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SeT UP THE INTEGRAL For THE ELecTRrIC FIELD AT A DisTANCE Z FRoM THE
CenTre OF A SpHere Or RADIUS R WHICH

(UNDERSTANDING HOW TO DETERMINE THE ELECTRIC FIELD AT A SPECIFIC POINT IN SPACE DUE TO A CHARGED OBJECT IS A
FUNDAMENTAL ASPECT OF ELECTROSTATICS. W/HEN DEALING WITH SYMMETRIC CHARGE DISTRIBUTIONS SUCH AS SPHERES, THE
PROBLEM SIMPLIFIES SIGNIFICANTLY DUE TO SYMMETRY CONSIDERATIONS. THIS ARTICLE PROVIDES A COMPREHENSIVE GUIDE TO
SETTING UP THE INTEGRAL FOR CALCULATING THE ELECTRIC FIELD AT A DISTANCE Z FROM THE CENTER OF A UNIFORMLY CHARGED
SPHERE OF RADIUS R. WE WILL EXPLORE THE PROBLEM STEP-BY-STEP, COVERING THE PHYSICAL PRINCIPLES, THE MATHEMATICAL
FORMULATION, AND THE INTEGRAL SETUP NECESSARY FOR ACCURATE COMPUTATION.

INTRODUCTION TO ELECTRIC FIELDS AND SYMMETRIC CHARGE DISTRIBUTIONS

THE ELECTRIC FIELD, DENOTED AS E, IS A VECTOR FIELD REPRESENTING THE FORCE EXPERIENCED BY A UNIT POSITIVE CHARGE
PLACED AT A POINT IN SPACE. WHEN CALCULATING E DUE TO A CHARGE DISTRIBUTION, COULOMB’S LAW IS THE FOUNDATIONAL
PRINCIPLE:

\[ \MaTHBF{E} = \rrac{ 1}{4\PI\varersiLon 0} \INT \rRAC{\MATHRM{D}QHR"2} \HAT{\MATHBF{R]}} \]

WHERE:

- \(AMATHRM{D}Q\) IS AN INFINITESIMAL ELEMENT OF CHARGE,

- \(R\) IS THE DISTANCE FROM THE CHARGE ELEMENT TO THE POINT WHERE THE FIELD IS BEING CALCULATED,

- \(\HAT{\MATHBF{R}}\) IS THE UNIT VECTOR POINTING FROM THE CHARGE ELEMENT TO THE POINT,

- \(\vareprsiLon_0\) IS THE VACUUM PERMITTIVITY.

\W/HEN THE CHARGE DISTRIBUTION IS SYMMETRIC, SUCH AS A SPHERE WITH UNIFORM CHARGE DENSITY, THE PROBLEM SIMPLIFIES

SIGNIFICANTLY BECAUSE OF SYMMETRY CONSIDERATIONS. SPECIFICALLY, THE ELECTRIC FIELD AT A POINT OUTSIDE OR INSIDE THE
SPHERE CAN BE DERIVED USING THE PRINCIPLE OF SUPERPOSITION, CONSIDERING CONTRIBUTIONS FROM ALL CHARGE ELEMENTS.

PHYSICAL SETUP AND ASSUMPTIONS

ToO ACCURATELY SET UP THE INTEGRAL, UNDERSTANDING THE PHYSICAL CONFIGURATION IS ESSENTIAL. CONSIDER THE
FOLLOWING SCENARIO:

- A spHEre of RADIUS \( R \) cArrIiEs A TOTAL CHARGE \( Q \), DISTRIBUTED UNIFORMLY THROUGHOUT ITS VOLUME.
- THe cHARGE DENSITY \( \RHO \) IS CONSTANT AND GIVEN BY:

\[ \rHo = \FrRAC{Q}{\FrAc{43}{3}\PIR"3} \]

- THe coAL Is To FIND THE ELECTRIC FIELD \( \MATHBF{E} \) AT A POINT LOoCATED A DISTANCE \( Z \) FROM THE CENTER OF



THE SPHERE ALONG A CHOSEN AXIS (SAY, THE Z‘AXIS).

THE PROBLEM REDUCES TO CALCULATING THE CONTRIBUTION OF ALL INFINITESIMAL CHARGE ELEMENTS WITHIN THE SPHERE TO
THE ELECTRIC FIELD AT THE SPECIFIED POINT.

CoOORDINATE SYSTEM AND SYMMETRY CONSIDERATIONS

ESTABLISH A COORDINATE SYSTEM TO FACILITATE THE INTEGRAL SETUP:

- PLACE THE CENTER OF THE SPHERE AT THE oriGIN \( (0, 0, 0) \).

- ALIGN THE Z-AXIS WITH THE LINE CONNECTING THE CENTER TO THE POINT WHERE THE ELECTRIC FIELD IS TO BE CALCULATED.

- THe PoINT oF oserVATION \( P \) 1s LocaTep aT \( (0, O, 2) ).

DUE TO SYMMETRY, THE PROBLEM SIMPLIFIES BECAUSE:

- THE CONTRIBUTIONS TO THE ELECTRIC FIELD FROM CHARGE ELEMENTS LOCATED SYMMETRICALLY AROUND THE AXIS CANCEL IN

THE PERPENDICULAR DIRECTIONS.
- ONLY THE COMPONENTS ALONG THE Z-AXIS (THE AXIS OF SYMMETRY) CONTRIBUTE TO THE NET ELECTRIC FIELD.

MATHEMATICAL FORMULATION OF THE PROBLEM

To SET UP THE INTEGRAL:
1. IDeNTIFY THE CHARGE ELEMENTS

CONSIDER AN INFINITESIMAL VOLUME ELEMENT \( \MATHRM{D}V \) WITHIN THE SPHERE AT PosITION \( (R’, \THETA", \PHi") \)
IN SPHERICAL COORDINATES:

\[
\MATHRM{D}V =r"*2 \sIN \THETA" \, \MATHRM{DJR" \, \MATHRM{D}\THETA" \, \MATHRM{D}\PHI'

\]

THE CHARGE OF THIS ELEMENT:

\[
\MATHRM{D}Q = \RHO \, \MATHRM{D}V

2. DETERMINE THE PosITION oF THE CHARGE ELEMENT

- COORDINATES OF THE CHARGE ELEMENT:

\[
\MATHBF{R'} = " \sIN \THETA" \cos \PHI" \, \HAT{\MATHBF{x3} + R \sin \THETA" \sIN \PHI" \, \HAT{\MATHBF{Y}} + &’
\cos \THETA" \, \HAT{\MATHBF{Z}}

\]
- THeE oBSERVATION POINT IS AT \( \MATHBF{R} = 0, 0, Z \).

3. CALCULATE THE VECTOR FROM THE CHARGE ELEMENT TO THE OBSERVATION POINT



\[
\MATHBF{R} - \MATHBF{R'} = (0 - ' \sIN \THETA" \cos \PHI") \HAT{\MATHBF{X}} + (O - R’ \sIN \THETA" \sIN \PHI")
\HAT{\MATHBF{Y}} + (Z - R \cos \THETA") \HAT{\MATHBF{Z}}

\]

THE MAGNITUDE:

\[
\MaTHBF{R} - \MATHBF{R}| = \sQrT{R'"2 + Z"2 - 2 k" Z \cos \THETA"}

\]

SETTING UP THE INTEGRAL FOR THE ELECTRIC FIELD

BASED ON THE SYMMETRY AND COULOMB’'S LAW, THE DIFFERENTIAL ELECTRIC FIELD CONTRIBUTION \( \MATHRM{D}\MATHBF{E}
\) FROM AN ELEMENT OF CHARGE \( \MAaTHRM{D}Q \) IS:

\[
\MATHRM{D}\MATHBF{E} = \rrac{ 1}{4\PI \varersiLon_0} \rrAac{\MATHRM{D}Q}{|\MATHBF{R} - \MATHBE{R"}|" 2}
\HAT{\MATHBF{R}}

\]
\WHERE!:

-\C\HAT{\MATHBF{R}} \) IS THE UNIT VECTOR POINTING FROM THE CHARGE ELEMENT TO THE OBSERVATION POINT:

\l

\HAT{\MATHBF{R}} = \FrrAC{\MATHBF{R} - \MATHBF{R'}}{|\MATHBF{R] - \MATHBF{R}[}

\]

GIVEN THE SYMMETRY, ONLY THE Z-COMPONENT SURVIVES AFTER INTEGRATION OVER \( \PHI, \), BECAUSE PERPENDICULAR
COMPONENTS CANCEL OUT.

THE INTEGRAL EXPRESSION

THe ToTAL ELECTRIC FIELD AT \( Z \) ALONG THE z-AXIS:

\l

E 2(Z) = \rrac{13}{4 \pi \varersiLon_0} \INT \FrrAC{\MATHRM{D}Q}{|\MATHBF{R]} - \MATHBF{R"}|"2} \cos \THETA'

\]

WHICH CAN BE EXPRESSED EXPLICITLY AS:

\[

E 2(Z) = \rrac{\rHo}{4 \PI \varersiLon_ 0} \iInT_{O03"{2\pi} \inT_{O}*{\P1} \inT_{O}"{R} \FrRAC{r""2 \sIN \THETA'
\, \MATHRM{DIR" \, \MATHRM{D}\THETA" \ \MATHRM{D}\PHI"}{\LerT(R"2 + Z"2 - 2 R Z \cos \THETA" \RIGHT)} \TIMES
\FRAC{Z - ®" \cos \THETA }{\sQrT{r"2 + 7Z"2 - 2R Z \cos \THETA}}

\]

THe INTEGRATION oVER \( \PHI" \) YiELDS A FACTOR OF \( 2\PI \) BECAUSE THE INTEGRAND DOES NOT DEPEND ON \( \PHI" \).



SIMPLIFICATION USING SYMMETRY AND INTEGRAL REDUCTION

THE INTEGRAL REDUCES TO:

\[
E_2(Z) = \rrac{\rHO X 2 \varersiLon_03 \iINT_{03*{R} &2\, \MaTHRM{D}R" \INT_{O}"{\P1} \rrRAC{\sINn \THETA" (Z -
R" \cos \THETA)H\LerT(R'"2 + 772 - 2 R" Z \cos \THETA" \RIGHT){3/23} \, \MATHRM{D}\ THETA’

\]

THIS FORM IS SUITABLE FOR FURTHER ANALYTICAL OR NUMERICAL EVALUATION.

SpeciAL CASES AND EVALUATION

- OUTSIDE THE SPHEre (Z > R):

W/HEN THE OBSERVATION POINT IS OUTSIDE THE SPHERE, THE INTEGRAL SIMPLIFIES TO THE ELECTRIC FIELD OF A POINT CHARGE:

\[
E 2(Z) = \rrac{Q}{4\pI \varersiLon_0 Z"2}
\]

- INsIDE THE SPHErE (Z < R):

W/HEN THE POINT IS INSIDE THE SPHERE, THE INTEGRAL MUST BE EVALUATED CAREFULLY, OFTEN LEADING TO THE KNOWN RESULT:

\[
E 2(Z) = \rrac{Q Z}{4 \PI \varersiLon_0O R"3}
\]

WHICH IS DERIVED USING GAUSS'S LAW.

PrACTICAL TIPS FOR SETTING UP THE INTEGRAL

TO EFFECTIVELY SET UP THE INTEGRAL FOR THE ELECTRIC FIELD AT A DISTANCE \( Z \):

1. CHoose A COORDINATE SYSTEM ALIGNED WITH THE OBSERVATION POINT

- ALIGN THE Z-AXIS TO PASS THROUGH THE CHARGE DISTRIBUTION AND THE POINT WHERE THE FIELD IS MEASURED.
2. IDENTIFY SYMMETRY TO SIMPLIFY THE PROBLEM

- USE SPHERICAL COORDINATES FOR A SPHERE.
- RECOGNIZE THAT COMPONENTS PERPENDICULAR TO THE AXIS CANCEL DUE TO SYMMETRY.

3. ExPrESS THE DIFFERENTIAL CHARGE ELEMENT
- Use \( \MaTHrRM{D}Q = \rHO \, \MATHRM{D}V \).

4. \Y/RITE THE DISTANCE AND DIRECTION VECTORS



FREQUENTLY ASkeD QUESTIONS

How Do | SET UP THE INTEGRAL FOR THE ELECTRIC FIELD AT A POINT LOCATED A
DISTANCE Z FROM THE CENTER OF A UNIFORMLY CHARGED SPHERE OF RADIUS R?

To SET UP THE INTEGRAL, CONSIDER THE SPHERE'S SURFACE AS COMPOSED OF INFINITESIMAL CHARGE ELEMENTS. USE SPHERICAL
COORDINATES WITH THE Z-AXIS PASSING THROUGH THE OBSERVATION POINT. EXPRESS THE CHARGE ELEMENT DQ IN TERMS OF
SURFACE CHARGE DENSITY £ AND SURFACE AREA ELEMENT DA. THE ELECTRIC FIELD CONTRIBUTION DE FROM EACH ELEMENT IS
GIVEN BY CouLoMB’s LAW, INTEGRATED OVER THE SPHERE'S SURFACE, CONSIDERING THE VECTOR DISTANCE FROM EACH CHARGE
ELEMENT TO THE POINT AT DISTANCE Z.

WHAT IS THE EXPRESSION FOR THE DIFFERENTIAL CHARGE ELEMENT ON THE SPHERE'S
SURFACE IN THIS SETUP?

THE DIFFERENTIAL CHARGE ELEMENT IS DQ = £ DA, WHERE ¥ IS THE SURFACE CHARGE DENSITY, AND DA =R"2 siNe pe D® FOR A
SPHERICAL SURFACE. HERE, © IS THE POLAR ANGLE MEASURED FROM THE Z-AXIS, AND ¢ IS THE AZIMUTHAL ANGLE.

How DO | ACCOUNT FOR THE GEOMETRY WHEN INTEGRATING TO FIND THE ELECTRIC
FIELD AT A POINT OUTSIDE THE SPHERE (Z > R)?

WHEN Z > R, THE SYMMETRY SIMPLIFIES THE PROBLEM. | HE ELECTRIC FIELD IS DIRECTED ALONG THE LINE CONNECTING THE
SPHERE'S CENTER AND THE POINT. USE THE LAW OF COSINES TO RELATE THE DISTANCES AND SET UP THE INTEGRAL OVER THE
SPHERE'S SURFACE, INTEGRATING THE CONTRIBUTIONS FROM ALL CHARGE ELEMENTS, CONSIDERING THE ANGLE BETWEEN THE
POSITION VECTOR OF EACH ELEMENT AND THE LINE TO THE POINT.

\WHAT SIMPLIFICATIONS ARE POSSIBLE WHEN THE POINT IS OUTSIDE VERSUS INSIDE THE
SPHERE?

OUTSIDE THE SPHERE (Z > R), THE SPHERE CAN BE TREATED AS A POINT CHARGE WITH TOTAL CHARGE Q, SIMPLIFYING THE
INTEGRAL To CouLoMs’s LAW: E = (1/4ney) Q / Z72. INSIDE THE SPHERE (Z < R), THE INTEGRAL ACCOUNTS FOR ONLY THE
CHARGE ENCLOSED WITHIN RADIUS Z, LEADING TO A DIFFERENT EXPRESSION WHERE THE ELECTRIC FIELD VARIES LINEARLY WITH Z.

How DOES SYMMETRY HELP IN REDUCING THE COMPLEXITY OF SETTING UP THE INTEGRAL
FOR THE ELECTRIC FIELD?

SYMMETRY ALLOWS US TO ELIMINATE COMPONENTS OF THE ELECTRIC FIELD THAT CANCEL OUT DUE TO THE UNIFORM CHARGE
DISTRIBUTION. FOR A SPHERE, THE CONTRIBUTIONS IN DIRECTIONS PERPENDICULAR TO THE AXIS OF OBSERVATION CANCEL,
LEAVING ONLY THE COMPONENT ALONG THE AXIS. THIS REDUCES THE PROBLEM TO A SINGLE INTEGRAL OVER THE RELEVANT
ANGULAR VARIABLES, OFTEN SIMPLIFYING THE CALCULATION.

ADDITIONAL RESOURCES

SET Up THE INTEGRAL For THE ELECTRIC FIELD AT A DisTANCE Z FrRoM THE CeENTRE OF A SPHERE OF RADIUS R \WHICH

UNDERSTANDING THE ELECTRIC FIELD CREATED BY CHARGED OBJECTS IS FUNDAMENTAL IN ELECTROSTATICS, A CORE BRANCH OF
PHYSICS. W/HEN DEALING WITH SYMMETRICAL CHARGE DISTRIBUTIONS SUCH AS SPHERES, IT’S CRITICAL TO DEVELOP A
SYSTEMATIC APPROACH TO COMPUTING THE ELECTRIC FIELD AT A SPECIFIC POINT IN SPACE. IN THIS DISCUSSION, WE EXPLORE
HOW TO SET UP THE INTEGRAL FOR THE ELECTRIC FIELD AT A DISTANCE \( Z \) FROM THE CENTER OF A UNIFORMLY CHARGED



SPHERE OF RADIUS \( R \) THIS PROCESS INVOLVES CAREFULLY CONSIDERING THE GEOMETRY, SYMMETRY, AND THE PRINCIPLES
orF CouLome’s LAY, LEADING TO AN INTEGRAL FORMULATION SUITABLE FOR ANALYTICAL EVALUATION.

UNDERSTANDING THE PHYSICAL CONTEXT AND ASSUMPTIONS

BEFORE DELVING INTO THE MATHEMATICAL FORMULATION, IT IS ESSENTIAL TO CLARIFY THE SCENARIO AND ASSUMPTIONS
INVOLVED:

- UNIFORM CHARGE DISTRIBUTION: THE SPHERE HAS A TOTAL CHARGE \( Q \) UNIFORMLY SPREAD THROUGHOUT ITS VOLUME,
LEADING TO A CONSTANT VOLUMETRIC CHARGE DENSITY:

\[
\rHo = \rrRAC{Q}{\Frac{4}{3}\rI R"3}
\]

- OBSERVATION POINT: THE POINT WHERE THE ELECTRIC FIELD IS TO BE CALCULATED IS LOCATED ALONG THE AXIS PASSING
THROUGH THE CENTER OF THE SPHERE, AT A DISTANCE \( / \) FROM THE CENTER. THIS SIMPLIFIES THE SYMMETRY
CONSIDERATIONS, AS THE PROBLEM REDUCES TO A ONE-DIMENSIONAL ANALYSIS ALONG THE AXIS.

- COORDINATE SYSTEM CHOICE: IT°S MOST CONVENIENT TO PLACE THE SPHERE AT THE ORIGIN OF A COORDINATE SYSTEM, WITH
THE \( Z \)-AXIS ALIGNED ALONG THE LINE CONNECTING THE SPHERE'S CENTER TO THE OBSERVATION POINT. THE OBSERVATION
poNT IS AT \(z=7\).

- ELECTROSTATICS PRINCIPLES: COULOMB'S LAW GOVERNS THE ELECTRIC FIELD CONTRIBUTION FROM EACH CHARGE ELEMENT.
THE PRINCIPLE OF SUPERPOSITION ALLOWS SUMMING THE CONTRIBUTIONS FROM ALL INFINITESIMAL CHARGE ELEMENTS WITHIN THE
SPHERE.

MATHEMATICAL FOUNDATIONS FOR SETTING UP THE INTEGRAL

THe GoAL Is To exPress THE ELECTRIC FIELD \( \MATHBF{E} \) AT THE POINT \( P \) (LocaTeD AT \( Z \) ALonG THE \( Z
\)-AXIS) AS AN INTEGRAL OVER THE VOLUME OF THE SPHERE:

\l

\MATHBF{E}(Z) = \INnT \MATHRM{D}\MATHBF{E}

\]

WHERE EACH \( \MATHRM{D}\MATHBF{E} \) IS THE CONTRIBUTION FROM AN INFINITESIMAL CHARGE ELEMENT \( \MATHRM{D}Q \).
THE STEPS INVOLVE:

1. DEFINING THE CHARGE ELEMENT \( \MATHRM{D}Q \): BASED ON THE UNIFORM CHARGE DENSITY.

2. DETERMINING THE POSITION ofF \( \MATHRM{D}Q \): USING SPHERICAL COORDINATES.

3. ExPressING CouLoMB’s LAW: To FIND THE CONTRIBUTION \( \MATHRM{D}\MATHBF{E} \) AT THE OBSERVATION POINT.
4. UTILIZING SYMMETRY: TO SIMPLIFY THE VECTOR SUM, ESPECIALLY ALONG THE AXIS.



CoOORDINATE SYSTEM AND CHARGE ELEMENT PLACEMENT

USING SPHERICAL COORDINATES CENTERED AT THE SPHERE'S CENTER:

- CoORDINATES OF A CHARGE ELEMENT \( \MaTHrM{D}Q \):

\[
(", \THETA', \PHI")

\]

WHERE:
-\(r"\) 1s THE RADIAL DISTANCE FROM THE SPHERE'S CENTER ( \( O \LeEQ R’ \LEQR \) )

-\(\THETA" \) IS THE POLAR ANGLE MEASURED FROM THE \( z \)-axis ( \( O \Leq \THeTA  \Le@ \P1 \) )
-\C\pHI \) 1s THE AZIMUTHAL ANGLE IN THE \( XY \)-PLANE ( \( O \LEQ \PHI' \LEQ 2\PI \) )

- POSITION OF THE CHARGE ELEMENT:

\[
\MATHBF{R'} = " \sIN \THETA" \cos \PHI" \, \HAT{\MATHBF{x3} + R \sin \THETA" \sIN \PHI" \, \HAT{\MATHBF{Y}} + &’
\cos \THETA" \, \HAT{\MATHBF{Z}}

\]

- POSITION OF THE OBSERVATION POINT:
\[

\MaTHBF{R} = Z \HaT{\MATHBF{Z}}

\]

CHARGE DensITY AND DIFFERENTIAL CHARGE ELEMENT

GIVEN THE UNIFORM VOLUMETRIC CHARGE DENSITY \( \rHO \):

\[
\rHo = \rrRAC{Q}{\Frac{4}{3}\rI R"3}
\]

THE DIFFERENTIAL VOLUME ELEMENT IN SPHERICAL COORDINATES:

\[
\MATHRM{D}V =&"*2 \siN \THETA" \, \MATHRM{D} R" \, \MATHRM{D} \THETA" \, \MATHRM{D} \PHI’

\]

HENCE, THE DIFFERENTIAL CHARGE:

\[
\MATHRM{D}Q = \RHO \, \MATHRM{D}V = \rHO R"*2 \sIN \THETA" \, \MATHRM{D} R" \, \MATHRM{D} \THETA" \,
\MAaTHRM{D} \PHI’

\]



ExPRESSING CouLoMB’s LAW FOR THE DIFFERENTIAL ELEMENT

THe ELECTRIC FIELD CONTRIBUTION FROM \( \MATHRM{D}Q \) AT THE OBSERVATION POINT IS:

\[
\MATHRM{D}\MATHBF{E} = \rrRAC{ 1}{4 \PI \varersiLon_0} \rrRac{\MATHRM{D}Q}{|\MATHBF{R} - \MaTHBF{R}|" 2}
\HAT{\MATHBF{U}}

\]

\WHERE:

-\(\MATHBF{R} - \MATHBF{R'}| \) IS THE DISTANCE BETWEEN THE CHARGE ELEMENT AND THE OBSERVATION POINT:

\[

\MaTHBF{R} - \MATHBF{R'}| = \sQrT{(Z - " \cos \THETA )2 + (R \siN \THETA')"2} = \s@rT{R'"2 - 2 R" Z \CcOsS
\THETA  + 272}

\]

- \C\HAT{\MATHBF{U}} \) IS THE UNIT VECTOR POINTING FROM THE CHARGE ELEMENT TO THE OBSERVATION POINT:
\[

\HAT{\MAaTHBF{U}} = \FrrAC{\MATHBF{R} - \MATHBF{R} }{ \MATHBF{R} - \MATHBF{R'}| }

\]

SINCE THE PROBLEM INVOLVES SYMMETRY ABOUT THE \( z \)-AXIS, THE TRANSVERSE COMPONENTS (PERPENDICULAR TO THE
AXIS) CANCEL OUT WHEN INTEGRATING OVER \(\PHI" \). ONLY THE AXIAL COMPONENT (ALONG \( Z \)) SURVIVES, SIMPLIFYING
THE INTEGRAL CONSIDERABLY.

EVALUATING THE ELECTRIC FIELD COMPONENTS

DUE TO SYMMETRY:

- TrHe \( x \) anD \( ¥ \) componenTs of \( \MATHRM{D}\MATHBF{E} \) INTEGRATE TO ZERO BECAUSE FOR EACH CHARGE
eLeMENT AT \( \PHI" \), THERE'S A CORRESPONDING ELEMENT AT \( \PHI" + \PI \) WITH EQUAL AND OPPOSITE TRANSVERSE FIELD
COMPONENTS.

- THE ONLY NON-ZERO COMPONENT OF THE ELECTRIC FIELD IS ALONG THE \( z \)-AxIs:

\[
E 2(Z) = \INT \MATHRM{DJE 7
\]

EXPRESSED AS:

\l

\MATHRM{DJE_z = \rrac{ 13}{4\pI \varersiLon_0} \rrRAc{\MATHRM{D}Q}{|\MATHBF{R]} - \MATHBF{R"}|"2} \cos \ALPHA

\]

wHERE \( \ALPHA \) 15 THE ANGLE BETWEEN \( \HAT{\MATHBF{U}} \) AaND THE \( z \)-AXIS:

\l

\cos \aLpHa = \rrRAC{Z - r" \cos \THeTA }{|\MATHBF{R} - \MATHBF{R'}I}

\]



PUTTING IT ALL TOGETHER:

\[
\MATHRM{DJE_z = \rrac{ 13}{4 \Pi \varersiLon_0} \rrac{\MATHRM{D}Q}|\MATHBF{R} - \MATHBF{R}|* 2} \FRAC{Z - R’
\cos \THeTA }{|\MATHBF{R]} - \MATHBF{R}|}

\]

WHICH SIMPLIFIES TO:

\l

\MATHRM{DJE_ 7z = \rRAC{ 13}{4 \PI \varersiLon_0} \rrac{\MATHRM{D}Q (Z - " \cos \THETA ) }{|\MATHEF{R]} -
\MATHBF{R}|" 3}

\]

FORMULATING THE INTEGRAL FOR THE ELECTRIC FIELD

SuesTITUTING THE EXPRESSIONS FOR \( \MATHRM{D}Q \) AND \( \MATHBF{R} - \MATHBF{R'}| \):

\[

E 2(Z) = \rrac{13}{4 \Pi \varersiLon_0} \iInT_{r'=03"{R}I \INT_{\THETA'=03"{\P1} \inT_{\PHI'=03"{2\pP1}
\rRAC{\rRHO R"*2 \sIN \THETA" \ \MATHRM{D]} R’ \, \MATHRM{D} \THETA" \, \MATHRM{D} \PHI" \cDOT (Z - &’ \cOS
\THETA ) \LerT(R"2 - 2R Z \cos \THETA' + Z"2 \rIGHT)"{3/2}}

\]

SINCE THE INTEGRAND DOES NOT DEPEND ON \( \PHI" ), INTEGRATION ovEr \( \PHi" \) YiELDS A FACTOR oF \( 2\PI \), LEADING
TO:

\l

E_2(Z) = \rrac{\rHO}{2 \VAREPSILON

Set Up The Integral For The Electric Field At A Distance Z
From The Centre Of A Sphere Or Radius R Which

Set Up The Integral For The Electric Field At A Distance Z From The Centre Of A Sphere Or Radius
R Which
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