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Introduction

The free electron model is a fundamental concept in solid-state physics that
provides insight into the behavior of conduction electrons within metals. It
simplifies the complex interactions between electrons and ions, treating
electrons as free particles confined within a potential box representing the
metal's crystal lattice. One of the key quantities derived from this model is
the Fermi energy, which characterizes the energy level at absolute zero
temperature up to which electron states are filled.

In this comprehensive article, we will focus on deriving the Fermi energy for
a cubic sample of metal with side length L. The derivation will be detailed,
step-by-step, and optimized for clarity and understanding. By the end, you
will have a thorough grasp of how the Fermi energy relates to the electron
density and the physical dimensions of the sample.

Theoretical Background
What is the Free Electron Model?

The free electron model approximates conduction electrons in a metal as non-
interacting particles moving freely within a potential well. It neglects
electron-ion interactions, electron-electron repulsions, and lattice
potentials, providing a simplified yet powerful framework to understand
metallic properties.

Key Assumptions:

- Electrons are free particles within the metal.

- The potential energy inside the sample is zero; infinite outside.

- Electron-electron interactions are neglected.

- The system reaches thermal equilibrium at zero temperature (T=0 K).

Fermi Energy Overview
The Fermi energy (E F) is the highest occupied energy level at absolute zero

temperature. It is crucial because it determines electrical and thermal
properties of metals, such as conductivity and heat capacity.



Step-by-Step Derivation of the Fermi Energy
1. Establishing the Electron States in a Cubic Box

Considering a cubic sample of side length L, the electrons are confined in a
three-dimensional potential box:

- Length in each direction: L
- Volume of the sample: V = L3

The Schroédinger equation solutions lead to quantized energy levels
characterized by quantum numbers (n x, n .y, n z):

\ [

k x = \frac{\pi n x}{L}, \quad n x =1, 2, 3, \dots
\1]

Similarly for \(k y, k z\).

The energy of an electron state:

\ [
E {n x, ny, n z} = \frac{\hbar*2}{2m} (k x*2 + k y*2 + k z"2)
\]

where:
- \(\hbar\) is the reduced Planck's constant,
- \(m\) is the electron mass.

2. Counting the Number of Electron States
In k-space, the allowed states form a discrete grid with spacing:

\ [
\Delta k = \frac{\pi}{L}
\]

At large quantum numbers, the energy levels can be approximated as
continuous, and the states fill a sphere in k-space up to a maximum
wavevector \(k F\) (Fermi wavevector).

The total number of states with wavevectors less than \(k F\):

\ [
N = 2 \times \frac{V_k}{(2\pi)~3} \times \text{degeneracy}
\1]

- The factor 2 accounts for electron spin degeneracy.
- \(V_k\) is the volume in k-space enclosed within the sphere of radius
\(k_F\).



The volume in k-space occupied by electrons:

\ [
V k = \frac{4}{3} \pi k F*3
\1

Total number of states:

\ [
N = 2 \times \frac{V}{(2\pi)~3} \times \frac{4}{3} \pi k F"3
\1]

Simplifying:

\ [

N = \frac{V}{3\pi~2} k F"3

\1]

3. Electron Density and Total Number of Electrons

The electron density \(n\) is defined as:

\ [
n = \frac{N}{V}
\1

Given the total number of electrons \(N\):

\ [
N = nV
\1

From the previous relation:

\ [
nV = \frac{V}{3\pi~2} k F"3
\1

Canceling \(V\):

\ [
n = \frac{k F*3}{3\pi~2}
\1

which leads to the expression for the Fermi wavevector:

\ [
k F = (3\pi*2 n)~{1/3}
\1]



Deriving the Fermi Energy
1. Expression for Fermi Energy
The Fermi energy \(E F\) is related to the Fermi wavevector:

\ [
E F = \frac{\hbar~2 k F*2}{2m}
\1

Substitute \(k F\):

\ [
E F = \frac{\hbar~2}{2m} \left( 3\pi™2 n \right)~{2/3}
\1

This formula directly relates the Fermi energy to the electron density \(n\).
2. Expressing Electron Density in Terms of Sample Size \(L\)

Given the volume:

Assuming the sample contains \(N\) electrons, the electron density:

\ [
n = \frac{N}{L"3}
\1

which allows us to express the Fermi energy explicitly in terms of the number
of electrons \(N\) and the sample size \(L\):

\ [
E F = \frac{\hbar~2}{2m} \left( 3\pi~2 \frac{N}{L"3} \right)~{2/3}
\1

3. Final Expression for the Fermi Energy

\ [

\boxed{

E F = \frac{\hbar~2}{2m} \left( 3\pi~2 \frac{N}{L"3} \right)~{2/3}
}



\]

This equation encapsulates the derivation of the Fermi energy for a cubic
sample of length \(L\). It highlights how the Fermi energy depends on the
number of electrons and the physical dimensions of the sample.

Practical Implications and Applications

Key Points:

- The Fermi energy is directly proportional to the electron density raised to
the power of \(2/3\).

- Larger samples with more electrons have higher Fermi energies.

- The derived expression assists in understanding the electronic properties
of metals, especially in nanostructures where sample size significantly
influences electronic behavior.

Applications:

- Designing nanoscale electronic devices.

- Understanding conductivity and heat capacity in metals.

- Analyzing quantum size effects in thin films and quantum dots.

Conclusion

The free electron model provides an elegant framework for deriving the Fermi
energy in metallic systems. Starting from the quantization of electronic
states within a cubic sample, we established the relationship between the
number of electrons, the sample size, and the Fermi energy. The key takeaway
is that the Fermi energy depends on the electron density, which in turn
relates to the total number of electrons and the physical dimensions of the
sample.

Understanding this derivation not only deepens comprehension of fundamental
solid-state physics but also aids in the design and analysis of nanoscale
materials and devices. The formula derived here serves as a cornerstone for
further studies in electronic properties, quantum confinement, and material
science.
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Frequently Asked Questions

How does the Free Electron Model describe the
distribution of electrons in a cubic metal sample of
length L?

The Free Electron Model treats conduction electrons as a gas of non-
interacting particles confined within the cubic sample. In this model,
electrons occupy quantum states up to a maximum energy called the Fermi
energy, forming a Fermi sphere in momentum space. The electrons are assumed
to be uniformly distributed, and their states are filled according to the
Pauli exclusion principle, leading to a well-defined Fermi surface
characterized by the Fermi wavevector k F.

What is the expression for the total number of
electrons in the sample according to the Free
Electron Model?

The total number of electrons N is given by: N =2 (V / (2n)"3) (4/3)n k F"3,
where V = L3 is the volume of the cubic sample. Simplifying, N = (V / 3m"2)
k F~3, assuming spin degeneracy of 2. This relation links the electron
density to the Fermi wavevector k F.

How can we derive the Fermi wavevector k_F for a
cubic sample of length L using the electron density?

First, express the electron density n = N / V. From the previous relation, N
=(V/ 3n"2) k F*3, son=N/V =k F*3 / (3n"2). Rearranging, we get k F =
(3”2 n)~{1/3}. This provides a direct way to compute the Fermi wavevector
from the known electron density.

What is the significance of deriving the Fermi
energy in the context of the Free Electron Model for
a cubic sample?

Deriving the Fermi energy (E F) from the Fermi wavevector is crucial because
it determines the highest occupied energy level at absolute zero. It provides
insight into the electronic properties of the metal, such as electrical
conductivity and heat capacity. In a cubic sample, E F = (h"2 k F*2) / (2m),



linking the microscopic quantum states to macroscopic material behavior.

Can you provide the detailed derivation steps to
obtain the Fermi energy for a cubic sample of length
L in the Free Electron Model?

Certainly. Starting with N electrons in volume V = L"3, the electron density
is n =N/ V. The number of states up to the Fermi wavevector k F is N = 2 (V
/ (2m)”~3) (4/3)n k F*3, accounting for spin degeneracy. Rearranged, this
yields n = (k F*3) / (3n"2). Solving for k F gives k F = (3n™2 n)"~{1/3}. The
Fermi energy is then E F = (h"2 k F*2) / (2m). Substituting k F, we get E F =
(h~2 / 2m) (3”2 n)~{2/3}, completing the derivation.

Additional Resources

According To The Free Electron Model, Given A Cubic Sample Of Length L. A)
Derive In Detail The Fermi Energy

Understanding the behavior of electrons in solids is fundamental to condensed
matter physics and materials science. One of the most pivotal models in this
domain is the Free Electron Model, which simplifies the complex interactions
within a metal by treating conduction electrons as free, non-interacting
particles confined within a potential box. When analyzing a cubic sample of
length L, deriving the Fermi energy (or Fermi level) provides critical
insights into the electronic properties of the material, including electrical
conductivity, heat capacity, and more. This article offers a comprehensive,
step-by-step derivation of the Fermi energy based on the free electron model,
tailored for students, researchers, and enthusiasts eager to deepen their
understanding of quantum statistics in solids.

Introduction to the Free Electron Model
The Free Electron Model assumes that conduction electrons:

- Are free particles within the metal, experiencing no potential energy
barriers inside the sample.

- Obey quantum mechanics, particularly the Pauli exclusion principle, which
restricts electrons from occupying the same quantum state.

- Are confined within a finite volume, leading to quantized energy levels.

This model simplifies the complex many-body problem, enabling us to derive
key quantities like the Fermi energy with relative mathematical clarity.

Physical Setup and Assumptions



Imagine a cubic metallic sample with side length L. The electrons are:

- Confined within a three-dimensional box of volume \(V = L"3\).

- Free to move within this volume.

- Interacting minimally with the lattice ions, aside from providing a
potential well, which is ignored in the free electron approximation.

Key Assumptions:

- Electrons are described as non-interacting, spin-\(\frac{1}{2}\) particles.
- The temperature is considered to be zero Kelvin (0 K), where all states up
to the Fermi energy are filled.

- The boundary conditions are often taken as infinite potential walls at the
boundaries, leading to quantized wave vectors.

Step 1: Quantum States and Wave Vectors

In the box, the allowed wave functions are standing waves subject to boundary
conditions. For a cubic box, the solutions are:

\ [

\psi {n x,n_y,n z}(\mathbf{r}) = \sqrt{\frac{8}{V}} \sin\left(\frac{n x \pi
x}{L}\right) \sin\left(\frac{n y \pi y}{L}\right) \sin\left(\frac{n z \pi
z}{L}\right)

\1

where \(n_x, n_y, n_z\) are positive integers (\(n_i =1, 2, 3, \ldots\)).
The corresponding wave vector components are:

\ [

k x = \frac{\pi n x}{L}, \quad k y = \frac{\pi n y}{L}, \quad k z = \frac{\pi
n z}{L}

\1

The energy of an electron in a state specified by these quantum numbers is:

\ [

E = \frac{\hbar™2 k™2}{2m}
\1]

where:

- \(\hbar\) is the reduced Planck's constant.
- \(m\) is the electron mass.
- \(k = \sqrt{k x*2 + k y*2 + k z"2}\).



Step 2: Counting the Number of States

Each quantum state corresponds to a point in \(k\)-space with coordinates
\((k x, Ky, k z)\). Since the quantum numbers are positive integers, the
allowed \(k\)-points occupy a positive octant of \(k\)-space.

Important note: Each state is doubly degenerate due to electron spin.

Counting the total number of states with wave vector magnitude less than
\(k_F\):

- The states occupy a sphere in \(k\)-space with radius \(k F\) (the Fermi
wave vector).
- The total number of states with \(|\mathbf{k}| \leq k F\):

\ [
N = 2 \times \frac{1}{(2\pi)~3} \times \frac{4}{3}\pi k F"3 \times V
\1

where:

- The factor 2 accounts for spin degeneracy.
- \(\frac{V}{(2\pi)~3}\) accounts for the density of states in \(k\)-space.

Rearranged:

\ [

N = \frac{V}{3\pi~2}k F"3
\1

Step 3: Electron Density and Fermi Wave Vector
The electron density, \(n\), is:

\ [
n = \frac{N}{V}
\1]

Expressed in terms of \(k F\):

\ [
n = \frac{1}{3\pi~2}k F"3
\1]

Solving for \(k F\):
\ [

k F = (3 \pi*2 n)~{1/3}
\1



This relation links the Fermi wave vector directly to the electron density.

Step 4: Deriving the Fermi Energy

The Fermi energy, \(E _F\), is the energy of the highest occupied state at
absolute zero:

\ [
E F = \frac{\hbar*2 k F"*2}{2m}
\1

Substituting \(k F\):

\ [
E F = \frac{\hbar~2}{2m} \left(3 \pi™2 n \right)~{2/3}
\1

Alternatively, since \(n = \frac{N}{V}\), and for a metal with \(z\)
conduction electrons per atom and atomic density \(n a\), we can write:

where \(n _a\) is the number of atoms per unit volume.
Final expression for Fermi energy:

\ [

\boxed{

E F = \frac{\hbar~2}{2m} \left( 3 \pi®2 z n a \right)"~{2/3}
}

\1

Step 5: Numerical Evaluation and Practical Considerations

To evaluate \(E F\) for a specific material:

1. Find the atomic density \(n_a\) (e.g., for copper, \(n_a \approx 8.5
\times 107{28}\) atoms/m\("~3\)).

2. Determine the number of conduction electrons per atom \(z\) (e.g., copper
has \(z=1\)).

3. Insert these values into the formula.

Example: Copper

- \(n_a \approx 8.5 \times 107{28}\) atoms/m\("3\)



- \(z = 1\)
Calculate \(E_F\):

\ [
E F = \frac{\hbar~2}{2m} (3 \pi”~2 \times 8.5 \times 107{28})"~{2/3}
\1

Using known constants:

- \(\hbar \approx 1.055 \times 107{-34}\) Js

- \(m \approx 9.109 \times 107{-31}\) kg

The resulting \(E F\) is typically around 7 eV for copper, aligning with
experimental data.

Summary and Key Takeaways

- The Free Electron Model simplifies the complex behavior of conduction
electrons, treating them as free particles within a potential box.

- The derivation of the Fermi energy hinges on counting the number of quantum
states within a sphere in \(k\)-space.

- The key relationship involves the electron density \(n\) and the Fermi wave
vector \(k F\):

\ [
n = \frac{1}{3\pi~2}k F~3
\1]

- The Fermi energy is then obtained via:

\ [
E F = \frac{\hbar™2 k F*2}{2m}
\1

- The model provides crucial insights into the electronic properties of
metals, such as conductivity and heat capacity, and forms the basis for more
sophisticated models.

Additional Notes

- The derivation assumes zero temperature; at finite temperatures, electrons
near \(E_F\) can be thermally excited.

- Real metals exhibit electron interactions and band structure effects, but
the free electron model remains a valuable starting point.

- The model underscores the importance of electron density in determining
fundamental properties like the Fermi energy.



Final Thoughts

Understanding the derivation of the Fermi energy from the free electron model
is foundational for students and researchers exploring solid-state physics.
It demonstrates how quantum mechanics and statistical physics combine to
explain macroscopic properties of materials. Despite its simplicity, the free
electron model captures essential features of metallic behavior and serves as
a stepping stone toward more complex theories like band theory and many-body
physics.

Whether you're a student preparing for exams or a researcher delving into
material properties, mastering this derivation equips you with a vital tool
to analyze and interpret electronic phenomena in condensed matter systems.
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