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Mathematical induction is a fundamental technique used to establish the validity of statements or
formulas that are claimed to hold for all natural numbers or integers within a certain domain. In this
comprehensive guide, we will demonstrate how to prove the given statement using mathematical
induction, ensuring clarity and a structured approach throughout. The problem involves sequences
and recursive relations, and understanding how to approach such proofs is essential for students
and practitioners of mathematics and related fields.

Understanding the Problem Statement

Before diving into the proof, it is crucial to interpret and understand what is being asked. The
statement involves two parts:

1. The sequence An is defined as:

\[

An=1+2n

\]

2. The sequence Ak satisfies a recursive relation:
\[

Ak=a {k-1} +2

\]

with the initial condition:
\[

AO0=1

\]

The goal is to prove that the explicit formula \( A n = 1 + 2n\) satisfies the recursive relation for all
integers \(n \geq 0 \).



Key Concepts in Mathematical Induction

Mathematical induction is a two-step process:

1. Base Case
Verify the statement for the initial value (usually \( n=0\) or \( n=1)).

2. Inductive Step

Assuming the statement holds for some arbitrary integer \( k \geq 0 \), prove that it also holds for \(
k+1\).

This process ensures the statement is true for all integers starting from the base case.

Step-by-Step Proof Using Mathematical Induction

Step 1: Verify the Base Case (\( n=0))

Given \( A 0 = 1), check if the explicit formula matches this initial value:

\[
AO=1+2\times0=1+0=1
\]

Since this agrees with the initial condition \( A 0=1), the base case holds true.

Step 2: State the Inductive Hypothesis

Assume that for some arbitrary integer \( k \geq 0 ), the formula holds:

\[
Ak=1+2k
\]

This is the inductive hypothesis, which we will use to prove the case for \( k+1\).



Step 3: Prove for \( k+1)

Using the recursive relation \( A {k+1} = A k + 2), and the inductive hypothesis:

\[
A{k+1} =Ak+2
\]

Substitute \( A k =1 + 2k \):

\[
A{k+1}=(1+2k)+2=1+2k+2=(1+2)+2k=3+2k

\]

Now, verify if this matches the explicit formula:

\[
A{k+1}=1+2k+1)=1+2k+2=3+2k

\]

Since the expression derived from the recursive relation matches the explicit formula, the inductive
step is complete.

Conclusion of the Proof

Having verified the base case and successfully shown that if the formula holds for an arbitrary \( k \),
it also holds for \( k+1 \), we conclude via the principle of mathematical induction that:

\[

A n =1+ 2n\quad \text{for all} \quad n \geq 0
\]

Additional Insights and Implications

1. Relationship Between Recursive and Explicit Formulas

This proof exemplifies how recursive definitions can be expressed explicitly, providing a direct
formula for computation without recursion. Recognizing such relationships is valuable in simplifying
complex sequences and understanding their growth behavior.



2. Applications of the Sequence

Sequences of this form often appear in various fields, including:

e Computer science algorithms and data structures
e Mathematical modeling
e Algebra and number theory

 Statistics and probability

Understanding how to transition from recursive to explicit formulas allows for more efficient
calculations and deeper insight into the nature of the sequences.

3. Extending to Other Types of Sequences

The approach demonstrated here can be adapted to prove properties of other recursive sequences,
such as geometric progressions, factorial sequences, or more complex recurrence relations.

Common Mistakes to Avoid

When performing proofs by induction, it is important to be mindful of these common pitfalls:
1. Incorrect Base Case: Always verify the initial case carefully. If it doesn’t hold, the entire
proof fails.

2. Assuming the Wrong Hypothesis: Clearly state the inductive hypothesis and ensure it is
correctly used in the inductive step.

3. Incorrect Inductive Step: Make sure to correctly derive \( A {k+1}\) based on \( A k) and
verify the explicit formula accordingly.

4. Domain Considerations: Ensure that the statement holds for the intended domain (e.g., \( n
\geq 0))).



Summary and Final Remarks

In this comprehensive guide, we have demonstrated how to prove the formula\(A n=1 + 2n)
satisfies the recursive relation \( A k = A {k-1} + 2\) with the initial condition \( A 0=1) using
mathematical induction. The process involved verifying the base case, assuming the hypothesis for
an arbitrary \( k \), and then proving it for \( k+1 \). This method is a powerful tool in mathematical
proofs, especially for sequences and formulas that are defined recursively.

Mastering such proofs enhances your analytical skills and deepens your understanding of sequences,
recursions, and the foundational principles of mathematics. This knowledge is vital for solving
complex problems across various disciplines, from pure mathematics to applied sciences.
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Frequently Asked Questions

What is the statement to be proven using mathematical
induction for the sequence An=1+2n?

The statement is that for all integersn = 0, An =1 + 2n.

How do you verify the base case for AO=1 in the induction
proof?

Substitute n=0 into An=1+2n, which gives A0=1+0=1, confirming the base case holds.

What is the induction hypothesis when proving An=1+2n?

Assume that for some integer k = 0, Ak=1+2k holds true.

How does the induction step proceed from Ak=1+2k to Ak+1?
Show that Ak+1=14+2(k+1); using the hypothesis, Ak+1=Ak+2= (14+2k)+2=1+2k+2=1+2(k+1).

What is the significance of the initial condition AQ=1 in the
proof?

It provides the base case needed to start the induction process and establish the formula's validity
for all n=0.



How do you conclude the proof after verifying the induction
step?

By the principle of mathematical induction, since both the base case and the induction step are
verified, the formula An=1+2n holds for all integers n = 0.

Can this induction proof be generalized to prove similar linear
sequences?

Yes, mathematical induction is a powerful tool for proving formulas involving linear sequences and
can be adapted to similar problems with appropriate base cases and hypotheses.

Additional Resources
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Mathematics has long served as the language through which we understand the universe, from the
smallest particles to the vastness of space. Among its myriad techniques, mathematical induction
stands out as a powerful tool for establishing the truth of statements that span an infinite set of
integers. Today, we delve into a fascinating problem that exemplifies this method: proving that the
sequence defined by \(A n = 1 + 2n)) satisfies a particular recursive relation for all integers \(n \geq
0\).

This problem not only highlights the elegance of inductive reasoning but also illustrates how
seemingly complex properties can be systematically verified through a structured approach.
Whether you're a student seeking to grasp the fundamentals of induction or a seasoned
mathematician appreciating its applications, this article aims to elucidate the process step by step,
blending technical rigor with clarity.

Understanding the Problem: Definitions and Context

Before embarking on the proof, it is essential to interpret the problem statement accurately and
understand the core components involved.

The Sequence \(A n\)
The sequence is given by:

\[An=1+ 2n\]

This is an arithmetic sequence where each term increases by 2 as \(n\) increments by 1. For
example:



-When \(n =0\),\(A 0 =1+ 2 \times 0 = 1\)
-When\(n=1\),\(A 1 =1+ 2\times 1 = 3\)
2\), \

-When \(n = 2\), \(A 2 =1 + 2 \times 2 = 5\)

and so on.

The Recursive Formula

The problem states that \(A _k\) "solves" the recurrence:

\[A k=a {k-1} + 2\]

with the initial condition:

\[A 0 =1\]

The notation suggests that for each \(k\), the term \(A k\) can be obtained by adding 2 to the
previous term \(a_{k-1}\). The goal is to prove, using mathematical induction, that this recursive
relation holds for all integers \(k \geq 0\).

Clarifying the Notation

There might be some ambiguity in the notation used:

- The sequence \(A n)) is explicitly defined.

- The recurrence relation involves \(A k\) and \(a_{k-1}\). It's likely a typographical variation, where
\(a_{k-1}\) corresponds to \(A {k-1}\).

For clarity, we interpret the problem as demonstrating that:

\[

A k=A {k-1} + 2, \quad \text{with} \quad A 0 =1

\]

and that the explicit formula \(A n = 1 + 2n\) satisfies this recurrence for all \(n \geq 0\).

Mathematical Induction: An Overview

Mathematical induction is a proof technique used to establish that a statement holds for all natural
numbers (or, more generally, for all integers greater than or equal to a certain base case). It involves
two key steps:

1. Base Case: Verify the statement for the initial value, typically \(n=0\) or \(n=1\).
2. Inductive Step: Assume the statement holds for some arbitrary \(k = m\) (the induction

hypothesis), then prove it holds for \(k = m + 1\).

If both steps are successfully completed, the principle of induction asserts that the statement is true



for all \(n \geq 0\).

Step-by-Step Proof Using Mathematical Induction

Let’s now formalize the proof that the sequence \(A n = 1 + 2n\) satisfies the recursive relation \(A k
=A {k-1} + 2\) with \(A 0=1)).

Step 1: Base Case (\(n=0\))
We verify the initial condition:

\[
AO0O=1+2\times0=1

\]

which matches the initial condition given:

Thus, the base case holds.
Step 2: Inductive Hypothesis
Assume that the recurrence relation holds for some arbitrary \(k = m\):

\[
Am=A {m-1} +2
\]

and that the explicit formula also satisfies this relation:

\[
Am=1+2m
\]

Similarly, for \(A_ {m-1}\):

\[

A{m-1}=1+2(m-1)=1+2m-2=(1 +2m)-2
\]

Our goal is to show that:

\[
A {m+1}=Am+?2



\]

and that the explicit formula satisfies this.
Step 3: Inductive Step

Using the explicit formula:

\[

A {m+1}=1+4+2(m+1)=1+2m+ 2

\]

On the other hand, starting from the inductive hypothesis:

\[

Am=1+2m

\]

Adding 2:

\[

Am+2=01+4+2m)+2=1+2m+ 2

\]

which matches the expression for \(A {m+1}\).

Thus:

\[

A {m+1}=Am+?2

\]

which confirms the recursive relation holds for \(n = m + 1\).

Step 4: Concluding the Proof

Since both the base case and the inductive step are verified, by the principle of mathematical
induction, the explicit formula:

\[
An=1+2n
\]

satisfies the recursive relation:

\[
A k=A {k-1} + 2, \quad \text{for all} \quad n \geq 0
\]

and the initial condition \(A 0=1\).



Implications and Broader Context

This proof not only confirms the correctness of the explicit formula but also exemplifies the power of
mathematical induction in verifying properties of sequences and recursive relations. The simplicity
of the sequence \(A n =1 + 2n\) makes it an ideal candidate for demonstrating induction, but the
underlying principles extend far beyond.

Applications in Computer Science and Engineering
Sequences defined by recurrence relations are fundamental in various fields:

- Algorithm Design: Recursion is central to many algorithms, and induction helps prove their
correctness.

- Signal Processing: Recursive filters often rely on similar relations.

- Mathematical Modeling: Many models use recurrence relations to simulate real-world phenomena.

Educational Significance

Understanding how to employ induction reinforces logical reasoning skills and provides a structured
approach to verifying complex properties. It encourages mathematicians and students alike to think
systematically and rigorously.

Conclusion: The Power of Mathematical Induction

The process of proving that the sequence \(A n=1+2n\) satisfies the recursive relation \(A k =

A {k-1} + 2\) with \(A_0=1\) demonstrates the elegance and utility of mathematical induction.
Starting from a simple base case, leveraging the inductive hypothesis, and verifying the relation for
the subsequent term, we establish a universal truth that holds for all integers \(n \geq 0\).

This exercise underscores a fundamental principle in mathematics: complex properties can often be
validated through systematic, step-by-step reasoning. Whether dealing with sequences, algorithms,
or more abstract mathematical constructs, induction remains an indispensable tool in the
mathematician's toolkit, bridging the gap between specific instances and general truths.
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