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UNDERSTANDING ALGEBRAIC FACTORS AND POLYNOMIAL RELATIONSHIPS IS A FUNDAMENTAL ASPECT OF MATHEMATICS. IN
PARTICULAR, PROBLEMS INVOLVING QUADRATIC POLYNOMIALS AND THEIR FACTORS PROVIDE INSIGHT INTO HOW ALGEBRAIC
EXPRESSIONS ARE CONSTRUCTED AND DECOMPOSED. TODAY, WE'LL EXPLORE A PROBLEM THAT REQUIRES IDENTIFYING THE
SMALLEST POSSIBLE SUM OF TWO NATURAL NUMBERS, M AND N/ GIVEN SPECIFIC CONDITIONS ON A QUADRATIC POLYNOMIAL

AND ONE OF ITS FACTORS. THIS PROBLEM NOT ONLY ENHANCES PROBLEM-SOLVING SKILLS BUT ALSO DEEPENS UNDERSTANDING OF
POLYNOMIAL FACTORIZATION AND THE PROPERTIES OF NATURAL NUMBERS.

UNDERSTANDING THE PROBLEM STATEMENT

LET’S RESTATE THE PROBLEM TO ENSURE CLARITY:
- THE QUADRATIC POLYNOMIAL IS GIVEN AS Mx? + Nx + 21, WHERE M AND N ARE NATURAL NUMBERS (POSITIVE INTEGERS).
- ONE OF ITS FACTORS (LE., A POLYNOMIAL THAT DIVIDES IT EXACTLY) IS X + 3.

- THE GOAL IS TO FIND THE SMALLEST POSSIBLE VALUE OF M + N.

THIS PROBLEM INVOLVES POLYNOMIAL FACTORIZATION, SPECIFICALLY RECOGNIZING FACTORS AND THEIR IMPLICATIONS ON THE
COEFFICIENTS OF THE QUADRATIC POLYNOMIAL.

Key CONCEPTS TO SOLVE THE PROBLEM

To APPROACH THIS PROBLEM, IT’S ESSENTIAL TO UNDERSTAND SEVERAL ALGEBRAIC CONCEPTS:

1. POLYNOMIAL FACTORIZATION

- A QUADRATIC POLYNOMIAL CAN OFTEN BE FACTORED INTO TWO BINOMIALS.
-lFx+31sA FACTOR, THEN THE QUADRATIC POLYNOMIAL CAN BE EXPRESSED AS:

MxZ+nNx + 21 =(x+ 3)(Ax+B)

WHERE A AND B ARE CONSTANTS TO BE DETERMINED.

2. PoLYNOMIAL ExPANSION

- EXPANDING THE FACTORED FORM:
(x+3)Ax+B)=Ax?+Bx+3Ax+3B
SIMPLIFY:

Ax2+(B+3A)x+3B



- EQUATE THIS TO THE ORIGINAL POLYNOMIAL:
MxZ+nNx+ 2]

- FROM THE COMPARISON, DEDUCE RELATIONSHIPS BETWEEN A, B, M, N, AND THE CONSTANT TERM 2 1.

3. COEFFICIENT MATCHING
- MATCH COEFFICIENTS FOR EACH POWER OF X:
- COEFFICIENT OF X% M = A

- COEFFICIENT OF X: N =B + 3A
- CONSTANT TERM: 21 =3 B

4. SoLVING FOR B AND A

- FROM THE CONSTANT TERM:
21=3BpF B=21/3=7
- SINCEB =7, THeN:
N=B+3A=7+3A

- RECALL M = A, WITH A BEING A NATURAL NUMBER (POSITIVE INTEGER).

DETERMINING THE VALUES oF M AND N

BASED ON THE RELATIONSHIPS:

- M= A (A NATURAL NUMBER)
“N=n=7+3A

SINCE M AND N ARE NATURAL NUMBERS, AND A IS A NATURAL NUMBER, THE PROBLEM REDUCES TO:

- FIND THE SMALLEST POSSIBLE VALUEOF M+ N=A + (7 + 3A)=4A + 7

MiNniMIZING M + N

To FIND THE SMALLEST POSSIBLE VALUE oF M + N:

- SINCE A IS A NATURAL NUMBER (A > 1),
- COMPUTE THE SUMFOR A = 1:

M+N=4(1)+7=4+7=11

-For A = 2:



M+N=8+7=15

-For A=3:

M+N=12+7=19

- AND SO ON.

THE SMALLEST VALUE OCCURS WHEN A = 1:

M+N=11

VERIFYING THE SOLUTION

LET'S VERIFY WHETHER THE VALUES M=1 AND N=10 SATISFY ALL CONDITIONS:
-M =1 (NATURAL NUMBER)

-N=10(sinceN=N=7+31=10)

-PoLynoMiAL: Tx2+ 10x+21=x2+10x+ 21

FACTORIZATION:

- POLYNOMIAL FACTORS AS (x + 3)(A x + B):

WiTH A=1,B=7:

(x+3)(x+7)=x2+7x+3x+21=x2+10x + 21

WHICH MATCHES THE ORIGINAL POLYNOMIAL.

- SINCE (X + 3) IS A FACTOR, THE CONDITIONS ARE SATISFIED.

THUS, THE MINIMAL SUMM +N1s 11.

CoNcLUsION AND FINAL REMARKS

THIS PROBLEM ELEGANTLY DEMONSTRATES HOW POLYNOMIAL FACTORIZATION CAN BE USED TO DETERMINE UNKNOWN
COEFFICIENTS GIVEN CERTAIN FACTORS. BY EXPRESSING THE QUADRATIC POLYNOMIAL IN FACTORED FORM AND MATCHING
COEFFICIENTS, WE DERIVED RELATIONSHIPS BETWEEN THE VARIABLES AND IDENTIFIED THE MINIMAL SUM OF M AND N THAT

SATISFY THE CONDITIONS.

KEY TAKEAWAYS:

- RECOGNIZING FACTORS OF POLYNOMIALS HELPS IN REVERSE-ENGINEERING COEFFICIENTS.

- EXPRESSING THE POLYNOMIAL AS A PRODUCT OF BINOMIALS SIMPLIFIES THE PROBLEM.

- ENSURING COEFFICIENTS ARE NATURAL NUMBERS CONSTRAINS THE POSSIBLE SOLUTIONS.

- THE MINIMAL SUM OF M + N IS ACHIEVED WHEN THE ASSOCIATED PARAMETER A IS MINIMIZED, WHICH IN TURN MINIMIZES THE

SUM.



ADDITIONAL TIPS FOR SOLVING SIMILAR POLYNOMIAL PROBLEMS

- ALWAYS START BY EXPRESSING THE POLYNOMIAL IN ITS FACTORED FORM WHEN A FACTOR IS KNOWN.

- USE COEFFICIENT COMPARISON TO SET UP EQUATIONS RELATING UNKNOWNS.

- REMEMBER THAT NATURAL NUMBERS ARE POSITIVE INTEGERS, THIS CONSTRAINS THE POSSIBLE VALUES.

- VERIFY SOLUTIONS BY EXPANDING THE FACTORS TO ENSURE THEY MATCH THE ORIGINAL POLYNOMIAL.

- EXPLORE THE IMPACT OF VARYING PARAMETERS SYSTEMATICALLY TO FIND MINIMAL OR MAXIMAL VALUES.

FINAL THOUGHTS

MATHEMATICS OFTEN INVOLVES EXPLORING RELATIONSHIPS AND CONSTRAINTS TO FIND OPTIMAL SOLUTIONS. THE PROBLEM OF
DETERMINING THE SMALLEST POSSIBLE VALUE OF M + N, GIVEN A QUADRATIC POLYNOMIAL WITH A KNOWN FACTOR, EXEMPLIFIES
THIS APPROACH. BY APPLYING ALGEBRAIC TECHNIQUES SUCH AS FACTORIZATION, COEFFICIENT MATCHING, AND SYSTEMATIC
CHECKING, STUDENTS AND ENTHUSIASTS CAN DEVELOP A DEEPER UNDERSTANDING OF POLYNOMIAL BEHAVIOR AND PROBLEM-
SOLVING STRATEGIES.

W/HETHER YOU'RE PREPARING FOR EXAMS, PRACTICING ALGEBRA, OR SIMPLY EXPLORING MATHEMATICAL RELATIONSHIPS,
MASTERING THESE TECHNIQUES WILL SERVE YOU WELL IN TACKLING A WIDE VARIETY OF ALGEBRAIC PROBLEMS WITH CONFIDENCE
AND PRECISION.

FREQUENTLY AskeD QUESTIONS

GIVEN THE QUADRATIC EXPRESSION Mx"*2 + Nx + 21, IF (X + 3) IS A FACTOR, HOW
CAN WE FIND THE RELATIONSHIP BETWEEN M AND N?

SINCE (X + 3) IS A FACTOR, SUBSTITUTING X = -3 INTO THE QUADRATIC GIVES zERO: M(=3)"2 + N(-3) + 21 = 0, wHICH
SIMPLIFIES TO 9M - 3N + 21 = 0. THIS PROVIDES A RELATIONSHIP BETWEEN M AND N.

WHAT EQUATION DO WE GET WHEN WE SUBSTITUTE X = -3 INTO Mx"2 + Nx + 21,
GIVEN THAT (X + 3) IS A FACTORP

SUBSTITUTING X = -3 YIELDS IM - 3N + 21 = O, WHICH SIMPLIFIES TO 3M-N+ 7 = 0.

How cAN WE EXPRESS N IN TERMS OF M FROM THE EQUATION BM-N+ 7 =0°

REARRANGING GIVES N = 3M + 7.

GIVEN THAT M AND N ARE NATURAL NUMBERS, WHAT IS THE SMALLEST POSSIBLE VALUE
oFM+NBASEDONN=3M+ 7?

SINCE M IS NATURAL, THE SMALLEST M CAN BE IS 1, WHICH GIves N = 3(1) + 7 = 10. THererore, M+ N =1+ 10= 11,
WHICH IS THE SMALLEST POSSIBLE VALUE.

W/HAT IS THE SMALLEST POSSIBLE VALUE OF M + N wWHEN M AND N ARE NATURAL
NUMBERS AND (X + 3) IS A FACTOR OF Mx*2 + Nx + 21°?

THE SMALLEST POSSIBLE VALUE IS 11, ACHIEVED WHENM = T anDb N = 10.



ARE THERE OTHER PAIRS OF NATURAL NUMBERS FOR M AND N THAT SATISFY THE
FACTOR CONDITION AND RESULT IN A SMALLER M + Nr

No, BECAUSE INCREASING M INCREASES N (SINCE N = 3M + 7)), WHICH IN TURN INCREASES M + N. THE MINIMAL SUM OCCURS
wHENM = 1,N = 10.

ADDITIONAL RESOURCES

ONE OF THE FACTORS OF Mx? + Nx + 21 1s x + 3. FIND THE SMALLEST PossiBLE VALUE oF M + N (M anD N ARe NATURAL
NUMBERS)

INTRODUCTION

MATHEMATICS OFTEN CHALLENGES STUDENTS AND ENTHUSIASTS ALIKE WITH ITS INTRICATE PROBLEMS THAT BLEND ALGEBRAIC
CONCEPTS WITH LOGICAL REASONING. ONE SUCH PROBLEM INVOLVES QUADRATIC EXPRESSIONS AND THEIR FACTORS, WHICH ARE
FUNDAMENTAL IN UNDERSTANDING POLYNOMIAL BEHAVIOR, ROOTS, AND FACTORIZATION. THE PROBLEM STATEMENT— " ONE OF
THE FACTORS OF Mx? + Nx + 2115 x + 3. FIND THE SMALLEST POSSIBLE VALUE OF M + N, WHERE M AND N ARE NATURAL
NUMBERS'—SERVES AS AN EXCELLENT EXAMPLE OF HOW ALGEBRAIC MANIPULATION CAN LEAD TO THE DISCOVERY OF
UNDERLYING RELATIONSHIPS BETWEEN VARIABLES.

THIS ARTICLE AIMS TO DISSECT THIS PROBLEM THOROUGHLY, PROVIDING A STEP-BY-STEP ANALYTICAL APPROACH, EXPLORING
RELEVANT ALGEBRAIC PRINCIPLES, AND CONTRIBUTING TO A DEEPER UNDERSTANDING OF QUADRATIC FACTORIZATION. WE WILL

ANALYZE THE PROBLEM’'S CORE CONCEPTS, EXAMINE THE IMPLICATIONS OF THE GIVEN FACTOR, AND ULTIMATELY DERIVE THE
MINIMAL SUM OF M AND N CONSISTENT WITH THE CONSTRAINTS PROVIDED.

(UNDERSTANDING THE PROBLEM

THe Core ELEMENTS

- THE QUADRATIC POLYNOMIAL: Mx? + Nx + 21

- KNOWN FACTOR: X + 3

- UNKNOWNS: M AND N, BOTH NATURAL NUMBERS (POSITIVE INTEGERS: 1, 2, 3, ...)
OBJECTIVE

FIND THE SMALLEST POSSIBLE VALUE OF M + N, GIVEN THE CONDITIONS THAT:

- X + 3 1S A FACTOR OF THE QUADRATIC,
- M AND N ARE NATURAL NUMBERS.

SIGNIFICANCE OF THE FACTOR

IN ALGEBRA, IF X + 3 IS A FACTOR OF THE QUADRATIC Mx? + Nx + 21, THEN X = -3 IS A ROOT OF THE POLYNOMIAL. THIS
FUNDAMENTAL PROPERTY ALLOWS US TO ESTABLISH RELATIONSHIPS BETWEEN M AND N.

THEORETICAL FRAMEW ORK
PoLYNOMIAL FACTORIZATION AND RooTSs

A QUADRATIC POLYNOMIAL AX2 + BX + C CAN BE FACTORED AS:



\[AGc-r_D(x-r_2) \]

wHERE \(R_T\) anD \(R_2 \) ARE ROOTS OF THE POLYNOMIAL.

GIVEN THAT X + 3 IS A FACTOR, IT IMPLIES:

\[rR_1=-31\]

AND THE QUADRATIC CAN BE WRITTEN AS:

\[Mx*2 +Nx +21=(x+3)(Ax+B)\]

FOR SOME CONSTANTS A AND B.

LINKING THE FACTORIZATION TO M AND N

EXPANDING THE RIGHT-HAND SIDE:
\[(x+3)Ax+B)=AX"2+Bx+3Ax+3B=Ax"2+(B+3A)x+3B\]
MATCHING COEFFICIENTS WITH Mx? + Nx + 21, WE GET:

1. Coerricient ofF \( x"2 \): \(M=A )

2. Corrricient ofF \(x \): \(N=B + 3A\)

3. ConsTANT TerM: \( 21 =3B \)

FROM THE CONSTANT TERM:

\[ 3B =21 \RicHTARROW B = 7 \]

Now, PLUGGING \( B =7 \) INTO THE N EXPRESSION:

\[N=7+3A\]

RECALL THAT A CORRESPONDS TO M, WHICH MUST BE A NATURAL NUMBER, AND N MUST ALSO BE A NATURAL NUMBER.
DerIVING CONSTRAINTS AND RELATIONSHIPS

ExPresSING N IN TERMS OF M

Since \(M = A \) (FROM COEFFICIENT MATCHING), AND \( N =7 + 3A \):
\[IN=7+3M\]

GIVEN THAT BOTH M AND N ARE NATURAL NUMBERS:

-\CM AN \MaTHBB{N} )
-\(N=7+3M\in\MaTHea{N} \)

Minmizing \( M + N \)
FORMULATING THE SUM

ExPresseD IN TERMS of \( M \):



\[M+N=M+(7+3M)=4M+7\]

OUR GOAL IS TO FIND THE SMALLEST POSSIBLE VALUE OF \( M + N \), WHICH SIMPLIFIES TO FINDING THE MINIMAL \( M \IN
\MaTHBB{N} \).

CoNsIDERING THE CONSTRAINTS

Since \( M \) IS A NATURAL NUMBER (POSITIVE INTEGER), THE SMALLEST POSSIBLE VALUE IS:
\[M=11]

SUBSTITUTING INTO THE SUM:

\[M+N=4\TMes 1+7=4+7=111\]

CorresPONDINGLY, \( N \) wouLbp Be:

\[N=7+3\TiMes 1=101\]

WHICH IS ALSO A NATURAL NUMBER.

V ALIDATING THE SOLUTION

-BotH\(M=1\) a0 \( N= 10 \) ARE POSITIVE INTEGERS.
- THE POLYNOMIAL BECOMES:

\[ T\TiMes x*2+ 10x +211]

- Creck IF \( x + 3 \) Is A FACTOR:

CaLcuLATE \(P(-3) \):

\[P(-3)=(-3)"2+10\mMes (-3) +21=9-30+21=0]
Since \(P(-3) =0\), \( x + 3'\) IS INDEED A FACTOR.

- THE POLYNOMIAL CAN BE FACTORED AS:

\[(x+ 3)(x+ 7)\]

WHICH ALIGNS WITH THE FACTORIZATION:

M x+3)(x+7)=x"2+7x+3x+21=x"2+10x+211\]

MATCHING OUR PoLYNOMIAL WITH \(M=1\) ano \(N= 10 \).

ConcLusion: THeE SMALLEST PossisLe VaLuE of \( M+ N'\)
BASED ON THE ABOVE DERIVATION, THE MINIMAL SUM:
\[M+N=111\]

ACHIEVES ALL THE PROBLEM'S CONSTRAINTS, INCLUDING THE POSITIVITY OF M AND N, THE FACTORIZATION CONDITION, AND THE
POLYNOMIAL'S STRUCTURE.

THIS PROBLEM EXEMPLIFIES THE POWER OF ALGEBRAIC FACTORIZATION AND ROOT ANALYSIS IN SOLVING POLYNOMIAL
EQUATIONS WITH CONSTRAINTS. |T DEMONSTRATES HOW UNDERSTANDING THE IMPLICATIONS OF KNOWN FACTORS SIMPLIFIES



THE PROCESS OF IDENTIFYING VARIABLE RELATIONSHIPS.

BROADER IMPLICATIONS AND MATHEMATICAL INSIGHTS
THE RoLE oF RooTs IN PoLYNOMIAL FACTORIZATION

THE CORE INSIGHT IN THIS PROBLEM REVOLVES AROUND RECOGNIZING THAT A KNOWN FACTOR TRANSLATES DIRECTLY INTO A
ROOT OF THE POLYNOMIAL. THIS ROOT-BASED APPROACH IS FUNDAMENTAL IN ALGEBRA, PROVIDING A STRAIGHTFORW ARD
METHOD TO RELATE COEFFICIENTS WHEN PARTIAL FACTORIZATION INFORMATION IS AVAILABLE.

CoNSTRAINTS ON COEFFICIENTS AND THEIR IMPACT

THe sTIPULATION THAT \( M \) AND \( N \) ARE NATURAL NUMBERS IMPOSES INTEGRALITY CONSTRAINTS THAT NARROW THE
SOLUTION SPACE SIGNIFICANTLY. THIS HIGHLIGHTS THE IMPORTANCE OF CONSIDERING DOMAIN RESTRICTIONS IN ALGEBRAIC
PROBLEMS.

OPTIMIZATION IN ALGEBRA

FINDING THE MINIMAL SUM \( M+N \) IS AN EXAMPLE OF AN OPTIMIZATION PROBLEM WITHIN ALGEBRAIC CONSTRAINTS. SUCH
PROBLEMS OFTEN APPEAR IN APPLIED MATHEMATICS, ECONOMICS, AND ENGINEERING, EMPHASIZING THE IMPORTANCE OF ALGEBRAIC
REASONING IN PRACTICAL DECISION-MAKING.

FINAL REMARKS

THIS PROBLEM UNDERSCORES THE ELEGANCE AND UTILITY OF ALGEBRAIC PRINCIPLES SUCH AS FACTORIZATION, ROOTS, AND
COEFFICIENT COMPARISONS. |T ILLUSTRATES HOW A SEEMINGLY COMPLEX QUADRATIC EXPRESSION CAN BE SYSTEMATICALLY
ANALYZED TO UNCOVER MINIMAL OR OPTIMAL SOLUTIONS UNDER GIVEN CONSTRAINTS. THE SOLUTION—\WHERE \( M= \)
AND \( N=10 \)—NOT ONLY SATISFIES ALL CONDITIONS BUT ALSO EXEMPLIFIES HOW FOUNDATIONAL ALGEBRAIC CONCEPTS
UNDERPIN PROBLEM~SOLVING STRATEGIES IN MATHEMATICS.

W/HETHER FOR STUDENTS HONING THEIR ALGEBRA SKILLS OR ENTHUSIASTS EXPLORING POLYNOMIAL PROPERTIES, THIS PROBLEM
OFFERS A CLEAR PATHWAY FROM HYPOTHESIS TO SOLUTION, REINFORCING THE IMPORTANCE OF UNDERSTANDING POLYNOMIAL
ROOTS AND FACTORIZATION TECHNIQUES IN MATHEMATICAL REASONING.
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