactly integrated by a Newton-Cotes rule depends on
the number of points \(n+1\). Specifically, the rule exactly integrates all
polynomials of degree \(\leq n\). For example:

- Trapezoidal rule (\(n=1\)) exactly integrates linear functions.
- Simpson's rule (\(n=2\)) exactly integrates quadratic functions.
- Simpson's 3/8 rule (\(n=3\)) exactly integrates cubic functions.

This degree of exactness serves as a measure of the rule's potential accuracy
for smooth functions.

Error Analysis

The error in Newton-Cotes formulas can be expressed as:

\[
E = \frac{f^{(n+1)}(\xi)}{(n+1)!} \int_a^b \prod_{i=0}^n (x - x_i) \, dx
\]

for some \(\xi \in (a, b)\). This showcases that the error depends on higher
derivatives of \(f(x)\), emphasizing the importance of smoothness for good
approximation.

Stability and Limitations

While Newton-Cotes formulas are straightforward to implement, they exhibit
certain limitations:

- For high \(n\), the weights can become oscillatory, leading to Runge's
phenomenon and numerical instability.
- Equally spaced nodes can cause large errors for functions with high
curvature or oscillatory behavior.



- To mitigate issues, composite rules are often used, dividing \([a, b]\)
into smaller subintervals and applying low-order rules like Simpson's rule
repeatedly.

---

Practical Applications and Variants

Composite Newton-Cotes Rules

In practice, the interval \([a, b]\) is subdivided into smaller subintervals,
and simple formulas like Simpson's rule are applied repeatedly. This
composite approach enhances accuracy and stability, especially for functions
with complex behavior.

Adaptive Quadrature

Combining Newton-Cotes formulas with adaptive algorithms allows dynamic
partitioning based on estimated errors, improving efficiency and precision.

Modern Usage and Alternatives

Despite their historical significance, Newton-Cotes formulas are often
supplanted by more stable methods such as Gaussian quadrature, which optimize
node placement to maximize accuracy with fewer points.

---

Conclusion

The Newton-Cotes formulas exemplify a fundamental principle in numerical
analysis: approximating complex functions with polynomials to facilitate
integration. Their derivation from polynomial interpolation underscores the
deep connection between approximation theory and numerical computation. While
they are straightforward and intuitively appealing, their limitations in
stability and accuracy for high degrees highlight the importance of
understanding their mathematical underpinnings and practical constraints.

By leveraging polynomial approximations of \(f(x)\), Newton-Cotes formulas
provide a systematic pathway to approximate integrals, forming a cornerstone
in the toolbox of numerical analysts and engineers. Their study not only
illuminates the power of polynomial interpolation but also exemplifies the
broader philosophy of approximating continuous functions for computational
purposes—a principle that continues to drive advances in numerical methods
today.

---
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